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1.​ a) answer: 
 

Sure, Emon 👍​
 Let’s go step by step — 

 

1. Turing Machine (TM): Definition 

A Turing Machine (TM) is a mathematical model of computation that defines an abstract 
machine capable of simulating any computer algorithm.​
 It was introduced by Alan Turing (1936) and is used to describe what can be computed 
and how efficiently. 

 

Formal Definition: 

A Turing Machine can be represented as a 7-tuple:M=(Q,Σ,Γ,δ,q0​,qaccept​,qreject​) 

Where: 

Sy
mb
ol 

Meaning 

Q Finite set of states 

Σ 
(Sig
ma) 

Input alphabet (symbols allowed in input) 

Γ 
(Ga
mm
a) 

Tape alphabet (includes Σ plus blank symbol ‘_’) 

δ 
(del
ta) 

Transition function: δ(q, X) → (p, Y, D) where D ∈ {L, R} (Left or 
Right movement) 

q₀ Start state 

q_a
cce
pt 

Accepting (final) state 
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q_r
ejec
t 

Rejecting (final) state 

 

Working Principle: 

●​ TM has an infinite tape divided into cells.​
 

●​ Each cell contains one symbol (from Γ).​
 

●​ A tape head reads/writes symbols and moves left or right.​
 

●​ Based on the current state and tape symbol, the transition function δ determines:​
 

○​ The next state,​
 

○​ The symbol to write, and​
 

○​ The direction to move.​
 

●​ If TM reaches q_accept, the input is accepted; if q_reject, it’s rejected.​
 

 

Diagram (conceptually): 
... | 1 | 0 | 1 | 1 | _ | _ | ... 
         ↑ 
       Tape Head 

AVAILABLE AT:

Onebyzero Edu - Organized Learning, Smooth Career
The Comprehensive Academic Study Platform for University Students in Bangladesh (www.onebyzeroedu.com)

http://www.onebyzeroedu.com


 

At each step: 

δ(q, X) = (p, Y, D) 
 

means: In state q reading X → write Y, move D (L or R), and go to state p. 

 

Example: 

A TM that accepts strings with equal number of 0’s and 1’s is a non-trivial example. 

 

2. Pushdown Automaton (PDA): Explanation 

A Pushdown Automaton (PDA) is a type of automaton that uses a stack in addition to its 
finite control.​
 It is more powerful than a Finite Automaton (FA) but less powerful than a Turing Machine. 

PDA is mainly used to recognize Context-Free Languages (CFLs). 

 

Formal Definition: 

A PDA is defined as a 7-tuple:M=(Q,Σ,Γ,δ,q0​,Z0​,F) 

Where: 

S
y
m
b
o
l 

Meaning 

Q Finite set of states 

Σ Input alphabet 

Γ Stack alphabet 

δ Transition function: δ(q, a, X) → (p, γ) where: – q = current state – a = 
current input symbol (or ε) – X = top of stack symbol – γ = string to 
replace X on stack 
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q
₀ 

Start state 

Z
₀ 

Initial stack symbol 

F Set of accepting (final) states 

 

Working Principle: 

●​ PDA reads input from left to right.​
 

●​ It can push or pop symbols on the stack.​
 

●​ The stack provides memory, allowing PDA to recognize patterns like matching 
parentheses.​
 

●​ PDA can accept input by:​
 

1.​ Final state, or​
 

2.​ Empty stack.​
 

 

 

Diagram (conceptually): 
Input Tape → a b b a 
Stack → Z0 ↓ 
States → q0, q1, qf 
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Transition example: 

δ(q0, a, Z0) = (q1, AZ0) 
δ(q1, b, A)  = (q1, ε) 
 

Meaning: 

●​ When reading a, push A on stack.​
 

●​ When reading b, pop A from stack.​
 

 

Example: 

PDA for language:​
 [​
 L = { a^n b^n \ | \ n ≥ 0 }​
 ]​
 Steps: 

●​ For each a, push symbol (say X) on stack.​
 

●​ For each b, pop one X.​
 

●​ Accept if stack becomes empty at end.​
 

 

Comparison Summary: 

Feat
ure 

Turing Machine Pushdown Automaton 

Me
mor
y 

Infinite Tape Stack 

Pow
er 

Recognizes Recursively 
Enumerable Languages 

Recognizes 
Context-Free 
Languages 

Rev
ersib
ility 

Can move left or right Reads input one-way 
(left to right) 
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Acc
epta
nce 

Final state (or halting) Final state or empty 
stack 

Exa
mple 

Simulates any algorithm Recognizes balanced 
parentheses, aⁿbⁿ 

 
 
 
B.Answer:  Prove that every language accepted by a multitap TM is recursively enumerable. 
 
