Example 2.13: Consider the NFA N of Fig 215 L[ N)is the set of all strings
of 0s and 1 s such that the nth symbol from the end is 1 Intuitively¥a DFA
D that accepts this language must remember the last n symbols it has read
Sinee any of 2 subsets of the last n symbols could have been 1Xf D has fewer

than 2 states¥then there would be some state g such that IV can be in state g
after reading two different sequences of n bitsYsay aga; a and bgh b
Since the sequences are different¥they must differ in some positionXsay
a = b Suppose (by symmetry) that a = 1 and & = 0 If i = 1¥then ¢
must be both an accepting state and a nonaccepting state Esince aga a 18
accepted (the nth symbol from the end is 1) and bgh bois not If i 1%
then consider the state p that D enters after reading i 1 0s Then p must

be both aceepting and nonaccepting®sinee aa, 5 a 00  0is accepted and
blhyg OO0 0isnot

0.1

1 01 0,1 01 0,1
Start @ @ @ .

Figure 2 15: This NFA has no equivalent DFA with fewer than 2 states

Now Het us see how the NFA N of Fig 2 15 works There is a state gy that
the NFA is always inXregardless of what inputs have been read If the next
input is I1XN may also "guess” that this 1 will be the nth symbol from the end®
so it goes to state gg as well as g From state gsXany input takes N to g E
the next input takes it to g Xand so onXuntil n 1 inputs later¥it is in the
accepting state ¢ The formal statement of what the states of &V do is:

1 Nisin state g after reading any sequence of inputs w

2 Nisin state g Hor i = | ci@adddonXafter reading input sequence w if and
only if the ith symbol from the end of w is 1; that is¥w is of the form
rlaga, a _giwhere the a s are each input symbols

We shall not prove these statements formally; the proof is an easy induetion
o w Ymimicking Example 29 To complete the proof that the antomaton
accepts exactly those strings with a 1 in the nth position from the endXwe
consider statement {2) with i = n That says N is in state ¢ if and only if
the nth svmbol from the end is 1 But ¢ is the only accepting stateXso that

condition also characterizes exactly the set of strings accepted by ¥ O

Pigeonhole principle
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The Pigeonhole Principle

In Example 213 we used an important reasoning technique called the
pigeonhole princple ColloquiallyXif you have more pigeons than pigeon-
holes¥and each pigeon flies into some pigeonhole Ythen there must be at
least one hole that has more than one pigeon In our exampleXthe “pi-
geons” are the sequences of n bits¥and the “pigeonholes™ are the states
Sinee there are fewer states than sequencesXone state must be assigned
two sequences

The pigeonhole principle may appear obvious¥hut it actually depends
on the number of pigeonholes being finite  Thus¥it works for finite-state
automataXwith the states as plgeonholes¥but does not apply to other
kinds of automata that have an infinite number of states

To see why the finiteness of the number of pigeonholes is essential®
consider the infinite situation where the pigeonholes correspond to integers
la2addd Number the pigeons Ool o of 8§ Eso there is one more pigeon than
there are pigeonholes HoweverZwe can send pigeon ¢ to hole i + 1 for all
i 0 Then each of the infinite number of pigeons gets a pigeonhole Xand
no two pigeons have to share a pigeonhole

Example 2.10: Let N he the antomaton of Fig 29 that accepts all strings
that end in 01 Sinee N s set of states s googgoegq, Tthe subset construction
produces a DFA with 2 = 8 statesEcorresponding fo all the sibsets of these
three states Figure 2 12 shows the trandtion table for these eight states;, we
shall show shortly the details of how some of these entries are computed

Motice that this fran£tion table belongs to a deterministie finite antomaton
Even though the entries in the table are sets¥the states of the constructed DFA
are sets To make the point clearer®we can invent new names for thess statess
ez Bdfor ¥EB for gy ¥andso on The DFA transition table of Fig 2 13 defines
exactly the same antomaton as Fig 2 12Xbut makes dear the point that the
entries in the table are single states of the DFA

Of the eight states in Fig 2 13Estarting in the start state BEwe can only
reach states BEE¥and F' The other five states are inaccessible from the start
state and m ay as well not be there We often can avoid the exponential-time step
of constructing transition-table entries for every shbset of states if we perform
“lazy evaluation” on the subsets¥Eas follows

