eft: Va,b CER:ba(b-{-c) ab+ac
"ght'Va,b ceR=>(b+c)a=ba+cd

"Ie 7 is a ring with usual addition and multnphcatwn;

Va,be 7 =>a+bel
. Vab,ce Z=>(a+b)+c—-

. 30eZ=>at0= =0+a= a‘v’an
)+a =0

a+(b»+ C)

VaelZ,3-ael=>atCa" ('a

gy
ok

P o0 } i g el

.'Va,beZ:abeZ

.VabceZ::»(ab)c a(bc)
.VabceZ::a(b+c) =a
.VabceZ:>(b+c)a ba+ca

the rmg of 1ntegers w1th respec

1.
2
3
o 4

B . 5.Vabe 7 =>a+b= bta
6 :
7
8 b+ac
9

t to usual addltion and

us 7 is called

m ltlphcatlon ,
"' ’ ple R,Z,Q are rmg under addmon (+) and multxpllcatlon ( )

followmg condmons is

two elemcnts and satléfying the
ts‘onm an@ aR

‘ nng F w1th at least
'w edaﬂeld [aas\% R F-G3 1 wwuﬁwmm

';w" 5 xrrafer o 9 <]
(i)Y a, beF=>ab= Eoba it i b
()31 €eF, 1¢Osuchthata1-—l a=a VaeF

,'_,(lll)aEF a#0, aa eF:-‘>aa :-—a lg=1VaeF
,R and C are ﬁcld with respect to usual addmon and multxplication. ‘

amemammq Ramcawﬁ»‘ﬁmu

Vector Space |
C%a ‘Bi‘iﬂ'? | ' i

{DUH 2016, '15 '14 '13 NUH '10 '08 '03 '98 s NU (Preal) 09, 05/
of objects on

Fbea ﬁeld of scalars and V be an, arbltrary non—cmpty set
defmed then

h two operanons vector addmon and scalar mult1ph cat1 on are
234 ; : AR ‘3_?:. A
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V is called vector space over the field 7 if the followmg axioms are¢ holds
R, 1 @l e age ¥ Bamtmreen aafd o ol S 130wt copg
QI QR (¥R edR s, wra Ja Afds s (597 WS T A vfar
e (A T ¢ '

Operations on vector addition (884 et wifara]

: Closure law [s1a%e! R : Vu,ve V=su+tveV :
: Associative law [sezatst ﬁﬁ] YuvywelV= (utv)y+w=ua+(v+ w) 3
: Exxstcnce of 0 (zero vcctor) [0 ("FU (SIEA) oy ﬁﬁﬂ J0eV=u+ 0

)
6
(i)
@

v)
(vi)

(vii) The set of all pomts m spae
| space over the scalar ﬁel, L with respec

: Existence of negative vector (44 I ofeg fafd] : vu e 7, 3(-u) e

: Commutatwel_aw[ﬁﬁwﬁf&]:“v’_u,‘veV:au+v=v+u
Operations on scalar multiplication [CF=Tra @It W]
:V-aeF_anqueV#a_ue.V | :

2 VaeFandVu, VéV=>a(u'+'v)—au+yav

: Va, BeFanqueV:(a+B)u au+[3u :
:‘v’aBeFandueV:(a Bu= a(Bu) s e 1
:316F1¢0:>1 u=u-l=uVueV
 Example : ‘

- The set of all real numbers x is a vector space w1th respect to the standard
 operations of addition and multlpllcatlon ' LA

Linear Algebra

=0+u=u VuelV

Vsuch thatu + (—u) = (-u)+u=0

The set of all pairs of real numbers of the form (x, 0) "is a vector space with

respect to the standard operations on R?. i~ e

The set of all n- tuples of real numbers of the form (%, x,

...... , X) 1s a vector
space wuh respect to the standard Operations on R". :

The set of all 2 x 2 matrices of the form [0 g] is a vector space thh
respect to thé sﬁmdard opcrauons AR |

Every plane through the origin is a vector space

PRRERSNIEE U PP il 2 AN ST, be

The set of all m x n matnces M wnth rcal entnes over the scalar ﬁeld F isa
vector space i b

ek i.c., IR = {5, 2):x, Y,z € IR} isa vector :
t to the standard operatlons e
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jShOW that the set M of all 3 i
[mﬂﬂ@ C‘T AR %vn;m Ry R ATICES with e entri

i Via
u [u 7] [ w =[W“ W12L|
21 \Y Vas |?
o uy ulj [v“ v
V [ + 12
‘JOW n+ Uy uZ’ W1 W
"  - .—{u”‘*'VH u12+v12‘ i
un vy Upty €f
s lmﬂaﬂy vtueV _ |
4 ;
, ull Uy | {[Vn' Vli\ [Wn le}
Agam “ \ ( Y) Uz Upn. Va1 V2 Wi W2

R R 3 ‘ EL
RS AR [un Uz | [Vn tw i Vi ¥ le
i Ay ‘ u21 u22— V21 + War. Vz; : %)
up + vt wn “12+v‘2+w',2' e..V“
“luy tvotwn  untvatwnd

< ~ [up+vantwn ulz'*‘le"'.WuJ-eV
Snmlarly (u+v)+w u21+V21+W21. upt V2 s

Uy u” uleV.';
l;u+0 [ ' u21 Un . o

ot u Uiz ,
als00+u [" uzJEV

uz1

0+u u+0 “EV
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406 . Linear Algebra

- uy U i via | vy v Tuiy  uys ot
A5:u+,v=[ '2] +[ A ) BT o R P v+u v
Uz U Vai Vil LV va Uy Uz A

u+v v+ue V

M; : For any scalar k and vector u _
| ' _ o Jun wn =|:kun k]
. k[uzn“ ‘il’zL-| kuyy keuy &b

_ up +Fvi up v
Mz:k(u+v)=l{ ntvi up 1i|

Uy +vy  uUpntw

S
BRSVE S SR L G > L

[kuyy + kvyy ku12+kv12
Lku21+k\’21 kuy, + kv

=' klln U:l [kVn. kvlﬂ -
- Lkuyy ku kvayy kvl

Un up2 Vii Viz|
=k[ u]+k[. J
oo Lugr U V21 V2

"—h+heV

u21 Upl

. ¢ U un U2 u . u ‘

-k u]”‘ZL )

Uy u Us U
='k,uf!-kzu eV 473 ‘

M,: klkzu = k,kz[u" “;j

“Lun u
_k[k2un 'kzulz;l
, kaus, kou; 5 3 ATl vl KSR
s hilpuye V. TS L Rt
Ms: lu l[u" "uﬂ,=|:‘u”‘ uﬂ.]:[“ll. .“unz‘ | |
2 Il2| u Uy, ‘u i vu2|~ U ey 3

Thus u, Vv, w satlsﬁcs all th

Muvwm

(k,+k2)u = (ki + ky) ["” tyz |

e axioms of vector space. So Mi 1s a vector space
mwﬁmm |W@3M~ﬂ¢ﬁ3r\s’mm ]

[Showed]
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412 ~ Linear Algebra -

- 6.7 Subspace
Bl iouic) [DUH 2016, 2015, 2013; JNU 201
NUH '10, '08, '03, '01; NUH (NM) '02,

Pty subset of a vector space V(F), then W is called 4 Subspaeq |
4 es all the axioms of vector space V with respect to ve;ceﬁ
addition and scalar multiplication, [afi 1, (F) 93 «f T BoATTD T vy ;;,f.,
V@ w1 71, o oot i @ CHI SN AT (07 o
G I S g 3 ] 3

5; 2014, 2013, 207,

043 8, o L
IfWbea non-em ) 07]:2.

