Chapter 1 0

The Laplace Transform

@FINITION OF THE LAPLACE TRANSFORM
Let F(t) be a function of t specified for t>0® Then the Laplace tranaform of F(t),
denoted by .C (F(t)), is defined by

LF) = [fs) = f e~ F(t)dt (1)

where we assume at present that the parameter s is real. Later it will be found usefuyl
to consider & complex.

The Laplace transform of F(t) is said to exist if the integral (1) converges for some

value of #; otherwise it does not exist. For sufficient conditiona under which the Laplace
transform does exist, see Page 2.

NOTATION

If a function of ¢ is indicated in terms of a capital letter, such as F(t), G(t), Y(t), etc.,
the Laplace transform of the function is denoted by the corresponding lower case letter,
i.e. f(2), g(8), ¥(8), etc. In other cases, a tilde (~) can be used to denote the Laplace trans-
form. Thus, for example, the Laplace transform of u(t) is u(s).

LAPLACE TRANSFORMS OF SOME ELEMENTARY FUNCTIONS

\)/ F(t) L{F(@) = fla)
>0

1. 1 %
2 t ! ;11- >0
3 (L] n! s> 0
The adjacent table shows & sl
Laplace transforms of various n=012... Note. Factorialn = n! =1+2:+n
elementary functions. For de- Also, by definition 0! = 1.
tails of evaluation using defini-
tion (1), see Problems 1 and 2. 1
4 et 1>a

For a more extensive table see . s—a
Appendix B, Pages 245 to 254.

a
s sin at — 8> 0
s i o+ a?
6. cos al - coriasce o 13878
8!+ a?
a
7. sinh at s * > |a|
8. cosh at =T A
1
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CHAP. 1] THE LAPLACE TRANSFORM 3

SOME IMPORTANT PROPERTIES OF LAPLACE TRANSFORMS

In the following list of theorems we assume, unless otherwise stated, that all functions
satisfy the-conditions of Theorem 1-1 so that their Laplace transforms exist.

inearily property.

/
- Theorem 1.2, If ¢, and ¢, are any constants while Fy(t) and Fi(t) are functions
with Laplace transforms f,(s) and f.(s) respectively, then

Lt Fi(l) + eaFa(t)) = el (Fi(l)) + exl (Fa(t))

The result is easily extended to more than two functions.

= e fis) + esfs(n)  (2)

42(1?) — 3¢ {eon2t) 4 Grlet)

- 2! . 1
= ¢ (‘,) - 3(;,""-‘) + 5 (:‘ﬁ)
B s 5
al 244 r 41

The symbol ¢, which transforms F(t) into f(s), is often called the Laplace trans-
formation operator. Because of the property of £ expressed in this theorem, we say
that . is a linear operator or that it has the linearity property.

r

Example. L1402 — 3 con2t + Be- 1)

1

i

First translation or shifting property. . %
Theorem 1-3. If L (F(t)) = f(s) then
L{e'F(t)) = f(s—a) (2
Example. Since (({cos2t) = —"—, we have

econd translation or shifting property.

Theorem 14. 1If L (F(t)) = f(s) and G(t) =

F(t - t>
{( e) < then

0 t<a’
L{G()) = e *f(s) (4)

]
Example, Since £ ({3} = ::—,- = %. the Laplace transform of the function

(=20 t>2
i Ay {:) : t:Z

is Be—21/g4,

4. Changé of scale property.
Theorem 1-5. 1f L (F(t)) = f(s), then

. 1 s\’
c(Fan = 2f(3) 5)
Example. Since L (sint} = ﬂ;ﬂ' we.have
s 1 1 3 3
Lleind3) = 3T S wae
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r
= ) ga ‘im I e"("‘ﬂ‘t dl
(¢) L ey = 50 e tilest)dl p=wJyg
. M s ol L N l.:..f_:_"_:l. — 10 hase
For methods not employing direct integration, see Problem 15. k
| “ \
= |
N ] i . { -
@Prove that (a) L(sinat) = 57—z, (b) L(cosat] = 57— if 8>0.
. . P
(a) L (sinat) = ‘ﬁ\cﬂ'ﬂnﬂcﬂ = im e~ * ginat dt
' ~=Jy ;
= lim M (=ssinat — a cosat) r
Pew 2?7 + ot )
= lim { a _ e 'P(aainaP + a cos al’)
Pewn |82 4 g2 2 4 ql
> a
o= P g if >0
(®) L {cosat) = T em £
j; e cosat dt = )_r‘n e~ " cosat dt
=Jy
= itm e " (-2 conat + a sin at) |¥
————=2C0nat + asinat)
2 Pox 2 4 q2 L