BASIS: We know for certain that the sngleton set congsting only of N s start
state is accessible
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Figure 2 1% Renaming the statesof Fig 212

INDUCTION: Suppose we have determined that set S of states is accesdhle
Then for each input symbol aXoompute the set of states  (Soa); we know that
these sets of states will also be accessible

For the example at hand¥we know that g is a state of the DFA D We
find that [ @ o) = guogs and [ go od) = gu  Both these facts are
established by looking at the transition diagram of Fig 2 9 and observing that
on 0 there are ares out of g to both g and ge¥while on 1 there is an arc only
to gu  We thus have one row of the transition table for the DFA: the second
row in Fig 212

One of the two sets we computedis "old”; @ hasalready been consdered
However®the other — qpogs — is new and it s transitions must be computed
We find | guogs o)) = quogs and | qogs od) = @og For instance®
to see the latter cal oul ation®we know that

( mogs o) = wlped)  wigeed) = @ B = (oo,

We now have the fifth row of Fig 2 128and we have discovered one new
state of DEwhidiis quog A fmilar caoulation tells us

( mog o) = nlgoal)  wlgol) = gogs = foogs
((mogy od) = nigoed)]  w(god)= @ =

These calenlations give us the @xth row of Fig 2 125but it gives us only sets
of states that we have already seen

ThusXthe subset construction has converged; we know all the accesghble
states and their trangtions The entire DFA is shown in Fig 214 Notice that
it has only three statesEwhich is¥hy coind denceXex actly the same number of
states as the NFA of Fig 2 98rom whid if was constructed However3the DFA
of Fig 2 14 has six transitionsXeomp ared with the four transtions in Fig 29
|
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Theorem 211: D = [ o a ag of | is the DFA constructed from
NFA N = [Qwo o wogoody | by the subset construction Sthen L{D] = L{N]

PROOF: What we actually prove firstZhy induction on w Xs that
[ g o] = n(ggome
Notice that each of the functions returns a set of states rom Q@ Zhut

interprets this set as one of the states of @  [which Is the power set of Q|2
while p interprets this set as a subset of Qy

BaAsIS: Let w =0; that 5Xw = By the basis definitions of for DFA 5 and
NFA sThoth [ qo o and wlgeo | are go
INDU CTION: Let w be of length n + 1Xand assume the statement for length
n Break woup as w = raXwhere a s the final symbol of w By the induc-
tive hypothesis | gy ar] = ylggew] Let both these sets of N s states be
P oy e fideng

The inductive part of the definition of for NFA 5 tells us

wlggoe | = wlpoa) i22)
o8

The subset constructionXon the other handXtells us that

[ mopedddop )| = wlpoa) (23]
0H
NowZlet us use (23] and the fact that [ gy | = pyapedddap  in the
inductive part of the definition of for DFA s:

[ g0 e = [ go orlon = | mopodédop o) = wp o)
o -
(24]
ThusZEquations |2 2] and [24) demonstrate that | g ow] = x(ggome]

When we observe that I and N both accept w Iif and only | gy o] or

#|goene | Erespectivel yEcontain a state in Fiy Dwe have a complete proof that
LiD)=L[N] O

Exercise:

* Exercise 2.3.1: Convert toa DFA the following NFA:

| K

[ r r
r L]
Ll L] H

Exercise 2,3.2: Convert toa DFA the following NFA:

Il 1
) s i
i r o
r ] n
a r
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Example 2.20: Let us compute (g 5 | for the -NFA of Fig 218 A
summary of the steps neaded are as follows:

s (g | = ECLOSE[qy ] = quoiy
¢« Compute (oo | as follows:

1 First compute the transitions on input 5 from the states g; and gg
that we obtained in the caleulation of [gga |Zabowe That bs Swe
compute [goa | lgse | = geong