Proof: Suppose language L is accepted by a k-tape TM M. We simulate M with 
a one-tape TM N whose tape we think of as having 2k tracks. Half these tracks 
hold the tapes of M, and the other half of the tracks each hold only a single 
marker that indicates where the head for the corresponding tape of M is 
currently located. Figure assumes K = 2. The second and fourth tracks hold the 
contents of the first and second tapes of M, track 1 holds the position of the 
head of tape 1 and track 3 holds the position of the second tape head. 
 
 

 
 
 
 
 

Figure: Simulation of a two-tape Turing machine by a one-tape Turing 
machine. 
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To simulate a move of M, N’s head must visit the K head markers. So that N not 
get lost, it must remember how many head markers are to its left at all times; 
that count is stored as a component of N’s finite control. After visiting each 
head marker and storing the scanned symbol in a component of its finite control, 
N knows what tape symbols are being scanned by each of M’s heads. N also 
knows the state of M, which it stores in N’s own finite control. Thus, N knows 
what move M will make. 
N now revisits each of the head markers on its tape, changes the symbol in the 
track representing the corresponding tapes of M, and moves the head markers 
left or right, if necessary. Finally, N changes the state of M as recorded in its 
own finite control. At this point, N has simulated one move of M. 
 
We select as N’s accepting states all those states that record M’s state as one of 
the accepting states of M. Thus, whenever the simulated M accepts, N also 
accepts and M does not accept otherwise.  
 

 
 
C.Answer:What do you know about context-free grammars? 
 
Context-free grammars (CFGs) are used to describe context-free languages. 
A context-free grammar is a set of recursive rules used to generate patterns of 
strings. A context-free grammar can describe all regular languages and more, 
but they cannot describe all possible languages. 
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A CFG is defined as a 4-tuple: 

G=(V,Σ,R,S) Where: 

Symbo

l 

Meaning 

V Finite set of variables (non-terminal 

symbols) 

Σ Finite set of terminals (alphabet symbols) 

R Finite set of production rules of the form A 

→ α 

S Start symbol (one of the variables in V) 
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2. 
a) Define with examples: Alphabet, String, Language 
 

 

🧩 a) Definitions with Examples 
 

1️⃣ Alphabet (Σ) 

Definition: 

An alphabet is a finite, non-empty set of symbols. 

These symbols are the basic units from which strings and languages 
are formed. 

Notation: 

The alphabet is usually denoted by Σ (Greek letter “Sigma”). 

Example: 

●​ Σ= {0, 1}  → binary alphabet​
 

●​  Σ= {a, b, c} → alphabet of letters​
 

●​ Σ= {x, y, z, +, -, *, / } → alphabet for arithmetic expressions​
 

 

2️⃣ String (or Word) 

Definition: 

A string is a finite sequence of symbols taken from an alphabet. 

Notation: 
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If ( Σ= {a, b} ): 

●​ Some possible strings:​
 

○​ a, b, ab, ba, aab, bba, etc.​
 

●​ The empty string (no symbols) is denoted by ε (epsilon) or 
sometimes λ.​
 

Examples: 

●​ Over (Σ = {0,1} ):​
 

○​ 010, 1110, ε are strings.​
 

●​ Length of a string:​
 

○​ |010| = 3​
 

○​ |ε| = 0​
 

 

3️⃣ Language 

Definition: 

A language is a set of strings formed from an alphabet Σ that satisfies 
certain rules or patterns. 

In other words, 

L⊆Σ∗​
 where Σ* is the set of all possible strings (including ε) that can be 
made from Σ. 

Examples: 
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1.​ If (Σ = {a, b} )​
 

○​ ( L_1 = {a, ab, abb} ) → a finite language​
 

○​ L2​={a^nb^n∣n≥1}={ab,aabb,aaabbb,...} → an infinite 
language 

2.​ Over (Σ = {0,1} )​
 

○​ L={w∣w has even number of 0s}​
 

 

Relations Between Them 

Concept Definition Example 

Alphabet 
(Σ) 

Set of symbols {0, 1} 

String (w) Sequence of 
symbols 

0101 

Language 
(L) 

Set of strings {01, 0011, 
000111} 

 

Visual Summary: 
Alphabet (Σ): {a, b} 
Strings: ε, a, b, ab, ba, aab, abb, ... 
Language (L): {ab, aabb, aaabbb, ...} 
 

 

b) Give a regular expression for the following language B over the 
alphabet (a, b). B={ww does not contain the substring aaa) 
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c)When is an expression called regular expression? 