Or, A4 subset W of a vector space V is called a subspace of Vif W itself a vector':
space under the addition and scalar mutiplication defined on V., [(s%% Tors 14 q;,[f
ST - BorwetS 1 7 T W, Voo 3 cit CHR T e fogy
(S8 &S 27 || 3 S | ‘ 4

 Example :

() Lines through the origin of R? is a subspace of R’.

(i) The set of all continuous functions is
~ real valued functions.

2
R

a subspace of the vector space of al]

(i) Let R*= {(x,y) :x,y € R} bea vector spac_e. Then wy = {(x, 0) : x e R}, k
-~ w={(0,) :y € R} are subspaces of R2. * - 4
(iv) Let R*= {(x,y):'x, y € R} then the set of all pbintsr on the line y = x i, 1
w={(,y):x=yandx,y e R} is a subspace. -

(v) Let R®= {(x,5,2) :x,y,z € R} be a vector space. Then wy = {(0, ,2):y, |

ze€R) wy={(x,0,2) : x,z € R} and w; = {(, y, 0) X,y € R} are
- subspaces of R3, where the sets w;, w, and wj represents the sets of all |

points in the Y-Z, Z-X and X-Y plane respectively.

Dc_termihe'vﬂlhgthet‘the following sets ‘are subspace of R? or not.

W R’ @a Borerrs & A ot omr:] 3
@ S={&y0:xyeRr} . "
(i) T={Cy D:xyeR} 0

(i) For0eR’=0=(0,0,00eS "

= Sisnon-empty. .

[¢
3 <
)

Again for any vectors u= (a1, 1, 0) and v = (xy » 0) where u, v € § and'.

for any scalars a, e o

we have au+pv = a(x,,y1,0)+ B(xz, )}2,}0) .
= (ot ﬂxz,a)’1+ﬁ)’z, 0esS
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Vector Space and : ‘
and Subspace
413

#u+ﬂVES
isS 5= {00 ixyeR’ } is a qubspacc of R? (Ans))
Froeu{ =0=(0,0,0)g 17
'gnce 3rd component is zero, not 1. .
Aga“‘ foranyw,veT
Cpet u=0 0, 1), v= (x5, 1)
Lo ut v =G, D (o 1)
E =t n+ty,2) el
psgnce the 3rd component is 2, not.1.
R}{ence Tis not a subspace of R® (Ans.)

{eoi-em-S First Fundamental theorem of subspace [@W 2T T
[DUH 2014 JNUH 2014, 2011; NUH '07, 08, '12; NU(prel) '09]

|tement A subset W of a vector space V(F) is called a subspace of V(F) if
i SATT 7, V) aa%ﬂwwwmuﬁ 8 (33 T4 I

_ WIS non-empty [WW"E’Rs @l ie., W# ) _
‘A W is closed under addltlon [w cat ﬁﬁm‘ﬂ Wﬂﬁﬁ'{ﬂl

1e VuveW:>u+veW :
i) W is closed unider scalar multiplication [WCFTR L ﬁmﬁ Wﬁ'ﬁ%?@]

Ele VkeFandue W=>kue W
let the subset W be a. non-empty and closed under addition and scala
phcatlon Then W satisfies the followmg rules

@;of Ay VuveW:>u+veW ‘
i ‘»'_Az VuvweW:>(u+v)+w u+(v+w)
7 4,:3u,0e W= ut0=0+tu=u YueW
R \'/ueWB(——u)eWsuchthatu+(—u) (—-u)+u 0
As VuveW:>u+v vHu
Ml VaeFandueW::aueW
M2 VaeFandandu,veW:a(quv) au+ow
M; Va[}eFandueW
=>(a+[3)u o u -+ pu
M4 VaBeFandueW
N
'.'Ms 31eF 1#0,1.u= ul—

,,,,,,

usu‘E'W‘:;:.‘
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414 I, Linear Algebra

Since W satisfies all the laws of vector space, so W is a subspace of "

Conversely let I is a subspace of V(F). So it will satisfy all the axioms of yee
space. [CURY W (o7 waren @ & g wa, G093 W, V(F) aa em 4

- RetRroa ¥ W, V() 97 Belete | wigm 3g) wﬂamﬂmm%mm ,}
ie, () W#¢d

(it) W is closed under addition

(i) Wis closed under scalar multiplication |

Hence the theorem is proved

Theorem-6 : Second Fundamental theorem of subspace [S7&Te S Ci‘ﬂﬁw
b)) | _ -~ .[NUH '10, '09, '04, '06; JNUH 2013/ 3
Statement W is a subspace of vector space V(F) if and only if 0 € W or W¢¢
andVa,feFandVu,ve W=>au+pveWIW, CF@?'GT’TEV(F)MW

emmuﬁwmamnﬁoe W Ssl. W¢¢tﬂ?‘{\/a BGF&ﬂ?{u,veW?
S>autpfveW] s

Proof : First let I be a subspace of ¥, then W must be closed under vector
addition and scalar multiplication.

Therefore, « € Fandu e W=>au € W /

BeFendve W=>Bver

which 1mp11esau+Bv ew
Thus o, BeFandu ve W=>au+Bve W

Conversely let non-emply set W satlsfymg the condltlon v Q, B € Fand u, v (5
W=>au+Bve W

Leta-—l B lthenleFanduveW
= ia# ], veW

Le., u+veW

= Wis closed under vector addmon [WC€§'<I CIH’T ﬁﬁlﬂm Wﬁ%ﬁﬁ]
Againlet a =k, B-=0,then qu +Bv € W becomes
" ku+OveWw i

= kueW

Thus Wis closed under scalar multlphcatlon [ BT v ﬁﬁ'ﬁﬂ'ﬂ RG]
Hence W is.a subspace of V(F). [HW{ W V(F) tqa %ﬂﬁﬂ‘w )] [Proved]
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Vector Space and Subspace

| Show that 7 = {(a,b,¢) e R2.

ratb+e=0 3
,CiIW {(a, b, c) e R?; tatb+ =), }’WSUbSpaceoﬂR '

R"-‘I?l%"tm@l]
\@@ Here 0 = (0, 0, 0)e W, since 0+ 0 + 0 = 0

‘o Wedie. » Wis non-empty,

427

- Let u=(ay, by, cy) and v =(a,, by, c;) ¢ W
Then aytb t+e = 0anda2+b2+c2-0
Now for any scalar o, B € R, we have
ou +Bu=afay, by, ) + B(az, by, cy)

= (aay, aby, acy) + (Bay, by, Bey)
= (a4, + Bay, ab, + Bb,, ocy e Bcz)

NOW (Gal + Baz, abl + Bbz, oc + Bcz) aal 4+ Ba, + ob, + Bb, + acy + Boz

8 o Kabc)eR2a+b+c on

= 0-(01 +b1 '*‘ c) + [3(a2+b2+c2)

. WY SLE AT —a0+BO 0
Thusau+pvew =~ |

‘ Hence W is a subspace of R [Showed]

] Show that any stralght line passing through ongm isa subspace of
- RL[ots @, Qﬁﬁiﬂﬁmmﬂﬂaﬁmkzm%ﬂﬁw istndi
M | Solution| Let the set of any stralght lme passmg through ongm is =
8= Kxﬂ y= Mﬂ PR b ol
‘ 'Now we shall have to show that S isa subspace of le
-0 —‘(0 0) € R and' smce (0,0). satlsfy y=mx
2 (0, 0) € 5, 50 that § is non-empty.
'kaet uve S where u=(u, uz) and v = (-v; vz)
--mu, andvz-vmv, . S ‘} I e
* For any scalar o and B, we have
4 0‘“ +Bv = oy, u) + BV, v2)
9 = Coan, ) + (B + Pa) -
= (o + By, oty + Pva) ¥
s = (Wi, wz) where w, ouq + ﬂvl, wz auz + sz
ere wy —auz'*‘BVz P : .

