Chapter §

VECTOR INTEGRATION

ORDINARY INTEGRALS OF VECTORS. Let R(u) = Ry(u)i + Ry(u)j + Ry(u)k be a vector depending
on a single scalar variable u, where Ry(u), Ro(u), Ra(u) are

supposed continuous in a specified interval. Then

fR(u)du = lfR,(u)du + ij,(u)du + I(fR:,(u)du

Is called an indefinite integral of R(u). If there exists a vector S(u) such that R(u) = Jiu(s("))' then

fR(u)du = fd%(S(“))d" = S(u) +c Vv

where ¢ Is an arbitrary constant vector independent of u. The definite integral between limits u=q
and u=5 can In such case be written

b
d b
R(u)du = ‘ (Sw)du = sw) +c| = sB) = s
'L- a J; 5

This Integral can also be defined as a limit of a sum in a manner analogous to that of elementary in-
tegral calculus.

INTEGRALS. Let r(u) = x(u)i + y(u)j + z(u)k, where r(u) is the position vector of (x.,y,2),
define a curve C joining points P, and P,, where u=u, and u=u, respectively.

We assume that C Is composed of a finite number of curves for each of which r(z) has a contin-
uous derivative. Let A(x,y,z) = A1 + A,] + A;k be a vector function of position defined and con-
tinuous along C. Then the integral of the tangential component of A along C from P, to P,, written as

Fa
f A-dr = fﬂ‘dl' - fA; dx + Agdy + Agd.’.
Py ¢ (o

is an example of a line integral. If A is the force F on a particle moving along C, this line integral
represents the work done by the force. If C is a closed curve (which we shall suppose is a simple
closed curve, l.e. & curve which does not intersect itself anywhere) the integral around C is often

denoted by
fA-dr = f Asdx + Aydy + Ayd:

In gserodynamics and fluid mechanics this Integral is called the circulation of A about C, where A
represents the velocity of a fluid.

In general, any Integral which is to be evaluated along a curve is called a line integral. Such
Integrals can be defined in terms of limits of sums as are the integrals of elementary calculus.

For methods of evaluation of line integrals, see the Solved Problems.

The following theorem is Important.
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VECTOR INTEGRATION 83

THEOREM. If -A=VY¢ everywhere in a region R of space, defined by a; $x S a,. ' Cy < bs.
¢y $z<¢,, where d(x,y,z) iIs single-valued and has continuous derivatives in R.

then Py

l. f A-dr is independent of the path C in R joining P, and F,.

Py

2. ‘{ A+dr =0 around any closed curve C in R.

In such case A is called a conservative vector field and & is its scalar porential. i
A vector field A is conservative if and only if UxA=0, or equivalently A=V, In such case
A-dr = A;dx + A;dy + A3dz = do, an exact differential. See Problems 10-14.

RFACE INTEGRALS. Lect S be a two-sided surface. - :c'. as shown i the figure below. Let one

side of S be considered aruitrarily a- the positive side (if S is a closed

surface this is taken as the outer side). A unit normal n to uny point of the positive side of S is
called a positive or outward drawn unit normal.

Associale with the differential of surface
area dS a vector dS whose magnitude is 4S5 and 2
whose direction is that of n. Then dS = n dS.
The integral

[fua - [funs

is an example of a surface integral called the
flux of A over S. Other surface integrals are

_[fws.’ .[fona’s.. j;[,u.zs o

where @ is a scalar function. Such integrals can
be defined in terms of limits of sums as in ele-
mentary calculus (see Problem 17).
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The notation # is sometimes used to indicate integration over the closed sur‘.ce S. Where

: 3
no confusion can arise the notation f may also be used,
> S

- To evaluate surface integrals, it.is convenient to express them as double integrals taken over
the projected area of the surface S on one of the coordinate planes. This is possible if any line per-
pendicular to the coordinate plane chosen meets the surface in no more than one point. However, this
does not pose anj Yeal problem since we can generally subdivide S into surfaces which do satisfy
this re;triction.