 

An expression is called a regular expression when it is used to describe a set of 

strings (a language) that can be defined using specific rules and operators. 

Formally,​
 👉 A regular expression (RE) is a symbolic notation used to represent regular 

languages — the languages that can be recognized by a finite automaton. 

 

💡 In simple terms: 

A regular expression is a pattern that represents a collection of strings over some 

alphabet. 

 

✅ Definition (Formal): 

Let Σ be an alphabet (set of symbols). The regular expressions over Σ are defined as 

follows: 
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1.​ Basic Regular Expressions:​
 

○​ ϕ (empty set) → denotes the language containing no strings.​
 

○​ ε (epsilon) → denotes the language containing the empty string {ε}.​
 

○​ a, where a ∈ Σ → denotes the language {a} (a single symbol).​
 

2.​ Compound Regular Expressions:​
 If r₁ and r₂ are regular expressions, then:​
 

○​ (r₁ | r₂) → represents union (alternation): strings from either r₁ or r₂.​
 

○​ (r₁r₂) → represents concatenation: strings formed by joining a string 

from r₁ with one from r₂.​
 

○​ (r₁*) → represents Kleene star: zero or more repetitions of strings from 

r₁.​
 

 

🧠 Example: 

Let Σ = {a, b} 

Regular 

Expression 

Describes the 

Language 

a { "a" } 

`a b` 

ab { "ab" } 

a* { "", "a", "aa", "aaa", ... } 

`(a b)*` 

 

📘 In summary: 

An expression is called a regular expression if it is built using: 

●​ symbols from the alphabet,​
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●​ operators (union |, concatenation, and Kleene star *), and​
 

●​ possibly parentheses for grouping —​
 and it defines a regular language that can be recognized by a finite 

automaton.​
 

 

3.a)Use the pumping lemma to prove that the language A={0^2n^3n 0^n| n≥0} is not 

context free. 
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Therefore A is not context-free. 

Regular pumping lemma (the w=xyz), note immediately that failing the regular 

lemma only shows "not regular" — it does not prove not context-free.That’s why 

use CFL 

 

b)Convert the following NFA to DFA 
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c) State the Pumping Lemma for regular languages. 

 

 

 

Pumping Lemma provides a method to prove that certain languages are 
not regular. The Pumping Lemma states that for any regular language, 
there exists a length such that any string longer than this length can be 
divided into three parts, and by repeating or removing the middle part, 
the resulting string will also be in the language. 
 
 
 
Extra: 

Example 1 

Prove that L = {a^i^2 | i ≥ 1} is not regular. 
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Prove that L = {a^n b^n | n ≥ 1} is not regular. 

Solution 
Assume the set L is regular. Let n be the number of states of the FA 
accepting the set L. 

Let w = a^n b^n, where |w| = 2^n. By the Pumping Lemma, we can write 
w = xyz with |xy| ≤ n and |y| > 0. 

We want to find a suitable i so that x y^i z ∉ L. 

​​  
​​  

​​  

4. 

a) Summarize the principal closure properties for regular languages. 

 

✅ Principal Closure Properties of Regular Languages 
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A closure property is a characteristic of a class of languages (such as 
regular, context-free, etc.) where applying a specific operation (like 
union, intersection, concatenation, etc.) to languages within that class 
results in a language that is also within the same class. 

Regular languages are closed under several important operations — 
meaning that if you apply these operations to regular languages, the 
result is also a regular language. 

Here’s a summary of the main closure properties 👇 
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Operation Close
d? 

Description 

Union (L₁ ∪ L₂) ✅ Yes Combines all strings from both 
languages. If L₁ and L₂ are regular, the 
union is regular. 

Intersection (L₁ ∩ 
L₂) 

✅ Yes Contains only strings common to both 
languages. Regular languages are closed 
under intersection. 

Set Difference (L₁ 
− L₂) 

✅ Yes Contains strings in L₁ but not in L₂. 
Regular languages are closed under 
difference. 

Complement (¬L or 
Σ − L)* 

✅ Yes Contains all strings over the alphabet not 
in L. Complement of a regular language 
is regular. 

Concatenation 
(L₁L₂) 

✅ Yes All strings formed by taking a string from 
L₁ followed by a string from L₂. 

Kleene Star (L*) ✅ Yes All strings formed by concatenating zero 
or more strings from L. 

Kleene Plus (L⁺) ✅ Yes All strings formed by concatenating one 
or more strings from L (L⁺ = L·L*). 