2 NextX -close the members of the set computed in step (1] We get
ECLOSE[qs| ECLOSE[gs] = ga g5 = qsogs  That set is

[ggee | This two-step pattern repeats for the next two symbals

e Compute [goa 5] as follows:

| First compute [gge 5] e 6] = g W = gl

2 Then compute
lgoe 5] = EcLosE(gp]  BoLosE(g ] = g qofr = g0 ogs
¢ Compute [gga 5 | as follows:

1 First compute [ga | (e ] lgree | = ) =
gl
2 Then compute [qoa § | = ECLOSE(q | = g o7

Example 2,21 Let us eliminate -transitions from the -NTA of Fig 2 18E
which we shall call E in what follows From EXwe construct an DFA D Ewhich
is shown in Fig 2 22 HoweverZto avold clutter Zwe cmitted from Fig 2 22 the
dead state  and all transitions to the dead state You should imagine that for
cach state shown in Fig 2 22 there are additional transitions from any state to
on any input symbols for which a transition is not indicated AlsoZthe state
hhas transitions toitself on all input symbaols
Since the start state of B is gy Zthe start state of D s EcLoss|gy | Swhich
i5 gpogy Our first job is to find the successors of gy and gy on the various
symbols in ; note that these symbols are the plus and minus signsEthe dotE
and the digits 0 through 9 On 4+ and  Xgs goes nowhere in Fig 2 18Ewhile
qo goes tooge Thus Sto compute | goage ot ] we start with e and  -close

it Since there are no -transitions out of ggZwe have [ guogs ok] = gs
SmilarlyD [ gyegg o | = gy These two transitions are shown by one arc
in Fig 222
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Theorem 2,22: A language L is accepted by some -NFA if and only if L s
accepted by some DFA

PROOF: [If] This direction is easy Suppose L = L]0 for some DFA Turn

I into an -NFA E by adding transitions [ga | =  for all states g of D

TechnicallyEwe must also convert the transitions of 0 on input symbolsEe g X
[jr] = p into an NFA-transition to the set containing only pZthat is
[qen] = p  ThusZthe transitions of E and D are the sameZbut E ex-

plicitly states that there are no transitions out of any state on
[Only-if | Let B = [ aa aged | be an -NFA Apply the modified
subset construction deseribed above to produce the DFA

D= aa mal |

We need toshow that LD = LIE|Snd wedo so by showing that the extended
transition functions of E and D are the same FormallyZwe show [gyemer] =
[g o) by induction on the length of w

Figure 2 22 The DFA I that eliminates -transitions from Fig 2 18

NextZwe need to compute [ qooges o 5] Snce go goes nowhere on the
dotEand gs goes to g in Fig 2 18Ewe must -close g As there are no
-transitions out of g; Dthis state Is its own clesureTso | qoege a 5] = g

FinallyEwe must compute | gyogy o |Zas an example of the transitions

from gpogy  on all the digits We find that gy goes nowhere on the digits Ebut
s goes to both gy and g Since neither of those states have -transitions outX
we conclude [ qoegg ol = geogy Zand lkewise for the other digits

We have now explained the arcs out of gyoge in Fig 222 The other
transitions are computed similarlyZand we leave them for you to check Snce
g7 s the only accepting state of EXthe accepting states of I are those accessihble
states that contain gr We see these two sets gogr and  grogy ogr indicated
by double cireles in Fig 222 O
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pasis: If w = 0Zthen w =  We know  [gyo | = ECLOSE[gg] We also

know that ¢ = ECLOSE gy |Shecause that is how the start state of D is defined

FinallyZfor a DFA ¥we know that [(pa | = p for any state pEso in particular®
¢ o] =rcLosE(gy] We have thus proved that  [ga|= |y o

INDUCTION: Suppose w = raXwhere a is the final symbol of wXand assume
that the statement holds for © That 5% (gpew] = (¢ cr| Let both these
sets of states be  pyop;ofding

By the definition of  for -NTA sEwe compute  [ggene | by

l Let ryorjodédor  be oy [pom)
2 Then  [gpeoe] = ECLOSE| rgor ol ddor ]

If we examine the construction of DFA D in the modified subset construction
above Dwe see that | Py oo et | Is constructed by the same two steps
(1] and (2] abeve ThusE (g ew|Zwhichis | pyopyodddop o) is the same
setas  [goow | We have now proved that  [goow]| = (g ow | and complet ed
the inductive part 0O
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