VOLUME INTEGRALS. Consider a closed surface in space enclosing a volume . Then

[[fa s [ffoe

¥

ate examples of volume integrals or space integrals as they are sometimes called. For evaluation of
such integrals, see the Solved Problems.
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84 VECTOR INTEGRATION

/ SOLVED PROBLEMS

/ b 2
\l/({R(u) = (u—u’)i + 2° j — 3k, find (a) fﬁ(u) du and (b)f R(u) du.
\/ ‘

(a) f_n(u)du f [(w=uD1 + 2u° ) — 3k]du

lf(n—u?)du 0 jfzuadu + kf—:!du

2 a3 4
= l('—‘,‘,--%-ul) . j(!‘z—oc,) + k(=3u *+cy)
2 3 4
st (I‘E'_ya")l + !‘2_’ - Juk + Cl| + CQ] » Cgk
2 3 4
- . Uy -
(2 3)1 4 2] Juk + ¢

where ¢ is the constant vector e¢ql + c2J + ca k.,

2 2 3 4
(6) From (a), f; Rwds = (5= + %1 - 2k + cf
s [(—223—%) %—1—3(2)k+c] - [(———-)l+—1—3(l)k+c] g
Ry ) 15
= 61 + 21 - 3k
Another Method. /
2
> L R(u)du = II (u=u®)du + JJ. 2°dy + kJ' - 3du
3
- l(l‘.‘,—-“?)l1 s 1y | + k(= 3u)| =3 By oo
/ &
e acceleration of a particle at any time ¢20 is given by ,OSS‘;
S\ N '
Y Ry 12cos2ti — 8sin2tj + 16tk \c_\g
If the velocity v and displacement r are zero at ¢ =0, find v and r at any time. X
e,
&4
<& 2\
Integrating, v = If 12cos2tdt + jf—asln:z:dt + lflszdc g(((cz c/e« <,;‘
P -~ C
= 6sln2ti + 4cos2tf + 8Lk + ¢ » {C\ ,\d\
4 e
N
~ N~
Putting v=0 when £=0, wefind 0 = Of + 4] + Ok + ¢y and ¢; = —4§. ,-/c(e /“&4 @ ¢
N
)
Then v = 6sin2tl + (4cos2t—4)§ + 8k AS(\S. L.
80 that :,'—: = 6sin2¢l + (dcos2t—4)) + B8Pk, ¥ ,,f;'
%\'\ N
Integrating, r = lfﬁsanldl 4 lf(4 cos2¢t —4)de ¢+ kfaz’dz ':‘Q.S( '/-Q
. 8 a A (.
= -3 3 I - = .
cos 2 (2sin2t—41)) + L B /'L(', Ry
Putting r=0 when ¢=0, 0 = —31 +0J + Ok + c, and é2= 31.
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-1

From analytical gcometry, the polar equation of 4 conic
section with focus at the origin and eccentricity € is

a - N r
2 —————— whete a is a constant. COTleZl"ﬂ this
“1eecos O ¢

with the equation derived, it is seen that the required
orbit is a conic section with eccentricity € = p/GM.
The orbit Is an ellipse, parabola or hyperbola accord-
ing as € is less than, equal to or greater than one,
Since orbits of planets are closed curves it follows
that they must be ellipses.

g Fllipse r =

—~ 1+« cost!
o
LINE INTEGRALS
Ly
/ { A = (3x"+6y)i — l4yzj + 20vz"k, evaluate f A-dr from (0,0,0) to (1,1,1) alongthe follow-
ing paths C: ¢

(0 s =i, y=t, zm1?,
(b) the straight lines from (0,0,0) to (1,0,0), then to (1,1,0), and then to (1,1,1).
(c) the straight line joining (0,0,0) and (1,1,1).

f Ardr = f[(Sx?*qu)i — 14yz§ 020::‘1;]-(4:! +dyj + dzk)
5. c

= f‘al?ﬂ;ﬂh — l4yz dy + 20e:° d:

(@) U x=t, y=t?, z=¢°, points (0,0,0) and (1,1,1) correspond to ¢= 0 and ¢=1 respectively. Then

1
j;A-df @aE+a?yde — 14 ") di?y + 2000)(7Y di?)y
t=0
l #
9’ dv — 28" de + 60 de

t=0
1

(9:7

1
—28:"+60:°) dt = 30 =40+ Gx’“, l

L=

[=]

Another Method.
Along €, A = 9% — 14:51 +20:'k and r=xl+ IR LR 'k and dr=(i+20) « 7K)de.

1
Then f A-dr = f (e § — 14¢% § 4 20:T k). (4 4 20§ + 387 K)de
c
t=0
1
= f (9 = 28¢% + 60:°)dt = 5
0

(b) Along the stralght llne from (0,0,0) to (1,0,0) y=0, 2=0,dy=0,dz=0 while x varles from 0 to 1. Then
the integral over this part of the path is

1 : '
(357 +6(0) dx — 14(0)(0)(0) + 20x(0F (0) = f R AL
x=0 ' e

Along the straight line from (1,0,0) to (1,1,0) x=1, :=0,dx=0,dz=0 while y varies from O to 1.
Then the Integral over this part of the path is

1
J‘(s(l)?tﬁy)o - l4y(0)dy + 20(1)(0)?0 = 0

¥=0
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108 DIVERGENCE THEOREM, STOKES’ THEOREM, RELATED INTEGRAL THEOREMS

SOLVED PROBLEMS

: EN"S THEOREM IN THE PLANE
~Prove Gteen's theorem in the plane if C is a closed [ L

curve which has the property that any straight line [ s
parallel to the coordinate axes cuts C in at most two {

I
points. A‘K
Let the equations of the curves AEB and AFB (see

1

]

adjoining figure) be y =Yy(x) and y=Yx) respectively. 0 -
If R is the region bounded by C, we have

b Iix) b b
o 2y ldx = . Yy — MY | e
f S dxdy 3 | M(,,,)Iygyl(z) dx M(z,Yp) — M(x,Yy) | d=

)4 x=a Ly=N(x) x=a -

a
-f ‘"(x'y],) dx - f M(I.YQ) dx = -~ f”d:

a b (H

Then ) f.wx = —ff%’ﬂdxdy
¢ "R

Similarly let the equations of curves EAF and EBF be x=Xy(y) and x =Xxy) respectively. Then

ao ! x”) i f
ffgv dxdy f f %;:dx dy = l. N(Xz.y) = N(Xt-)')] dy

R y=e Lx=1X(y)
e f
fN(Xx.y)dy +fN(Xa.y)d7 = dey
! (3 C
Then _ (2) f Ndy = f f %ﬁdxd,
() ol

Adding (1) and (2), fMdz +Ndy = ff(?- - %)dzdy.
X
R

op-—--—

"

b

(H
2. Verlfy Green’s theorem In the plane for y
' (1,1)
{(zy +y?)dx + x?dy where C Is the

closed curve of the region bounded by
y=x and y=x’.

y=x and y =x? {ntersect at (0,0) and (1,1).
The positive direction In traversing C Is as
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DIVERGENCE THEOREM, STOKES' THEOREM, RELATED INTEGRAL THEOREMS 109

Along y = x2, the line integral equals

| |
9
f ((x)(x?) ’ ;4) dx + (:?)('_)‘) dx = f (313 + l‘) dx = 70
(4] 0

-

Along y = x from (1,1) to (0,0) the line integral equals

0 ]
f ((1)(:) +x9) dx + x?dx = f 3?dx = -1
1 |

w19 e LWL
Then the required line integral = 20 1 25
oN _ o D) inl 2D
ff‘ax i il A ["3;(1')—8’(!7’y?)]dxd)‘
R R
I x
= ff(*—ily)dxdy = f f(x-zy)dydx
R x=0 7:,?

l i P .
f [f (x—2y)dy)dx = f (xy =9 | , dx
0 x? &

()
1
1
a_.3 g Lol
f"‘ ydx = 20

0

S0 that the theorem is verified.