= lim o o
P = 8t + 2

e (8 cosal ~ aginapr)
e® 4 a7

8 y
digl e>0

We have used here the results

j. €% gin gt dt e (a 8in it — 2 coa 2t)

a? + pe

f et coa pt dt €™ (a cos it + f sinpY

ot + p?

Another method. Assuming that the result of Problem 1(c) holda for complex
be proved), we have

()

n

numbers (which ean

‘ .
cley = g o ()
But elat = cosat + isinat. Hence
£ {elaty = f e~ (cosat + 1sinat) (4
0

= f e~* cosat dt + ij‘ e ginatdt = L({cosat) +
0 0

From (3) and (4) we have on equating real and imaginary parta,

t
Laplace-2/A ey

L {einat) = 2

'
82+ a?’ 8t +at
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12 THE LAPLACE TRANSFCRM [CHAP. 1

(7

8 A
.(3.,1\‘rove that  (a) . !sinhat) = Fa_": (h)y £ (coshal) = F. if &2 |al,

L/ o

b ~ J— - at
(a) £ {sinhat! = 2 ',__2.__} = .I; ;'l!(f__'v__.),u

- %'n c-Mett 4t - %"; e~ gp-al g

= ;-uwz - ;:-clr"')

| a
13 ._.‘.a.} I o for s > |al

1)
b T

Another method. Using the linearity property of the Laplace transformation, we have at once

al — p=af 1 1 -
£ (zinhat) = ({'—*2—'*—-} = .ZUf"l = gLle"*)
KON 10 MR, 1 | = = for 2> lal
T 2]e-a l+uj ¥ —a

-

(b) | As in part ‘a),

L {coshat) = ({s-‘-'—-"-z-ﬂ} = ;zl‘(“'“} + %l‘f-".,
E %{.la..;.;_:_:} = :_-'-:-LEE “for a > |a|
: . 5 0<t<3
4. Find L(F(t)yif F(t) = {0 0538

By definition, 4 ‘

R J‘ e-u R dt = L @) de + | e de
° . b
O | “a 3 = s
A AL T kad (0P R0R ] Bl ey
= 5.’9 e~Ndt = D o L = -

THE LINEARITY PROPERTY
5. Prove the linearity property |Theorem 1-2, Page 3.

Let £{F (1)) = fila) = f e " F ()dt and L (Fy(t)) = [y(s) = r et Fy(t)dt,  Then if
0 .
¢, and ¢; are any constants, ;

LieyFy(t) + eg Fa(t)}

J; et (C,F.(l) + €, 'z(t)) dt

= clf f-"P|“)dt + sz C-"Pz“)dl
0 0

aL{F O} + ea L{F,(1)

il

= ¢ ,1(') + ¢ fa(s)

The result is easily generalized [see Problem 61]. Laplace-2/B
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14 THE LAPLACE TRANSFORM [CHAP. 1

A

19, Prove the second translation or shifting property:

(F(t-a) t>a

{ LF(t)) = [(s) and Gil} = 10 i<ca® then £ (G(t)) = e ** [(s).

LGy = f': HGIdt = £ -nGlodt + f vl o

o 0 ¥
r.c"'(ﬂ)dl 4 f e~ " F(t—a)dt
A Ll

-

e M F(t = a)dt

.

n

L8 e
- r-c“'l(l‘I) F(u) du
' ve P . oy
! ———— T
- —-an —m B )d
¢ J; ¢ (u) du
= e~ [(s)
where we have used the substitution ¢ = u+a.
o
, ! _ Jeos(t —2#/3) t>22/3
10. Find £ (F(8)) if F(t) = {0 (< 2:/3"

2%/3 ad
f e=(0) dt -+ f e~ con (t — 2¢/3) dt
0 vl

Method 1. £ {F(t)