"l~-;":"--amu1+BmV1 [ vz-—mv,, Uy = mul]

Scanned with CamScanner


Md Rayhanul
Ink


428 ) Linear Algebra

= m(owy + Byy)
= mw, |
So(wy ) €S on + i}v &S
Thus S i§ a subspace of R?,

Hence py straight line passmg through origin is a subspace of R’, [Showed]

(Ekample-11] Show that IV = {(a, b, ¢) : d +b = 0} is subspace of V(R). [crate -
@AW= {(a, b,c):a+b=0}, /(R) a7 To&s ||

Here 0=(0,0,0) e I, sinceo+o='o
= W=49,ie., Wis non- empty ,
Let u=(a, b,, c1) and v = (aa, bz, c) € W
 then a,+b; = 0anda2+b2—0 it B |
Now for any scalar a, [3 €R, We have " : | | &O\% '
au + BV (aah Olbl, (16'1) 5 (Bay, Bsz Bea) : I ,
=(aa; + Baz, ob; + Bbz, acy+Bey) :
Now (aa, + 1302, b, + 51)2, ocy + BCz) (aa; + Bap) + (ab1 +Bby)
: ' = afa;+by): - B(azt by)
' - —aO+BO 0
' +BveW L it k! 1y
W isa subspace of V(IR) [Showed]

how that (1) the xy-plane (n) the Xz—plane and (111) the zx-plane

the subspaces of R’. [cmne @ (1) xvaw (i) yz 10w @ (i) zx e R?
a7 TorEre 1

\/1,0 Yl) L

@) Let the set of xy plane P i {(x, : 0) X; y € lR} since thlrd co-ordinate of 0

(O 0, 0) is zero.

* Therefore 0 € P, implies P, is non-empty \/ % W
Letu,v € P, where u = (), u,, 0) and v= (vl, V), 0)
For any scalars a. and B - i
- out Bv = a(uy, uy, 0) + B(vy, va, 0) :
= (aw, sy, 0) + (Bvy, P, 0)
= (o + Bvy, auy + Py, 0) ; ,
Since z co-ordinate of o + Bv s zero, so au+ Bv € Py,
Thus P, is subspace of IR Hence xy—plane is a subspace of !R3
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ctor Space and Subspacc

Lﬁt the set of yz plane p, = (0, y Y 429

Yyz '
0r (0,0, 0) is zero. Therefore ) « p € R), since frg, coordinate of

i) 2 implies p, ;

g Let, n.Vve 1 2 where us= (0 i, “3) atid ¢ o 218 non-
e v

ot any scalars o and 3, we have 2 Vy).

;.,q“ PV = a0, u3) + B0, vy, vs)
i = (0, oy, atu) + (0, vy, Psy)
o =00 By, au + By
"'Since y-co-ordinate of o + Pvis zero0. o
soutpvepP,

! (‘)

empty.

Thus P; 1 1s subspace of R2. Hence yz-plane isa subspace of R’

) Let the set of zx plane P; = {(x, 0,2) : x,z € R}, since second co-ordinate of
=(0,0,0) is zero. Therefore 0 € P; implies Py is non-empty.

Letu,ve Py where u = (i, 0, uzyand v = (v, 0, v3). For any scalars ot and B
out BV = ouy, 0, us) + B(vy, 0, v3)
Ay = (outy, 0 aus) + (Bvy, 0, Bvs)
= (au1 =iy Bvl, 0, aus + Bvs)
| FSmce y co-ordinate. of au+ Bv is zero, therefor ou+ BveP;

* Thus P3 1S subspace of IR3 Hence zx-plane isa subspace of R%. [Showed}

owthatthesetT {(a, b, c,d)elR 2a 3b+5c—d= Oisa

of R*. [t &, &6 T = {(abc,d)elR4 2a_ 3b+5c—d)=0,R’
-.aaaasﬁ%ﬂwmsﬂ R R [NUH (NM) 2002

_-Satuuon ForOeIR“o (0000)eTSmce20 3o+50 0=0

" Hence Tis non-empty
Let u=(uy, up, us, u4) and V.= (Vl, Vz, V3, V4) € T

 Then 2u; — 3us + 5us - = 0 and 2v; - 3v2+5v3—v4 0.

'.Now for any scalars (real numbers) a, B Sl

' "We have au + pv = a (uy, tha, U3, Ua) +Pp (V\, vy, V3, Va) |
; = (au, autig, a3, 0tta) . (BYrs By, Bvas BYa)
: = (aul + Bvi, aug+ sz ows + Bvs, ougt BW)
- _f‘NOW 2(0tun ¥ Bvy) = 3o Y pra) ¥ 503 o+ Pvg) = (oma™ pra ,
ao=aQu - 3uy Sus — ) B (2V1 =3vt 5‘,3 # oy , S R
_”f~ao+po =0 »@

'»'Thus au + BV € T Hence T'i isa subspace of R [PTOVC
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i Nccessary Formulae & Important Informahons

N B i T AN~ byl ..
TS =112 Lo SE b A e i
4 2piea L} SN X QYT ST

e Vectoruisa linear combination of the vectors Vi) Voo e, AP e ey
any scalars o, 0, «.ese: , 0, such that u = o, v + oy, + ....... N r space) for

e v=(I, 1, 1) is a linear combinatioh of the vectots v, = (1,2,3),v2= (0,1, 2)a d
nd v, .

(—l 0, 1). Thatls,(l 1, l) 2(1, 2, 3)-—3(0 1,2)4(=1,0,1).

e A set of vectors S = {vl, V3, ey Yy} i@ vector space V is called linearly

independent if the vector equauon
v + [0 ) T sESHRRRONNN + (l,,v,,"f 0

' has only the trivial solution o) =0, 0y =
solution, then S is called lmearly dependent.

The set S =-{(1, 2) (2,4)} in R? is linearly dependent because -2(1 2) +(2,4)=(0,0).