3.Fteind the proof of Green's theorem in the pl y
given in Problem 1 to the curves C for which line

parallel to the coordinate axes may cut C in more
“than two points. v

Consider a closed curve C such as shown in the ad-
jolning figure, in which lines parallel to the axes may
meet C in more than two points. By constructing line ST
the reglon is divided into two regions R, and R, which are
of the type considered in Problem 1 and for which Green’s
theorem applies, i.e.,

(1 f Mdx + Ndy
ST0S Ry

"
%
\
Y

-
a/la)
< I=

S
.
1

&

—_—t(2) f Mdx + Ndy
SVES TTe— Ry

=
Pl
|

oM
ydxdy
5

Adding the left hand sides of (/)2nd (2), we have, omitting the integrand Mdx + Ndy in each case,

fo JA [ [ T[]

STUS SVIS ST N SVr IS rus Sir TUSY?

using the fact that f &) o f
X .. ST 1S

Adding the right hand sides of (1) and (2), omitting the integrand,
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112 DIVERGENCE THEOREM, STOKES' THEOREM, RELATED INTEGRAL THEOREMS

8. Find the area of the ellipse x = acosf, y = b siné.

2n
Area = if(; xdy — ydx = if (a cos B) (b cos 6) d6 — (b sinB)(—a sinb) dE
0

2m 2
= i.[ ab(cos?E + sin?6)dE = if abdf = Tab
0

-t

Bvaluate f(y—slnx)dz + cosx dy, where C is the
4

triangle of the adjoining figure: 2.1)

(a) directly,
(b) by using Green's theorem in the plane.

(a) Along O4, y=0,dy=0 and the integral equals

t’ﬂ d A 3
jo. — sinx dx 0 " (71/2,0)

/2

COSII —l N

/2 .
f (0 — sinx)dx + (cosx)(0)
(4]

Along AB, x = "57, dx=0 and the integral equals

|
j‘; (=10 + 0dy = 0

Along BO, y = 2 , dy = %dx and the integral equals

SLE]

0
2 z L e 2 - g
[ (_n —sinx)dx + 77 cosx dx = ('n +cosx + 2 sinx) e 1 —

Thenthel.nlegralalong'C = =1 +0+1~— ;—’ Nl 1: - %

3

() M = y —sinx, N = cosx, %ﬂ = —sinx, %;‘(1 =1 and

fde‘rNdy ff a")dzdy = f (~sinx — 1) dydx
("
R

n/2 2x/n _ /2 2x /n
f [ f (— sinx = 1) dy:I dx k= f (—=y sinx —y) | dx
x=0 y

=0 x=0

/2 s
= . 2 - anad ol
‘£ (—.ﬁ sinx — F)d: = "—( x cosx +sinx) I n 4

in agreement with part (a).

Note that although there exist lines parallel to the coordinate axes (coincident wm'; the coordi-
nate axes In this case) which meet C in an infinite number of points, Green’s theorem in the plane still
holds. In general the theorem is valid when C is composed of a finite number of straight line segments.

10. Show that Green's theorem in the plane is also valid for a multiply-connected region R such as
shown in the figure below,

The shaded reglon R, shown in the {igure below, is multiply-connected since not every closed curve
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118 DIVERGENCE THEOREM, STOKES' THEOREM, RELATED INTEGRAL THEOREMS

ffA,i-ndS
S

ff A?j-l'l dS
S
Adding (1), (2) and (3),

I g - [fmnsesarne
X
7 §
p ff Viadv ffA-ndS
¥ S

The theorem can be extended to surfaces which are such that lines parallel to the coordinate axes
meet them in more than two points. To establish this extension, subdivide the reglon bounded by S into
subregions whose surfaces do satisfy this condition. The procedure Is analogous to that used in Green’s
theorem for the plane. -

— .=
\ Q
g <v|:.