& \
= r e~V we2e/D) cogu du
ve

ae—1m13
———
i+ 1

¢""’5f e~™eosudu =
)

Method 2. Since L {cost) = ;;-1——1-. it follows from Problem 9, with a = 22/3, that

ac -2u0/3

L{F() = I

/‘\

\

11. Prove the change of scale property: If £ {(F(t)) = f(s), then L (F(at)) = ;_,(%)_

]

£ (F(at)) J; e~ F(at) dt

j; e—u/a) F(u) d(u/a)

= 5 _f; e=1v/a F(u) du

|
D
~—
S
Q|
N

using the transformation t = u/a.

AVAILABLE AT:

Onebyzero Edu - Organized Learning, Smooth Career CamScanner

The Comprehensive Academic Study Platform for University Students in Bangladesh (www.onebyzeroedu.cor


https://v3.camscanner.com/user/download
http://www.onebyzeroedu.com

14 THE LAPLACE TRANSFORM [CHAP. 1

A

19, Prove the second translation or shifting property:

(F(t-a) t>a

{ LF(t)) = [(s) and Gil} = 10 i<ca® then £ (G(t)) = e ** [(s).

LGy = f': HGIdt = £ -nGlodt + f vl o

o 0 ¥
r.c"'(ﬂ)dl 4 f e~ " F(t—a)dt
A Ll

-

e M F(t = a)dt

.

n

L8 e
- r-c“'l(l‘I) F(u) du
' ve P . oy
! ———— T
- —-an —m B )d
¢ J; ¢ (u) du
= e~ [(s)
where we have used the substitution ¢ = u+a.
o
, ! _ Jeos(t —2#/3) t>22/3
10. Find £ (F(8)) if F(t) = {0 (< 2:/3"

2%/3 ad
f e=(0) dt -+ f e~ con (t — 2¢/3) dt
0 vl

Method 1. £ {F(t)

& \
= r e~V we2e/D) cogu du
ve

ae—1m13
———
i+ 1

¢""’5f e~™eosudu =
)

Method 2. Since L {cost) = ;;-1——1-. it follows from Problem 9, with a = 22/3, that

ac -2u0/3

L{F() = I

/‘\

\

11. Prove the change of scale property: If £ {(F(t)) = f(s), then L (F(at)) = ;_,(%)_

]

£ (F(at)) J; e~ F(at) dt

j; e—u/a) F(u) d(u/a)

= 5 _f; e=1v/a F(u) du

|
D
~—
S
Q|
N

using the transformation t = u/a.
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CHAP, 1| THE LAVLACE TRANSYORM
: - [ain at
12. Given that L {ﬁ‘_;‘..(,} = tan"'(1/2), find 4 ;»—;~ Y
J
By Problem 11,
{'\i""'} = 11_'{’!22'1' = 1!nh"“l(l/n)\ = 1"1'-. ' la/oh
at f ! l a n
. ‘ainnf] )
Then « 1-~,——]. = tan~V(ale).

LAPLACE TRANSFORM OF DERIVATIVES
13) ove Theorem 1-6: If 1F(t)} = [f(s), then L [F'(ty} = af(s) = F(0).
1

Using integration by parts, we have

- r
LAy = f e~ F(tyde = Tim f e " F(t) dt
o Pesw Sy
. r
= lim {r"'F(l),, + » r e~ () dl)
Pee n 0 i
.r 1
= Plim {c""F(I’p - F(0) + nJ e R ) dt 1
- I

{nf e—*t F(t) d.r - F(0)
0

e/(s) = F(0) iy

using the fact that F(¢) is of exponential order y as {— =, 30 that lim ¢~ *PF(P) = 0 for » > 7.
[* = =

For cases where F(t) is not continuous at t = 0, see Problem 8.

14.:D0v0 Theorem 1-9, Page 4: 1f £ [F(1)} = f(s) then £ [F”(1)) = s?f(s) — s F(0) — F’(0).
By Problem 13,

£{G(t)y = sL{G()) — GO) = =zgls) — G(O) ~
Let G(t) = F'(t). Then .
L{F"()}y = agL{(F@}) — F(0)

= slaL(F()) — F(0)] — F'(0)
= st {(F(t)) — aF(0) — F'(0)
= ssf(s) — sF(0) — F'(0)
The generalization to higher order derivatives can be proved b)'_usimz mathematical induction
[see Problem 65].