0, wusiesis ,o,=0.1f there are also 'nontrivial

Theset S = {(1 2,0),(-2,2, 1)} 1 is linearly mdependent because (1, 2 0) and (-2, 2,
1) are not scalar multlple of each other :
'Vectors (1,0, 0) (0 1 0) and (0, 0 1) in [R3 are lmearly mdependent

7.1 Introductioh v
St '

[

The concept of linear combmatlon lmear dependence and linear mdependence

plays an important role in linear algebra and in the analysis of pure mathematics.
linear combination, linear dependence. and

We have discussed in this chapter
| ,mdependence of vectors -and some theorems on: these topics. Some numerical

examples are also shown this chapter e

7.2 Lmear Combmatmn _ :
Gt ST [DUH 2016, 2014 2013 JNUH2016 2015, 2014, 2013]

Let v be a vector space over the ﬁeld F, then v € V (F) is said to be linear
combmanon of the vectors Vi, V25 covnie ] e V (F) if there exists scalars ay, 025

......... » G € Fsuch that V= oV + V2 + A

[W?ﬁ FW%”H VWW@N Wv e V(F')@EV],V'),
‘,_V(ﬂmmmﬁtmquwﬁ@@ﬁmah i

- miew \ A a,v, + a2v2 + + a,,v,,‘ Za,v,‘iil l]
) . S i ,n] . ,

+ (I,,Vn o~ Ldalvl
=1
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m Let v = (‘595")andv|~(2I4),v2~(l-13),"3 (325

. Show thit \Mnﬁ a lifiear_combination of the veetors vy, v, ang

vy SR 9, v (5,0, By @y = (2, 1, 4), v = (1, - 1,3), v1=(3, 2, 5) Ak
@v c‘as v,. vy G vy @R G Stsicce b @t e o)

: v can be expressed as a linear mmbmatlon of the vectors vy, v; and v
Cif for any scalars o, o, and oy & F such that [v (& vy, V3 TR v; G A

;mﬂmwmnﬁmm:{mm 0, O, o3 € F aawl

(5,9,5) 32, 1,4) + otz(l, -.~,1, 3) +03(3,2, 5) :
( (5 9 5) (2(1‘, ap, 40.]) + '(avZQ - d‘Z’ 3(12) ¥ (3(13, 2(1.3, 5CL3)
i ; (5 9 5) (204 i# (lz + 30.3, oy = oyt 2(13; 40.1 c 2 3(-12(‘*' 5(‘1.3) e
quuatmg the COTf€sponding components, we get the following system of linear
) equanons [wam %mﬁwmﬁm@wﬁﬂm &M AR]
| 2a,+ a2+3a3—5 i L :
>a| i (12 + 2(!3 = 9 .‘-"";.j".‘.;".-'";'v.'.f.v"».:.":."':".(I) T 3

- 4a,+3a2+5a3—5 " i i

‘:‘Reducmg system (l) to echelon form by usmg elementary TOW ‘operations,

% lm@amﬁwwmmﬁwqmﬁnwimwmm N3]

R 2(1, +‘ (12 + 3(13 v_}__ 5 o ZIQ L
W P ) P 2 : 7 e
, 3on2 + ay 13 3 ‘L3—4Lz]

: "'»_r2a,+ a2+3a3 =t 5. | 5
A ',<___,‘_‘___.-3<x2 toay=13 [Ly 3__4,+}7L2']”,_' g
ORI ot T "‘_"2‘13—."2 i ; .

Usmg back-subsntutlon method from 3rd equatlon we get u3 = 1 [’f’ﬂ% ﬂﬁ"i‘"‘"
Tl A A g .f.h"’iﬁ?W‘wa’ﬂ?arl] o
Substltutmg a3 =1 in 2nd equation, we get[ﬁ@mﬂﬁ'ﬁm o= l?ﬁm"ﬂi]
‘ f -—3a2+l—13 o e O 3

L 3az~ 12 |
AR Agam subsututmg a; = l & a; = -—4 in lst equatlon we get (WW "’?’W“
g 3-1maz-—4aﬁw’rﬂl

i dydrd=s, L
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Linear Combination, Linear Dependence & Ihdependence - 445

‘Thus the solution of the system is [5[oate sTRFe! Cericsa Y]

(03] =3, a2=_4, (13= 1 -. '

Therefore, v =3v; = 4v, + v3. |

| Hencé, A% c'a»nv be exprcs‘s'ed,as_' a'linea'r'comb_inatibh o‘f vy, Vo and vs. _[Wuﬂ'q‘ V&
V1, V2 SR v; GF IR SACIHCA PPt P T 1] [Showed]

Exaﬂ‘lple-Z The ,foll‘o_v‘vihg figure identiﬁes selected linear combinations of vy =

(<1, 1) and v,.= (2, 1). Estimate the linear combinations of v, and v, that.
generate the vectors u and w.

' [Note that sets of parallel grid lines are drawn through integer multiples of vi
and v,.] . e | |
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\ 7 -Linear'Dependence"_.
\}/mmwmt | t [JNU2016 2015

vector space over the field F. Then the vectors Vis Vo sriicn. Ve
f;e;al:((lpt)obbeealmearly gependent (or snmply dcpendent) if for any scalars o, g,
ey G € F, such that oyvy + azvz + siveiss + 0¥y = 0, where at least One
the scalars of the set {0y, Gz, ey O} 18 N0t zero. (S i W(F), F T 3.,
O30 ST TAG | BT vy, vy, e y Vg € VWM’"H@W%N
-(mmﬁﬁ@ﬂﬂ)ﬂmﬂﬁmmmm,az, ....... G.nEFQZFT]’OW'l

ApVy F roiriion + OV, = 0 T, QUAITA CHERITRA 70 {al, @ty e 0y a w,
@3S Bottwie W T ]

Examples of linearly dependent sets : Vo i
" (@) ThesetS={(1,2),(2,4)} in R%is lin‘earlyl dependent because
e 20,2 +(2,4=(0,0 '

| (b) The set S = {(1,0), (0 1),( 2 5)} mIR is hnearly dependent because
' 2(1,0) - 5(0 l)+(—2 5)= (0 O) ‘

(c) The set§= {(0 0) (1 2)} 1nIR is llnearly dependent because
- 1(0 O)+O(l 2)=(0, 0)

Working rule toTestmg for Lmear Independence and Linear Dependence :

LetS= ‘{v,, V2, ceeees Vp} be a set of vectors in a vector space V. To determine whether S IS
"lmearly mdependent or lmearly dependent, perform the followmg steps.

1. From the vector equation v, + a2v2 + i + v, =0, write a homogeneom
. system of linear equatxons in the vanables Olpy 0, weuieriy Qe

f

J
2. Use Gaussmn elimination to deterrmne whether the system has a umque solution.

b 3. If the system has only the trivial solutton oy = 0 =0, ..., 0,= 0, then the set S
- < - is linearly. mdependent If the- system also has nontrivial solutrons then is linearly

depedent ' : | 1 -
' Show that the vectors v, (1 ——2 3), vy = (5 6 —1) and V3= (3 2,1)

»arelmearlydepen t[mﬁmv, (1, 2, 3), vz (5, 6,-1) tﬂ?%vs—(l 2,1)

— The glven vectors v,, \ 2] and v3 are satd to be hnearly dependent if for

‘}‘.;*any scalars o, q;, o3 € F such that ewg C‘SW'HSR Vi, V2 GR V3 C‘"’“aa' I
ﬁwmqﬁ Cil &M W a, 0.2, (1.3 E F *ﬂﬁ W] ¥

Vi L OLM +agvy+ o3V3 = 0 (zero vector) L RETEY
o a:(l 2y 3)+a2(5 6, —1)+a3(3 2,1)=(0,0, 0)
=> (0~1+50t2+3a3,, 204 + 6a; + 203, 30y -0 +03) = (o o 0)

\
|
1
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Equating the corresponding components, we get the following system of linear
equations (S BoMETYY m w4 foayra swaet seltmae oot =13
a; + 50, 4 oy =0 |
- 2(1' + 6(’.2 4 2(’.3 C )
3(1' = Uy 4 oy «{)

Reducing the system to echelon form by using elementary row operations.
[eftefs SR Seets aeta Fa FANFat CEiOe Botea Siwa ofwr wea i3]
‘ © o+ Say 430, =0

'=L +
- 16a, + 8a, =O [II::"-'—‘L;-:HZ:J']
. "16(12'_'80.35‘0 :

oy + 5“2 +3a3 =0
160y + 80, =0

The above system is in echelon form and it has two equations in three unknowns
and so it'has (3 — 2) = 1 free variable. That is there exist at least one variable
which is not zero. So the vectors are linearly dependent. [B*=% 3ffs =iBR
21T I &FIS 9k @7 2 6 lewet @k 35 vore R 1w 3 - 2) = 1
ﬁ_wmmuwvfmmuﬁmmmmnw«m
@ TEdeR S 1) [Showed] . - % ‘ |

Show,tﬁat thé vecto’rs’v,_= @3, O, 1,- i), irz =(2,=L0,1),vs=(1, .