"

valuate ff F.ndS, where F = d4xzi—y?j+yzk and S is the surface of the cube bounded
by x=0,x=1,y=0,y=1,2z=0,z=1.

By the divergence theorem, the required integral is equal to

ff Virdy - fff ['3%(411) + %(—r“) + 'aa;(yz)] dv
¥ v
| | !
ff (42~y)dV = f f f(4z—y)dzdydx
v

X=0 y=0 z=0

! } 1 I I
e T

x=0 y=0 x=0 ¥y=0

"

The surface integral may also be evaluated directly as in Problem 23, Chapter 5.

N

18. eri(y the divergence theorem for A = dxi — Zy’j + 22 k taken over the region bounded by
x?+y? =4, z=0 and z=3,

ff V.A dV = fff[ "(4x) + ay(_zy ) +§%(3?)]1V
¥

ff (4-4y +22)dV = f f f (4=4p+2z)dzdydx = g4m
v |

X==2 7::- -x¢ z=0

Volume integral

The surface S of the cylinder consists of a base S; (z=0), the top S, (z=3) and the convex portion
Sq (x24y? = 4). Then

AVAILABLE AT:
Onebyzero Edu - Organized Learning, Smooth Career m CamScanner

The Comprehensive Academic Study Platform for University Students in Bangladesh (www.onebyzeroedu.cor


https://v3.camscanner.com/user/download
http://www.onebyzeroedu.com

DIVERGENCE THEOREM, STOKES' THEOREM, RELATED INTEGRAL THEOREMS 119

hJ
Sutface integral = ff;\.n ds = ff,\.n.fs, + ff,\.n dS; + fj Aen dS,
S

) s &

On Sy (2=0), A==k, A =4xi—2y?f and Asn =0, sobhat Hr\-n d5; = 0.
e et
Sy

OmS;(2=3), n=k, A = 4xi—2y?j +9k and A-n =9, sothat
———————

ffA-n dS; = fodsg = 367, since area.of 5, = 47
S 53

OnSy (x2 #y? = 4). A perpendtcular to- x2+y? = 4 has the direction V(x7+y%) = 2xi + 2y j.

ThEn a Mt notmal 15 1 = %"9‘3'47' = 2P ginpe x74y%- 4,
Vax  +dy -
- i+vj
An = (4:1—2)";|+:'k).(‘ 2'”) = Zt’—y’

-

--—-—-_5./.\_57: 2=3
F

i

- — -

b= -

oy EE—

dV = dxdyd: -

“

From the figure above, x = 2cos &, y = 2sin €, dS, = 2 dt*d: and so

2n 3
ffA-n dS, = J f [2(2 cos O — (2sin '] 2d: df
=0 2=0

S5 ,

2n 2
= f (48 cos?6 — 4B sin’f)df = f 48 cos?Edt) = 487
6=0 A=0

Then the sarface integral = 0 + 367 + 487 = 847, agreeing with the volume integral and verify-
ing the divergence theorem.

Note that evaluation of the surface integsal over S, could also have been done by projection of 5, on
the xz or yz coordinate plames. .

19. If divA denotes the divergence of a vector field A at a point /”, show that

! f An dS
divA ‘= lim

_ Ar-0 AV
where AV is the volume enclosed by the surface AS and the limit is obtained by shrinking AV
to the point P.
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DIVERGENCE THEOREM, STOKES’ THEOREM, RELATED INTEGRAL THEOREMS = 127

p 2 - V.V
ot
or if x,c, 0 are constants,
3y » 2
. = — V- = v
3 Y Vv Kk Vu
The quantity k& is called the diffusivity. For steady-state heat flow (i.e. el 0 or U is Independent of

or
time) the equation re‘duces to Laplace’s equation V)U =0,

' THEOREM

xpress Stokes’ theorem in words and (b) write it in rectangular form.