15. Use Theorem 1-6, Page 4, to derive each of the following Laplace transforms:

1 1 R iEN 1
(@ £(1) =3, B) L{t) = 5. (&) Lle™) = =-
Theorem 1-6 states, under suitable conditions given on Page 4, that
LAF ()Y = s (F(t)y — F(0) (n
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16 THE LAPLACE TRANSFORM ICHAP.

(@) Let F(t)=1. Then F'(t)=0, F(0) =1, and (1) becomes
L{0) =0 = ng(1) -1 or L£(1) = 1/e ()

(b) Let F(t)y=1t. 'Then F(t1)=1, F(0) =0, and (1) becomes uring part (a)
L{1) =10 = 0L(t) -0 or £(t) = I/e? (1)
By using mathematical induction we ean similarly show that £ (t") = n!/a"*! for any positive
integer n.
(¢) Let F(t) = ¢ Then #'(1) = ae®, F(0) =1, and (I) becomes

Llaet) = egfe) ~ 1, Qe al(e") = sLf(ert) =1 or L{em) = 1/fe—a)

1

, a
16. Use Theorem 1-9 to show that L (8in at) = Tial

Let F(t) = sinat. Then F'(f) = acosat, F"(t) = —a’sinat, F(0) = 0, F'(0) = a. Hence
from the result
LF()) = oL(F(t) — «F(0) = F(0)

we have L({—asinat) = #2L(sinat) — #(0) ~ a
i.e —a? L (sinat) = #?L(sinat) — a

a
or : Lleinat) = o

LAPLACE TRANSFORM OF INTEGRALS
- t
@/Prove Theorem 1-11: 1f £ (F(t)) = f(s), then £ {f F(u) du} = [(8)/s.
. (1]

of .
Let G(t) = ] Fu)dv. Then G'(t) = F(t) and G(0) = 0. Taking the Laplace transform
bd ]

of both sides, we have -
L{G() = s£{G(t) — GO) = sL(G) = [lo)

t
Thus L{G()) = -’-‘:—) or 4{_’; F(u) du} - !.(.L’

7 \ t .
@d {{f smudu}.
/ ety
' We have by the Example following Theorem 1-13 on Page 5,

< {-'i-,’u} = tan-id
(e - o

Thus by Problem 17,
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CHAP.1) THE LAPLACE TRANSFORM

—
-1

l‘JLTIPLlCATlON BY POWERS OF ¢
9. Prove Theorem 1-12, Page 5:
If L{F(t)) = f(s), then L (t"F(t)} = (-1) ;;%/(a) =(=1)*/"*"(s) wheren =1,2.3,....

We have f(n) = ’; e~ "yt de

Then by Leibnitz's rule for differentiating under the integral sign,

% = ['(e)

d (° *
3;"; e~"F(t)ydt = J; :—'f"'r(r)dc

= f —te=*t Fit) dt
. ‘°

—f e~ (L F(t)) dt
0
= —=JL{tF()

d
Thus cFm) = =% = —rw )
‘which proves the theorem for n=1. .

To establish the theorem in general, we use mathematical induction. Assume the theorem true
for n =k, i.e. assume N

o 3
f e (PO At = (~1)t fN)(a) ®
0 .
Then " « :
.?d: J; e~ (R F(O)dt = (—1)k fxe1)(s)

or by Leibnitz’s rule,

- f.¢-cl(gk0!F‘(t)) dt = (—])k I(l#l)(.)
‘0

’
i.e.

f et (lk‘l 1 F‘(()) dt = (—1)&#[ ,(IQI)(.) ()]
o

It follows that if (2) is true, i.e. if the theorem holds for n =k, then (3) is true, i.e. the theorem holds
for n = k+ 1. But by (1) the theorem is true for n=1. Hence it is true for n = 1+1 = 2 and
n=2+1=3, ete., and thus for all positive integer values of n.