1, 1, - 2) are linearly dependent. [(7318 @ v, = (3,0,1,- 1), v, =(2,- 1,0, 1),
vi=(1, 1, 1, - 2) CBPTR @lierng sz | g
' “The glvcn vectors v, v, and v; are said to be Hxiéarly dependent if for :
~any scalars ay, 0y, ... , 03 € F such that [eW8 (SBTIYR v,, vy, V4 eV
Cﬂ!’fﬁﬁmﬁ%mﬂﬁ CT I CHR 01y, Oz, 2overery Oy € F G EE]

oy o+ agva =0 (zero vector) , ; o

2 w3,0,1L-1)+a?,-1,0,1) +a (1,1, 1,-2)=(0,0,0,0) |

= (Boy+ 2d4'+"a:.,"?'d5'+'d;, a +ag, - +45(l2‘ - Za_j),= (0,0,0,0)

Equating corresponding components, we get the following system of linear

‘equations [Tt TR A1fipe it ftHe e srllead caid o1i3]

[ w424 a=0
b L
B A

IR S U SN ST R T : eration
Rq@ucipg.tl;qi‘figystem to echelon form by using elementary m;:@ofnei‘r]m |
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[30) % Doy b - gm0 o .
. oy + oy = 0 [LJ' = 3L3*L|]
"‘2(12“"2(13 =0 L4'==L4+L3

A 3(11 + 20, + a, =O : L3'_=_‘I‘4—2L,]
Y 0.2 + (l_, =‘-0 L 4'=’.L4+L2; "

The above system is in echelon form and it has two equations in three unknoy,,
and so it has (3 - 2) = 1 free variable:: That is there exist at least one variah),

which is not zero. So the vectors are' linearly dependent. [Bo1a7 3 (g

74 Lincar Independence  * Mossierson oy
Let V'be a vector space over th¢ .ﬁelda'F_. Thenvthe;vecto’rs.i-.vl, Vo s yVa€ Vi
. said to be linearly independent (or simply indepepdgnt) Af for any scalars aj,
~+eseres O, € F such that GVt avy + .+ a,V,= 0 (zero vector), where all the
elements of the set {1, @,......., 0,} are zero: [w 4, F Rvsg B 3 )
3% (83 Wl | wizr Vi, V2, iy Y eF@wmﬂmﬁmWﬁs’aﬁa W
I A F F=g o, Ay, ....... » Oy € F@Wa,v, & 0.'2‘?2'4"“';:.’.....'..‘.;...' +a,v,=0
(T co89) =, Qi T O {0, 0, ..., O } O TS Sottr 2y |

Example: 3 8 5.
@) The setS= (v, v,) of vectors v, = (1,2, 0) and v=E221)
| is linearly independent because \{ ;a_;nd V2 are not scalar multiples of each
other, as shown in the following Figure 72 (a). e gl
(b) The setS=‘:{V|:V§}:Of ve'cths'v,='(4',—4,-i-2)‘and v ='(ei, 2_,\711) ;
s liﬁéa'ﬂy ‘débendéht because v, = - 2y, as shown in the fOllowihg Figure

A
HE V2

i 3 e U
D 3
S
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| * Show that the vectors v, = (5,0, 3), vy = (2,-7, 8) and v5 = (11,
12, 1)re linearly independent. [orelte v, = (5,0,3), v, = (2,-7,8) @R vy = (-

11,12, 1) cSBeTR il wfigai |
Solution] The given vectors vy, vz and v, are said to be linearly independent if
for any scalars a, O,y O3 € F such that [ CSTTTIZ. vy, Vy GR V3
mvmﬁmmwﬁ@%mnﬁmmma,,az, ....... ,a,emawczm
a1v1+a2v2+(x3v3—0 &
= o (5,0, 3N+a(2,-7, 8)+a3(—11 12, 1)=(0,0, 0)
= (Say + 2a2—.11a3,—:7a2+ 1203, 30 + 8az + a3) = (0, 0, 0)
Equating corresponding components,  we . get the following system of linear
equations [STTH AR AN mﬁmwmﬁﬁwq caTo AR -
50, +.2a2 1o, —0 i
—Ta, + 120, = 0
3a, + 8, + a3 =0

A Reducmg the system to echelon form by using elementary Tow operatlons
-[a‘lzrﬁaswﬁwvnmwzﬁcaﬁuq cﬁmi“smwmmm A2}
.5a,+ 2a2—11a3—0 ;
e f— 7a2+12a3—0 [L3 5L3-—3L1] ‘
PR 8 G 3601, + 38, =0 % IAAB R
AR 5a,+2a2} ey =0

FRPPTLSY -~ To., +. 12(13 =0 [L "‘7L3+36L1]

' Using ‘bzick-substltutlon mothod we get the solunon of the above system ["P‘ﬂﬁ

a&mmmﬁs ; m@m:ﬂﬁwﬂ csﬁc%‘awm "ﬂil

casﬁmm'm\]

o ‘That 1s all the S '
[wm E i) c@Wﬁ{z mﬂmﬁm

| _-.So the given vectors are lmearly mdependcnt
g | [Showed]

- r...—,—-matcf RotehuTHTS]
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[ +20, + 203= 3 & oo f
:7(12»"" day = 15 [ZL3¥'7L3+L2;114*=L4"6L3]
S l7(i3-”;“l3 ; Vi .
| =170y = 13

ﬁ(‘l'. * ng + 2“3 e 3 »
17(1, = ~13
Now by back substitution method from 3rd equatlon of the above system, v,

W=7

From 2nd equatxon we get 7a2 . 15 T 17

" 294
42

“2‘17‘

42\ . (13) o
.andﬁomlsthuatIOH,WCgeta1+2 17). 2 17/ 3 i o

LS
;-“' 17
2777 g e g

_ Therefore, v=ﬁvl 17 V2 17v3 il

| Thus L4 is a linear combmatlon of Vi, V2 and V3. [Showed]

' Example-!’i |

‘ Solutwn In order forvisa lmcar combmatxon of v,, " and v, there must ¢
scalars a,, 02, 03 € R such that | ‘

| V‘%W+%W+%W __H,'~~- -

= Q5= -3 2)+a2(2 B ..1)+a3(1 3 7)

=> (2 3, 3) (an s ?-az 42 a3, , 3a, 4a2 - 5a3, 2a1 oyt 7a3)
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Equating corresponding components from both si .
- : h sides and fo
equations, we get , rming system of
| e +20,+ oy =2
""3(11 "4(1.2 -—5(},3:‘.5
20 = Oy + 703 =3

Reducing the above system to echelon form by the elementary operations, we get ‘

(0, + 20, + @y = 2 Ly =Ly+3L
o 20, — 20, = 11 [LZ':LZ—ZL:] ‘

| msmesy=-t T N
’ 'a,‘+‘2a2+.‘a3'= 2 L hagotery |

C~ 20, -20y =117 [Ly=2L5+ 51

e L X IR S L e

From 3rd equation. of the above system,. we have 0 = 53, which ‘is not true.
Therefore, the above system _is inconsistant. Thus v is not a linear combination
-of vi, vy and vs. (An's.) T _