d) The line integral of the tangential component of a vector A taken around & simple closed curve ¢ 1s

equal to the surface integral of the normal component of the curl of A taken over any surface S huving
C as its boundary.

o

(b) As in Problem 14(b),

A = Ayi+A,§+ A3k, n = cosal +cosf3) +cosyk

Then -
i ] k
Uua = |2 2 2| . (M0 Mz, My 3y, M3y,
& % o o e o A T e (et e Y
A" Ay Ag
(VxA)en = 343 _%A_?)c a o+ (%'_4.’_._-2}-—)‘:05[3 + (%%— %’;—‘)cos‘y
A<dr = (Al +Ax) + AgK)(dx1 +dyJ +dzK) = A;dx + Apdy + Aqd:

-

and Stokes’ theorem becomes

Oy _ Qg oo 4 QM1 O 3y _ Ay
ff [( - z) a+(a. o )cos,Bux_ ay)cos‘)’]ds

f Aydx + Apdy + Agdz
(o

31. Prove Stokes’ theorem.

"

Let S be a surfa}ce which is such that its projectlions
on the xy, yz and xz,planes are regions bounded by simple
closed curves, as Jdndicated in the adjoining figure. As-
sume S to have representatlon z=f(x,y) or x=g(y,z) or
y=h(x,z), where f,g.h are single-valued, continuous and
differentiable functions. We must show that

ff (VXA)OH dS
S

f (Vx(A,1 + 4,5 + Azk))-n dS

- ks s e — — ————

A Sl
‘0 %~
e
|
= fA-dr
C
where C is the boundarv of S. * r
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Thus by addition,

fJ (Vx Ayends - § Asdr
S [ ad

L=

The theorem is also valld for sutfaces S which may not satisfy the restrictions imposed above. For

assume that S can be subdivided Into surfaces 51,5, ... 5, with boundaries Cy,Cy, ... (7, which do satis{y

the restrictions. Then Stokes® theorem holds for sach such surface. Adding these surface integrals, the

total surface integral over S is obtained. Addiag the correspondine line integrals over €1, (o, oy o the
line integral over C Is obtained.

32. Yerify Stokes’ theorem for A = (2t —yv)i — yZj —+v?:k, wheee S is the upper half sutface of
4& he sphere x? + ¥y? + 7 = " and C is its boundarv,
S

The boundary C of § is a circle in the xy plane of radins one and centre at the origin. Let v = cost,
y=sint, =0, 0 <t < 27 be paramettic equations of .. Then

T § Aedr = f (2x=y)dx = v&dy = y7zd:

~ .

2m
f (2 cos5t — sint) (= sint)dt = ™

[+]
i i k
Also, 7 I N S o 9 g . %
A ay dz
2e—y —yz7 -7

1\55 Then ff’(VxA)-n dy = ffk-n ds = ffdx dy
S r

since n-k dS =dxdv and K is the projection of ¥,on the 1y plane. This last integral equals

| I‘T? | u;;_: b
f f dydx = 4 f f dy dx = .4 f V1—a2dx = m
) 0 [

xE=l 0 L
y==vi=x

and Stokes'’ theorem is verified.

33. Prove that a necessary and sufficient condition that f A.dr =0 for every closed curve C is
¢ . c .
that Vx A =0 identically.

14

of, Sufficiency. Suppose Vx A =0. Then by Stokes' theorom
4% '
’&Q@L ) £ f/\'dl' = 'ff(VxA)-n ds = 0
\ 7 1 )

D 74
6-\ Necessity. Suppose f A.dr =0 around every closed path ©, and assume Vx A #0 at some point
S ¢

P. Then assuming Vx A is continuot  thes« will be a region with P as an interior point,.where Vi y s 0.
Let S be a surface contained in t:1s - gic~ whiuse normal n at each peint has the same direction as Vx o |
i.e. VxA = an where @ is a positive ‘on:ziant. Let C be the boundary of 5. Then by Stokes' theorem
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