To be completely rigorous, it is necessary to prove that Leibnitz's rule can be applied. For this,
see Problem 166,

ind (a) £ ({tsinat), (b) £ {t*cosat).

i -
(a) Since L {sinat) = il Ve have by Problem 19
; _ d a e 2as
L{tsinat} = da(02+a1) = e
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18 THE LAPLACE TRANSFORM [CHAP. 1

Another method.

Since L {cosat) = ’"f"'ﬂ""“" WP =y

Yo
we have by differentinting with respect to the parameter a [using Leibnitz's rule),

E e eosatdt = f. - (= tainat)dt = —L{tsinat]

da J,
Zal
( Tt al)

2an

L{tainat) = METLE
\

£ {:;% cos n!}.
(b) Since L {cosat) = ‘-,'_-:—;;. vn;e have by Problem 19

d? ] 283 — Ga?s
(e WTam

I

from which

|

d
Note that the result is equivalent to 7—.C (cos at)

I

L{t?cosat) =
We can also use the second method of part (a) by writing
" d?
£ gt"cos at) = <L {--—'E (cos al)} = =i £ {cos at)

which gives the same result.

PIVISION BY ¢

2/1. P\'rove Theorem 1-13, Page 5: If . (F(t)) = f(s), then .C{ (t)} = f f(u) du.

Let G(t) = -F—‘% Then F(t) = tG(t). Taking the Laplace transform of both sides and using
Problem 19, we have

d 75 dg

LR} = = -L(G) or [} =

Then integrating, we have

' -
gy = - f f(w) du = f f(u) du (1
Ve (]
ie
{Fm} J‘ Y
Note that in (f) we have chosen the “constant of integration” so that llm p(s) = 0 [see Theorem
1-15, Page 5).

22. (a) Prove that f i(-t—)dt = f f(u) du provided that the integrals converge.
[

sin t

(b) Show that f = %

.f- 0"‘%9 dt = J:. f(u) du

(a) From Problem 21,
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CHAP. 1) THE LAPLACE TRANSFORM 10

Then taking the limit as a = 0+, assuming the integrals converge, the required result js obtained.

(b) Let F(t) = aint mo that f(#) = 1/(#24 1) in part {a). Then

" aint A f. du B Lo . .
J; "‘t"'l“ A 41 .2 tan l"n ol

bl 1/‘: ODIC FUNCTIONS
23. Prove Theorem 1-14, Page 5: If F(t) has period T > 0 then

T
§ e Fiey ae
0

1—¢"7

LIFW) =

We have '.1
L {F(t)}

f e~ " E(t) dt
o

T aT

T
—llr - -9
f.. e~MF() dt + fr eME() dt + '];r e~ F(t)dt 4

]

i

In the second integral let ¢ = u+ T, in the third integral let ¢ = u+ 2T, ete. Then

T T T
L{F@) = J; e=m F(u) du + f e~ AT Plu+ T) du + f e~V Py 4 2T) du 4 ---
L] L]
T

T T
jo. e~ F(u) du + c""'f e~ F(u) du + e""‘f e~ FP(u)ydu + -
0 (1]

L}

T
(l + e=1T + e-llf + ...)f e~ F(ll) du
(]

r
f e~ F(u) du
_ Y
1—e"97
where we have used the periodicity to write F(u+ T) = F(u), F(u+2T) = F(u), ..., and the fact that
1+r+24+ 034 -0 = 11’,. <1

24. (a) Graph the function
sin t 0<t<n»

0= " g

extended periodically with period 2.
(b) Find £ (F(t)).
(a) The graph appears in Fig. 1-5.

F(t)
t
0 r 2r v 4r
Fig.1-5
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22 THE LAPLACE TRANSFORM [CHAP. 1

_ Since the integrand is positive, we have

Ve J].C""""dzdy s [} = [ft""""d!dv (1)

: LY Ry -
where R, and R, are the regions in the first quadrant bounded by the cireles having radii P and PV2
respectively.
Using polar coordinates (r,#) we have from (1),
P w2 12
f'“ J " etydras & 1S f f e~ rdrds (2)
““a=o Y r=0 A=0 *“r=n
r T e
. Ta-e™ = I S 70= @

. LT T I
Then taking the limit as P = in (3), we find lim I = /2 = «/4 and I = Ve/2.