Is the vector v = (5, 6, 0) linear combination.of the vectors v; = (-
1, 29 0)’ v2 T (39 1) 2) and V3= (45'— ]’O) [Wv =_(53 6’ O) ﬁi 1= .("19 2, 0)’ vy .
=(3,1,2) TR v;=(4,-1,0) cS90eR iRy szl [DUH ‘83]; JNUH 2016]

' In order for v is a linear _combinati'on of vy, v, and-v; there must be
scalars oy, 0z; o3 € R such that U i .
v ='a|v, + apVy + A3V3 | 4 L

= (5,6,0=0u(-1,2,0+ 06, 1,2+ os(4, -1, 0)

— (5,6,0)= (c a + 30+ 403, 20 + 0 — a5, 0.0 + 200+ 0.05)
EQuating'correspOﬂding comp'onqnts' from both sides -and. forming system of
equations 520 1 g oy MG B Gl Yt ._ : ;

- o -FBaz + 40, ="5'
L2y 0 =6 1 '
o &0 .

~ Reducing the above system to e_che'lon form by the elementary operations, we get

Ta, + Ta, = 16 [Lz'.-’-"- L+ 2L,]

sy g =0 Mo 6 MR "
thod from 3rd & 2nd equat

Ly A G ‘- o : o of the above
Now by back substitution me 1ons 0% T |
~system, we get 0, =0 and 03 ="7
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: ( 6) 35 64 _ =29
Also from 15t cquatxon, we gct - a, 'k 4 7 7
29 ‘

460

16

29 W + "'7'. V3

Therefore, V=771

" Thus v is a linea ombination of vy, V2 and v3. (Ans.) '

1}/ Consider the vectors v,—(l O 1), 2= (0,1, 1) and v;=( .

1, l)mlR Show that v = (2, 3, 4) is a linear combination of vy, v and v, 1
1,0,1), v2=(0,= 1, ) TRws = -1,-1,1) cesaemtﬁmsm?mmwr 5L

(2,3, 4) T vy, vy SRV H czn’naﬁ’rw ) Dy

- M In order to show that v is a Jinear combination of vy, v, and v,

t must be scalars 0y, O, o3 € [R such that

Exam

v= a,v1+0t2vz+0l3V3 ;
= 2,3,4)=a(l,0, ) +0y(0,~1, )+ o5 1,-1,1)
B2, 3,4)= (o +0.0p — a3, 0.0 — O — O3, O + 0y + 03) §

-Equatmg correspondm compone t
it ( g vp | nts from both 51des and formmg syster

.'brq'l '*f‘a2+d3-=4 : e B
;*"’t 1%+ . 7% =2 [Reamanging of the above system]
ol g T e e el g

Red | l .
| ucmg the above system to echelon form by the elementary operatlons we gel
SR R A
{ _—az gy B Sl

o A (1|+(12+ ogi=4 . % sl
R "‘7-2"20‘3—"2 [Ls "Ls Lz]

From 3rd M
equatlon of the above
2nd, cquatxon, we get — oy = -2 +s£tem gty = 5 SUbStltutmg B

?“2-73
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- Also from 1st equation, wegeta =4+ 8§ - 5=7 -
Therefore, v = 7v; ~ 8v, + 5v;, SR # U QU IR i
Thus v is a'linear combipation of v, v, and v3. [Showed] )

[ Example-12| ress the vector v as a linear combination of the vectors vy, v,
and vy, wRepe{CBR v G vy, v, @R v, (BT ot caetaet et 79, G
@ v=(595),v=(21,4),v,=(1,~1,3), 1= (3,2,5)
(i) v=3,7,8),m=(1, 1, 1),v2 0,1,1),v3=(1,2,2)
(i) v= (19, »4, -2),vi=(l, 2 0), v, = (2 -1,1),vs=(-3,2,1
(iv) v=(1, 2, 6), v,=(2,.1,0), v=(1,=1; ,2),v3=(0,3,-4)
(v) v=(2,—5,-3),v,=(1,—3,2),v2 (2,_ 4,- 1) v;-(l —5 7

|

1 In order to express vasa lmear combmatlon of V15 Vs and V3 there must be
scalars a4, 0, 03 € R such that : »

V=V + azvz+ a3v3 W
=>(595) a1(2 14)+a2(1—1 3)+a3(325) _

; | => (5 9 5) (2a1 + a2+ 3a3, Oy =0 - + 20t3, 4a1 a 3a2 + ag)
| Equatmg correspondmg components from both srdes and forming system of
equatlons ¢ Joitt s T : - Fohe :
(Za, + a2 + 3a3 0
o, — 0y +203=9 ey
4a,+3a2+5a3-5 i ;

Reducmg the above system to echelon form by the elementary operatrons, we get
VT 20tl + a2 +3ot3 ot 5 CFLy =L - G

geid: Llil 3(12 + oy = :1)3 [L;'#L;—'4Lz] | PN

.

(20, + a2+3a3 = L IRPRT
- — 30, + a3 = 13, [L =3L;+7L,]

g Now by back substrtutlon method from 3rd equatlon of the abovc system,
wcgeta;;-—l T LR R \ '
-From 2nd equatlon we get, -—3a2
Also from 1st equatlon we get 2(1. -4+ 3 5

A 3 Pad ::>2ot, =61 _

IRy

F1m13 =
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‘ — Show that the vectors
' (,-1,2), 3. -

1)in R? are linearly dependent, (o™ g () ),1 (3,-5,1),(2,7,8) and (- 1, l
1,1, 1) CSIPIR R “‘mmmmﬁ@% - 1,2), (3—51),(273)m<(_.

| [NUH 2004] ™
[Selution] For any unknown scalars X, y

v ,Z,IGIRsctalincar inati
- given vectors equal to zero, we et combination of the

1_.
~ x(+ L2)+y(3,-51)+ z (2,17, 8)+t(—1 1, 1) (0,0,0)
(x+3y+2z—¢ —x - Sy+Tz+t,2x+y+ 8z +£) = (0, 0, 0)

Equating corresponding compo
5 g components and forming the system of linear equations,

x'+3y+2z-t=()
1= x=5y+7z+1t=0
2x + y+8z+t-,0_

Reducmg the above system to echelon form by usmg elementary operatlons.