Reversal (Lᴿ) ✅ Yes All strings of L reversed. Regular 
languages are closed under reversal. 

Homomorphism 
(h(L)) 

✅ Yes Replace symbols in strings of L according 
to a homomorphism h. The result is 
regular. 

AVAILABLE AT:

Onebyzero Edu - Organized Learning, Smooth Career
The Comprehensive Academic Study Platform for University Students in Bangladesh (www.onebyzeroedu.com)

http://www.onebyzeroedu.com


Inverse 
Homomorphism 
(h⁻¹(L)) 

✅ Yes The set of strings mapped into L under a 
homomorphism h. Still regular. 

Substitution ✅ Yes Replace symbols in L with strings from 
regular languages; result is regular. 

Intersection with 
a Regular 
Language 

✅ Yes Intersecting any language with a regular 
language preserves regularity if the first 
language is regular. 

Union with a 
Regular Language 

✅ Yes Union with a regular language preserves 
regularity. 

Subset Operation ❌ No Determining if a language is a subset of 
another does not necessarily yield a 
regular language. 

Infinite Union ❌ No Infinite union of regular languages may 
not be regular. 

 

💡 In short: 

The class of regular languages is closed under all 
standard language operations. 

This is one of the reasons regular languages are so powerful and useful 
in automata theory and compiler design. 

 

b) Convert DFA's to regular expressions by eliminating states (using an 
arbitrary example). 
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Step1: 
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Here’s the state elimination method in one line per step: 

1.​ Add new start & final states with ε-transitions.​
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2.​ Select a non-start/non-final state to eliminate.​
 

3.​ Update transitions: new path = incoming × (self-loop)* × 
outgoing.​
 

4.​ Repeat elimination until only start → final remains.​
 

5.​ The resulting edge label = the DFA’s regular expression.​
 

 
 
 
 
C)Prove that if L is a regular language over alphabet  Σ, then L ber = Σ* - 
L is also a regular language 
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Step 1: Start with DFA for L 

Since L is regular, there exists a DFA 

    M=(Q,Σ,δ,q0​,F) 

 

 

that accepts L, where: 

●​ Q = set of states​
 

●​ Σ\SigmaΣ = alphabet​
 

●​ δ = transition function​
 

●​ q0= start state​
 

●​ F⊆Q= set of final states 

 

Step 2: Construct DFA for complement 

To get L ber, define a new DFA: 

M′=(Q,Σ,δ,q0​,Q−F) 

●​ Same states, alphabet, start state, and transitions​
 

●​ New final states = all states that were not final in MMM 
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5.a)Construct a context-free grammar for the following DFA: 
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b)Show that the grammar ((S), (a, b), R, S) with rules R-SaS | aSbS € is 
ambiguous 
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C)Explain inverse homomorphism. 

An inverse homomorphism is the process of finding all strings in an alphabet 
that, when transformed by a given homomorphism, result in a string within a specific 
language 

Inverse homomorphism is a closure property of regular languages. It 

allows us to map the input and output elements of a homomorphic 

language back to the original language. 
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Note: The homomorphism of an inverse homomorphism of a language is a 
subset of the original language  

H(H^−1(L))⊆L. 

 

AVAILABLE AT:

Onebyzero Edu - Organized Learning, Smooth Career
The Comprehensive Academic Study Platform for University Students in Bangladesh (www.onebyzeroedu.com)

http://www.onebyzeroedu.com


 

If L is a regular language, then h⁻¹(L) is also regular. 

✅ Regular languages are closed under inverse homomorphism. 

 

6.a)Elaborate the three operations on languages that the operations of regular 
expression represent. 

 

 

🎯 Regular Expressions Represent Three Basic Operations 
on Languages 

A regular expression describes a regular language using three fundamental 
operations: 
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Operation Regular Expression 
Symbol 

Description 

1️⃣ Union (OR) + or ∪ or ` ` 

2️⃣ 
Concatenation 

juxtaposition (no 
symbol) 

Represents joining two languages 
end-to-end 

3️⃣ Kleene Star * Represents zero or more 
repetitions of a language 

 

1️⃣ Union (Alternation / OR Operation) 

Definition: 

If ( L₁ ) and ( L₂ ) are two languages,​
 then their union is: 

 

Regular Expression Form: 

If ( R₁ ) and ( R₂ ) are regular expressions for ( L₁ ) and ( L₂ ),​
 then ( R₁ + R₂ ) (or ( R₁ | R₂ )) represents ( L₁ ∪ L₂ ). 