30. Dx’ove: ri) = v=.

rg) = f"u“”? e~v du. Letting u=0v?, this integral becomes on using Problem 29 -
o0

2":~a-l"dv = 2(% = Vr

»

(b/ﬁ Prove: . (") = ﬁ;f.” if n>~-1,8>0.

L{t")y = f. e~ ¢ndt. Letting st = u, assuming & > 0, this becomes
[

R Al FUNE PR LD L ST L S R P 4 1)
Lty = .I; e(-.-)d(.) = 3"‘;‘}.0"‘ du = =

2. Prove: L ({t~'?) = /=/s, 8> 0.
Let n = -=1/2 in Problem 31. Then-
) (R R b o o

LTI =y i i i -

Note that although F(t) = t=V/2 does not satisfly the sufficient conditions of Theorem 1-1, Page 2,
the Laplace transform does exist. The function does satisfy the conditions of the theorem in Prob. 1456.

33. By avssuming r(n+1) = nr(n) holds for all n, find:
(@) T(=4), (b) T(=1), () T(=1), (d) (0), (e) r(-1), (f) T(-2).
(a) Lemng n=—4 T(}) = —4r(=§). Then r(=}) = —2r(}) = —2Vr.
(b) Letting n = —§, I(=}) = =ir(=3). Then T(-}) = —3r(—=}) = @NFV= = $V= by part (a).
(¢) Letting n = —¥, r(=§) = =3r(-}). Then 1(-}) = —3r(-H = —@U(F)V= = — V= by part (b).
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24 THE LAPLACE TRANSFOR?I [CHAP, 1

% 35.’/?ind £ {J1(t)), where J,(t) is Bessel’s function of order one.
From Property 3 for Bessel functions, Page 7, we have J.'(t) = =J,(t). Hence
L{%(0) —Lot)) = —[eL{J(t) = 1)

RRTER D Lane lrd
Vet+1 Vel +1
The methods of infinite series and differential equations can also be used [see Problem 178,
Page 41).

1

SINE, COSINE AND EXPONENTIAL INTEGRALS

c‘-
rove: £ (Si(t)} ="C{J; Bl:udu} = %tan-l%..

ot p
Method 1. Let F() = | "%du Then F(0)=0 and F(t) = 0L or ¢F(0 = sint.
L

Taking the Laplace transform,

1
L{tF'(t)y = L({sint} or - %(. 1) - FO) = 733
) 1
e | R O R
Integrating, ¢ /(o) = —tan~'s + ¢

By the initial value theorem, lim 8 /(s) = !:_13 F(t) = F(0) = 0 so that ¢ =+/2. Thus

= m

2l ke lag Ll et angl e D PR |
#f() = 7 — tan~ls = tan-!- or f8) s= 7 tan=is
Method 2~See Problem 18. :
Method 3. Using infinite series, we have
1 t
sinu = 1 w w
J; - du = J;;(ll-a—!'*}-s—!'—:'—!-i-'-')du
_ 3 3 ' 17
t-Tnten Tt
t .
sinu| _ P s t
Then {{o m } = .({t 3‘3!+5.5!—-7._‘!.4.. }
FERRE T TR T3 T I S Ty i

1 1 1 ‘
—m-*-a.—‘—ﬁ-*:oo-

= 1[a/e) _ (/e (1/--)s (1/a)
.{1 3+5'7+'"}

I
ol =

= 1un-ll
8 8

using the series tan—!z = z— 233+ 286 —27/7T+ -+, |2| <1,
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26 . THE LAPLACE TRANSFORM {CHAP.

———

THE/ERROR FUNCTION

ZProve: L (erf\/t) = ({%_fwc"’du} = s\/a_-i——l'

Using infinite series, we have

N T NI ¥ A (BYTT SF IO P

(e g 1572 (72
3 T Tt )

]
~
——
Sl
-
3
1

_ 2 [r@a2) _re2), vame o ree o, ...
T VR e T 3 T eere T 7e3te?
URCT MR O AT € (% Ry EF L2 e W

| 11 ,1-31 1-3-§L+...}
% {‘ PR T °

(
/
g2 24 g2 2+4-
. . \ =12
e B s+ 1

- using the binomial theorem [see Problem 172|.