- x+3y+ 22-t—'0
~i 4. =2y 4+ 9z =0 L =L2+L"
A | =9y +22z+3t=0 Vb i 2“'-
(x+3y+ 22— t=0
~'.7 —2y+ 9z - “—‘0 [L3'=2L_3‘-‘9L2];
.‘ —37z+6t

Thls system is in echelon form and has 3 equatlons in 4 unknowns So it has (4 —
3) = 1 free variables and hence the system has at least-one non-zero scalar
(solutxon) Thus the glven vectors are hnearly dependent [Showed]

' IExam;rIe-z.ﬂ Show that the vectors (1,1, - 1), 1,0,2) and (1 1,1)in R’ are
“ linearly independent. [(7416 &3 (1, 1, - 1), (1,0, 2) a3 (1, 1, 1) (BBFR R’ @
mwmﬁmwﬁéa*ﬁa ] | . [NUH 94,798, '1]]
j [Solution] For any unknown scalars x, y, z € lR set a linear combmanon of the
glven vectors equal to zero, we get :
x(1,1, -1)+x(1,0, 2)+z(1 1, 1) (0 0 0)

= (x+y+z 2tz —x+2y+2)=(0,0, 0)

Equating correspondmg components and forrnmg the system of linear equations,

we get: gt ‘ I SRR S
s yram® ol s i 0 R
X +2=0 i | g
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© Reducing t'he above system to echelon form by usmg elementary °Perat
T ey 20, [12'—-L2 Lr] s

3y +22=0
f.t+'y‘t- z=0 | N
w g my el [La'=1/3+2Lz]‘ o ;
' 2:=0

This system is in echelon form and has 3 eqllaUOﬂS in 3 unknown S

system has a unique solution.
The solution of the above system isz=0,

That is, all the scalars are zero.
Hence, the givgh vectors are hnearly mdepen

yOxO

dent [Showed]

Example-2 Show that the vectors (1 1,=1), (1 2, 3) and (4 5 -3)inR,
linearly } ependent. [Cﬁ‘eﬂﬁ C‘I(l 1, —tl) (1 '2,3) 4R (4, 5, - 3) CTFE R
@RI S I [DUS '81; DUP ’81 JNUH 2

\M [ Solution| For any unknown scalars X, y, zle: IR set lmeat combrnatron of t
given vectors equal to zero, weget \ ,
x(1,1,-)+y(, 2,3)+z(4,5, -3) = (O O O)
= (x+y+4z,x+2y+52 -x+3y-32)=(0,0, 0)
Egu;;ng correspondmg components and formmg the system of lmear equation:
::_’ x + y + 4z -_0‘ ; (i B
i ‘}A—x+3y 32—0 |
| 'Reducmg the above system to. echelon form by using elementary operatrons
S "{'tx+ y+4z—-0 Pl
‘ N‘ y+ Z—-O [Lz' Lz —Ll L —L +L
5y + 22=0 - g 2]
| fx+2y- =0
D IR g & 0_,' [L3’=L"3QV-"'5"L2:]VZ:’ i nln
Th Gy 3z 0 '
is '
System rs in echelon form ‘and has 3 equatrons m 3 unknowns So the

*. - system has a unique solution.

The solutron of the above system is z 0,y = O x= O
That is; all the scalars are zero. ”

i Hence t
he given vectors are lmearlv inderiendent [QhaadT
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hether the following sets are linearly dependent or |

WIS TR it ftes Fréaferet st shrdaterst o3 4 -]
@ {1, 1,2),(1,0,1), 21, 3)}  INUH 2015, 2004; NU (Prel) 2007, 2009]

(ii) '_{(2,~3, 1), (3, - §,~2), (4,-5, 1)}  [NUH (NM) 2006/

@) {(1,0,1),(-3,2,6),(4,5-2)} [NUH (NM) 2008]
(iv) {4, 1,-1),(2,1,0),(~1,1,2)} [NUH (NM) 2006, NU(Prel) 2006]
M {&LD,G,-4,6),¢4,-9,11) - [DUH1983]

o) {(1,3,2),(1,-7,-8),2,1,-1)} " [DU (Prel) 1983]
i) {(1,2,-3),(2,0,-1),(7,6,-11)} | » [NUH 2002] *
(vm) (a,-2, 3), (5,6, -1) (3,21}

|

(i) For any unknown scalars x,3,z€ R set'a Imear combmatxon of the gwen
vectors equal to zero, we get ‘ - ,

x(l 1,2)+(1, 0, 1)+z(2,1,3) (0 0,0) -
s (x+y+22,x+z 2x+y+3z) (0,0,0)

Equatmg correspondmg components and fomung the system of lmear
: equatlons we get ' i -

. ".x+y+22—0-»'> ‘
: 2x +y+ 3z =0
Reducing the above system to echelon foi'rn“b‘y nsing_elementary operations

x+y+22‘-'0,

0, e e g Z-.O.-‘ (L) =Ly Ly, Ly = Ly=2L3] '
Cfer 20, 0 B
»'y+ z=0 : P i

This system is in echelon form and having 2 equanons in 3 unknowns. So it
has (3 — 2) = 1 free variable and hence the system has at least one non-zero
scalar (solutlon) Thus the given vectors are linearly dependent (Ans.)
: (u) For any unknown scalars X, )2 € lR set a hnear combmatnon of the glven
vectors equal to zero, we get i o

= x2,-3, 1)+y(3 -3, 2)+z(4 5 l) (O 0 0)
B (2x+3y+4z—3x -5y - 52,1 2y+z) (000)
Equatmg correspondmg components and formmg the syste
equatlons we get ’ , ‘

m ‘of - linear .
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2y + 3 y + 4z =
,3x-—5y~52=0
gyt E5 0 ' l
£.3 ik by using € ementary opera
Reducing the above system to echclon form bY ticy,
- [ 4 : 3}'+42‘0 L'—-2L2+3L1]
| | ~ 4 _ y+22-‘0 [L"'.3L3+h
_ly+22= 0
x4+ 3y + 4z=0. e
PR, Rt y+ 2z = =0 [LJ LJ"IILI]
_20z=0 ' i
This system 18 in echelon form and has 3 equations in 3 unknowns. So ¢,
system has 3 unique solutlon _ |
The solution of the above system isz=0,y=0,x= 0.
That is, all the scalars are Zero0. ‘
Hence, the given vectors are linearly mdependent (Ans )
(iii) For any unknown scalars X, J; Z €R set a linear combmatlon of the giv:
~ vectors equal to zero, We get |

(L0, 1)+y (3,20 +2(45 2)=(o 0, o)- e

= {x= 3y +4z, 2y+5z,x+6y- -22)=(0, 0,0)

components and fonmng the system of lmez

Equating correspondmg

equations, we get -
Jlx= 3y+4z—0
] 2y+5z=0.
x+ 6y - 2z—0
- .Reducmg the above system to echelon form by usmg elementary operatior
: (x -3y +4z=0
~ {1 2y+52=0 "[Ls'-=L3'-*L1] L
3 B S O o i L e
Bt 42y+ 5z _o '.[L,"'z_gLs,,ngz]_-_;-._,'-:_-*j, b0
the

: Ilus system is'in echel
% on form and has 3'e ua 0
system has a unique § - Tufion. q tlons in 3 unknowns S

The solutton of the above systexn is z 0 y 0 x= O
That is, all the scalars are ® 2610, ;

Scanl Ied with Cal I |Scan| er



e | : : Linear AIQCbm
502 8
it is denoted by VF) = <s>. VF) is
ﬂ Of V(n’ andﬁ g = {v', V. ceseesser 'Vn}, V(F) Cﬁq ;”w
; ».genmf V(F) @3 & 1= oYy + 0V, + "
_ ﬂ‘@ﬁ" avrcﬂ’ﬁ | ’Iﬁ“ @F‘ cepd w € V) T WY G e
v e VERY G, O age PO SASAND BT,
el wmwwvnﬂﬁswﬂmm%l "

zcﬂ " AT 42 e .
ated by the vectors Vi, vy, ...
or, Any Vec as a linear combmatnon of Vi, V25 sevvesser Vi [@1441, i m}

vnmﬁmzﬂlmﬂﬁv@v,,vg, ..... , Vo G Qg
71l |
¢ (36 | : If every vector i1 a vector space can be writ.,
combination: of vectors in a set then it is called a spanning set o; .
 yector space: lﬁc@ammm ' ﬁmmm‘“
| 'memmmﬁmc@amwﬁ' X G16 30T ]
, v} be a subset of a vector space V. The set S is callx
V. can be written as a linear combinatior

if every vector in
vectors in S. In such cases it is said that S spans V. (R ¥, = {v1, v, ..
meipifae. (16 < TR ;T VG o