Example: 

●​ ( R = a + b )​
 

●​ ( L(R) = { a, b } )​
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➡ It accepts either ‘a’ or ‘b’. 

 

2️⃣ Concatenation 

Definition: 

If ( L₁ ) and ( L₂ ) are two languages,​
 then their concatenation is: 

 

Regular Expression Form: 

If ( R₁ ) and ( R₂ ) represent ( L₁ ) and ( L₂ ),​
 then ( R₁R₂ ) represents ( L₁L₂ ). 

Example: 

●​ ( R = a b )​
 

●​ ( L(R) = { ab } )​
 

➡ It accepts the string formed by ‘a’ followed by ‘b’. 

 

3️⃣ Kleene Star (Repetition) 

Definition: 

If ( L ) is a language,​
 then the Kleene closure is: 

 

This means zero or more repetitions of strings from L. 
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Regular Expression Form: 

If ( R ) represents L, then ( R^* ) represents ( L^* ). 

Example: 

●​ ( R = a^* )​
 

●​ ( L(R) = {ε , a, aa, aaa, …….} )​
 

➡ It accepts any number of a’s, including none. 

 

🧠 Summary Table 

Operation Symbol in 
RE 

Meaning Example RE Example 
Language 

Union +, ∪, ` ` Choice 
between 
strings 

a + b 

Concatenat
ion 

(no 
symbol) 

Joining strings ab {ab} 

Kleene Star * Repetition (0 or 
more times) 

a* {ε, a, aa, 
aaa, …} 

 

💬 In Short: 

Regular expressions describe regular languages using three main 
operations: 
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●​ Union → choice between patterns​
 

●​ Concatenation → sequence of patterns​
 

●​ Kleene Star → repetition of patterns​
 

 

b)Prove that if we add a finite set of strings to a regular language, the result is 
a regular language. 
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c) Write the closure properties of regular languages       1.Union(U) 
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7. 

a) Prove that the following are not regular languages: 

(i) The set of strings of 0's and 1's beginning with 1, such that when 
interpreted as an integer, that integer is a prime. 

(ii) The set of strings of the form 0 i1 j such that the greatest common 
divisor of i and j is 1. 
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b) State the properties of a parse tree. Construct a parse tree for the 
following string:S->S S +|SS*|a 
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c) Prove that every language defined by a regular expression is also 
defined by a finite automata. 
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8. 

a) State formal definition of a finite automata. Give an example 

Finite automata are abstract machines used to recognize patterns in input 
sequences, forming the basis for understanding regular languages in 
computer science. 
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●​ Consist of states, transitions, and input symbols, processing each 

symbol step-by-step. 

●​ If ends in an accepting state after processing the input, then the 

input is accepted; otherwise, rejected. 

●​ Finite automata come in deterministic (DFA) and 

non-deterministic (NFA), both of which can recognize the same 

set of regular languages. 

●​ Widely used in text processing, compilers, and network protocols. 
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1. Deterministic Finite Automata (DFA) 

A DFA is represented as {Q, Σ, q, F, δ}. In DFA, for each input symbol, the 
machine transitions to one and only one state. DFA does not allow any 
null transitions, meaning every state must have a transition defined for 
every input symbol 

2) Non-Deterministic Finite Automata (NFA) 

NFA is similar to DFA but includes the following features: 

●​ It can transition to multiple states for the same input. 

●​ It allows null (ϵ) moves, where the machine can change states 

without consuming any input. 
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b) Consider the regular expression (a(cd)*b)* 

(i) Find a string over {a, b, c, d}^4 which matches the expression. 

 

(ii) Find a string over {a, b, c, d}^4 which does not match the expression 

 

(i) A string over {a, b, c, d}^4 that matches the regular expression (a(cd)*b)* is 

acdb.  

(ii) A string over {a, b, c, d}^4 that does not match the regular expression 

(a(cd)*b)* is abcd.  
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Regex: (a(cd)∗b)∗. Each block ba(cd)^k has length 2+2k (even, ≥2). A length-4 string 

can be either one block with k=1 or two blocks with k=0 

(i) Matches: acdb​

 Reason: acdb = a·(cd)·b (one block with k=1). 

(ii) Does not match: aabb​

 Reason: any block must begin with a and end with b and the middle must be 

repetitions of cd; aabb cannot be decomposed into such blocks (neither aabb = 

a(cd)^k b nor as concatenation of ab-style blocks because aa / bb are invalid). 

 

 

C)Build an e-NFA for the following language: 

L = {w | w is empty, or if non-empty will end in 011} 
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