For another method, see Problem 176(a).

IMPULSI"J FUNCTIONS. THE DIRAC DELTA FUNCTION.

40. Prove that £ (U(t—a)} = 5-;: where U(t —a) is Heaviside’s unit step function,

o Wehnve. Ut—a) = {; :Z: Then |
| : ' «a e ‘
L{ut-a)) = j - (0)dt + J e= (1) dt
0 a
. o e-lf P
¢ o= Jim e~tdt = lim —
P a ; - P=w =8 |g
= . e—as — e—P A e~
LY e oy :

Another method.
Since £ {1} = 1/s, we have by Problem 9, £ (U(t—a)) = e-91/g,

41. Find £ (F«(t)) where F(t) is defined by (30), Page 8.

e 0Sese

We have F () = { A
0 t>e

Then

L{F ) J" e~ st F (1) dt
0

- = j: e~ (1/e) dt + re-"w)d:

f‘ e-ndy = lze™
0 «

- -
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CHAP. 1] THE LAPLACE TRANSFORM 27
42. (a) Show that lim ¢ (F,(f)) = 1 in Problem 41.
LR

(b) Is the result in (a) the same as £ {lim F,(t)}? Explain.

(a) This follows at once pince

llml"“’lc‘l’c’/ﬁ!""" o "m(|_i",;...\ = 1

=0 I t-B

Umioeow o
-0 LI

It also follows by use of L'Hoapital's rule.

[

does not exist, so that £ lim ".")}‘ I not defined.

(b) Mathematically epeaking, 1lim P, (1)
t=t =0
Nevertheless it proves useful to conslder 8(1) :

= lim F,(1) to be such that 2 (s(1) = |. We

call 3(t) the Dirac delta function or impules /--ef'i::.

\

s3. Sho¥ that . (8(t—a)) = e ™, where 8(f) is the Dirac delta function.
This follows from Problem 9 and the fact that £{8(0) = 1.

m Indicate which of the following.are null functions.

. _J1 t=1 1 1s5t=2
(@) F(t) = {0 otherwise ' &) F(o = {0 otherwiae * () Fit = 8in.

'
(@) F(t) is a null function, since f F(u)du = 0 forall ¢t >0,
; “o
¢
() If ¢t <1, we have f Flu)du = 0
0
' t
T I 1=t=2, wehave f F(u)du = f Ndu = ¢t =1,
o ' 1
t 2
If t>2, we have f Fu)du = f (1)due = 1.
0 1

t A
Since j F(u)du # 0 for all ¢t > 0, F(t) is not s nul! function,
()

t
(¢) Since f 3(u)du =1 for all ¢ >0, 3(t) is not a null function.
0

EVALU "I?)N OF INTEGRALS
- : - L=t -2t
t te-*costdt, (b ik Fwi L
e (a) f e~ cos (b) j; ¢

val
0
a) By Problem 19,

L{tcost) = f te="costdt
(]
d = aml e 8 oY reegny S 1
Laplace-3/A e g SASMEY) A dl(l‘+\> (et + 1)8

AVAILABLE AT:

The Comprehensive Academic Study Platform for University Students in Bangladesh (www.onebyzeroedu.corigss

Onebyzero Edu - Organized Learning, Smooth Career CamScanner


https://v3.camscanner.com/user/download
http://www.onebyzeroedu.com

CHAP. 1) THE LAPLACE TRANSFORM 29

ind £ {8in V7).
Method 1, using scries.

i & Vi (f)l ![‘_)1 Bees (11 31 (1

B T N T TR T

Then the Laplace transform is

£ {sin ﬁ) 1"(3/2) I 1512) (7/2) 1'(9/2)

= man T gt B'at/T Ty gd g D
: w1 Y W 2 B (1/2’0)' (1/2% 22
= 27 Ly A Tha TR S

E‘—:‘—%'-””' = 2{‘;" e~ Vit
\

Method 2, using differential cquation;.
Let Y(t) = sinVt. Then by differentiating twice we find

aY" + 2" + Y
Teking the Laplace transform, we have if ¥ = £ {Y(1))

]
=]

~ Tty — aY(0) - YO) + 2ey-YO) 4y = 0
or 4oty + (o= = 0

Solving, y = .,—,c“’“

For small valpes of ¢, we have sin V7 ~ V and (V) = V¢/26%2. For large s, y ~ c/e™2, It
follows by comparison that ¢ = \/z/2. Thus

L{anVe) = 2\:&;:: o=

ind .c{°°:/t_ ‘}.

Let F(t) = lm\f. Then F'(t) = cos VI F(0) = 0. Hence by Problem 48,

2yr '’
- -
<Py = %.c{“’\'ﬁf} = efle) = FO) = YEamve
from which £ cos Ve = V7 i
ﬁ .n:
The method of series can also be used [see Problem 175(})].
50. Show that ' ‘
o(inty .= ™(1) —Ins e _y+Ins . 'l.
8 8 %
where y = .5772156... is Euler's constant.
We have Ir) = f wle—vwdy
o .
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CHAP. 1) THE LAPLACE TRANSFORM 29

ind £ (8iny/1).
Method 1, using serics,

linﬁ = \/l-— (\f')’ + (Vo - ey + e

(w1 (rn
ios w e ki B £ i
51 7 - wter ot

Then the Laplace transform is

- N3/2) _ rr2) 1(7/2) 1(9/2)
Ve = TqR = Sre t Gt = i
' Yr fi (1 (17210 (17204
27 {1~ (753) + T “T*"'}
= rff;,—a'lﬂ" z—g'/—:"""
\

Method 2, using differential cqution;.
Let Y(t) = sin Vt. Then by differentiating twice we find
a@y” + 2 + Y = o
Taking the Laplace transform, we have {f y = ¢ {Y(t))

~A Y = YO = Y(0) + ey

1
=
o
=
+
«
1}
o

or 402y + (6o — 1)y

Solving, B

y = m.—ll“

For small valpes of ¢, we have sinVt ~ V¢ and £ (Vt) = Vr/26%2 For large s, y ~ c/s¥2. It
follows by comparison that ¢ = ¥/2. Thus

]
o

2tV = Yoo

2401 °

ind .c{°°:/t_ ‘}.

Let F(t) = sinyt. Then F(t) = i , F(0) =0. Hence by Problem 48,

2Vt
L{F() = -;-‘c{m"/_:ﬁ} = af(e) = F(0) = 2‘5’ a—1/4s
from i = -

" The method of series can also be used [see Problem 175(b)}.

50. Show that
™(1) - .
L{lnt) .= ___(1)’ L P 7———+8‘n’
where y=.5772156... is Euler's constant.

We have ). = f w-le=v du
0.
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Chapter 2

The Inverse Laplace: Transform

o
, DEFH\]ITION OF INVERSE LAPLACE TRANSFORM

x ‘If/(he Laplace transform of a function F(t) is f(s), i.e. if . (F(t)) = f(s), then F(t) is
Hed an inverse Laplace transform of f(s) and we write aymbolically F(t) = £~ (/(s))
where £~ is called the inverse Laplace transformation operator.

Example. Since £ (e-) = 7}3 we can write

4"{%} = en

UNIQUENESS OF INVERSE LAPLACE TRANSFORMS.
LERCH'S THEOREM

Since the Laplace transform of a null function N(t) is zero [see Chapter 1, Page 9],
it is clear that if . (F(t)) = f(s) then also £ (F(t)+N(t)) = f(s). From this it follows
thet e can have two different functions with the same Laplace transform.

Example. The two different functions F(f) = ¢~ and Fy(l) = {o_" =1 have the

same Laplace tranzform, i.e. 1/(s + 3).

otherwise

If we allow null functions, we see that the inversze Laplace transform is not unique.
It is unique, however, if we disallow null functions [which do not in general arise in cases

of physical interest]. This result is indicated in

Theorem 2-1. Lerch's theorem. If we restrict ourselves to functions F(t) which are
sectionally continuous in every finite intervel 0=t =N and of exponential order for
t > N, then the inverse Laplace transform of f(s), i.e. £~'(/(8)) = F(t), is unique. We shall
always assume such uniqueness unless otherwise stated.

SOME INVERSE LAPLACE TRANSFORMS

The following results follow at once from corresponding entries on Page 1.

42
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