(B TS y @3 B | 6B S F V H
-msmmm@mﬂmwmmmmwr
"{aSVmatwﬂ T Sr s
@ “The set S = {(1 0, 0) (o 1 0) (o 0 1)} spansR3because any vector I
(u,,u2,u3)mR3canbewnttenas
“a=1u(1,0, 0)+u2(0 1, 0)+u3(0 0, l) (ul, u, u3)
(b) ThesetS= {1, x, ¥’} spans P, because any polynomxal function p(x) =4
' bx+ct21nP2canbewnttcnas ~ e
p()=a(1)+b(x) + c(xz)
_-a+bx+cx}

- The spanmng sets in the above exam l .
of R’ and Py eSpectnvcly ple are called the standard span

(a) Thcsets. {(123),(012),(201)}spansR3 SR
' ; J

®) Thesetsz-{(l 2,3),(0,1,2), (-1, 0, 1)} doesnotspanR3becaUS°w 31;

=2,:2) 18
vector)s . ‘1;: R énd cannot ‘bg exprgésed as a Imear combmatxon 0

ping 5
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Example : Let ¢, =(1, 0, 0), ¢, = (0, 1, 0)
- s A s 4 ,93=(0,0,1 and 1 pe .
v :lzlg, bgz + ces. Here v is spanned or generated by){e‘: ee.t: } (a’rb’ e
are the generators of v. [AWG {e, e,, €3} G v 2 Bws 707 © or {ey, e, e}
e_-,}ﬁm’ﬁmﬂﬁiﬁﬁﬁll | S - ARV @ ey, 0,
Example : Letv= (2,7, 8) and u=(1,2,3),u,=(1,3,5), us = 1,5,9)

v can not be expressd as a linear combination of u :
' ‘ - : 1, Uz, Us. SO {uy, u,, d
span or generated v. IS ¥, v = 2,7, ) % u, = (12, 3 s & (13, s

(1,5, 9V G uy, ty, u3 &R CTTRR SRS el 31 T A | Sy,
. us) GO v & &S T, et v 83 {1y, uy, us} a1 3 <1 932 = |

Remark : : . A
1. -Suppose uy, Uy, U span , then for any vector v, the set {v, uy, Uy, ..ic...., 4y} also
| 2. Suppose uj, uy, ........  u, span ¥ and suppose u; is a linear combination of some of

the other u's. Then u's without u, are also spans V. . _
3. Suppose uj, Uy, Uy span ¥ and suppose one of these u's is zero vector then u's without

zero are also span V. |
Definition of the span of a set: IfS={vi, V2, v Vi} 18 @ set Of vectors ina
vector space V, then the span of § is the set of all linear combinations of the

Vectorsin’.S"_._v , 5.9 $ it o W e G
span (S) = {cv1 +epVy F i T CRVEI 1y webuinny ¢y are real numbers},- |
The span of S is denoted by span (5) or span{vi, V2, ... Vi) If span (§) = V> 1t

ried by {Vi; V2, eeeeees vy} or the spans V..

8 [DUH 2015; JNU 2016, 2015, 2014 2013,'2013;25 620218]
U 112, '94; NUH(NM) 109, '12; RUH 0% 7

L tet Joit o 5 gaep ’ ‘ ‘ dF nd \ 4 ,,.sz AYTTLLLD ] vn} .
I;:(t:tybe a; 93.0( "stlljlace :“i,frr ﬂ\tc ” v }ais cgll‘éd the basis of V1

e the finite §et‘of
fand onlyif
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(D) {Vi, Va5 e, , Vp} is linearly indepcndent i

(1) {vy, vy, O , Vo) spans V. 5 e
(5t V(F) co89 writss i T G {vi, Var v,,} :a o v,
& V(F) @3 RfS 311 2@ 1 @ @1 ,

() {V1, V2, vevercivennens Vi) mmﬁ’lmuﬁw%m o

(ii) {v, V2, S v}, V(F) mwm 1

Definition: A set of %ctors S= {vl, Vo, sereiiie v,,} m a vector space V is g
basis for ¥ if the followmg COIldlthIlS are true. .

1.§ spans Vi -2 S'is linearly mdependent

Example : The set $= {(l O 0), (O 1; O) (O 0, 1)} 1sabasm for R’ beca
linearly independent and S spans R’. , |

A TR S R LU £33 oy oo % 3 Rty ¥ Yo & § Fa X
O - A ) O VR0 W S SR T 5 R Y OV S i 3
s (g L ol arte & v, A T A Yo A -
AL AR R A S LA /Sy DSt Tl L3R P i AAE o 2 ARy Mo § y
- ¥t i pa d P TR Pae At S e b ad Ak & I WSy 4 2
s AN, R Ny O A s, et i s -
3 T fee A Ty d 2 3. (PARTAR LN 3 ¥ AV, Y .
e i d AT ™ . B B Lt S A B, v
. . vad Sim .
f A t
v
“ Y
.

(o 1, 0)., 38

0, 0) Pt

| F1g82

~ The basis §'={(1, 0, 0), (O 1,0),0,0, 1)} is called the standard pasis
, ThlS result can be generahzed to n-space That 1s the vectors '
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Example : A Nonstandarg Basis for R? '
N or R
1)} spans R? and is lineatly mdcpendcm * The set § = {(1,2,3), (0, 1 » 2), (-2, 0,

gt So, § is a basis for [R3
Example : A Basis for Polynomials - The vector Space P, has the b
8 the basis

= # "2 3 4 ~
8= 11, x,2% x} since § spans Py and S'is Imcarly independent,

oNotc ThebaS|sS~{l X0, 0 s
standard basis for P, s § = {l’ ' x2 b is called the standard b

asis for p;, Similarly, the

8.4 Dimensio Y

// [DUH 2015; JNUH 2016, 2015, 2014, 2013, 2012, 2011,
«NUH 94, '12; NUINM) '09, '05; RUH 03, '06, ‘08, NU(prety 19

Let V' be a vector space. Then V is said to be finite dimension 1 of n-dimensional
(written as dim ¥ = n) if ¥ has a basis with n-elements. (7 2, v 926 =5

W|WVWWﬁwwmnmnmenﬁ V 97 35 fefars
-\mell i

V 1s said to be finite d1mens1ona1 if any ﬁmte set of vectors {v,, vz, ............ » Va}
form a basis ofV[VWWWWWWWﬁ G AT G {v,, v,
........ , Vo), V @3 fofE 27 313 )

If ¥ does not have any finite basis then sz sa1d to- be mﬁmte dlmensmn [Va3
@‘mﬁwf—%mw V-@Wﬁﬂmﬁﬁsaﬁtm 1]

The dimension of any vector space is the number of vector in any basis of it.

Imr@ammm@mﬁsﬁﬁwmmmd

The dimension of a vector - space :is the maximum number of lmearly
| mdependent vectors containes in it. [ce3a WISA A IS @ S oS

cmmﬁt mwﬁwwﬂnm )
ion: If a vector space V. has a basis consisting of n vectors, then the

~ number 7 is called the dimension of V, denoted by dim (V) = n. 1f ¥ consists of
e the zero vector alone, the dimension of ¥ is defined as zero.

0 Note : The above definition allows you to observe the characteristics of the dimensions
- of the familiar vector spaces listed below. In each case, the dimension is
.determined by simply counting'the number of Vectors in the standard basis.

4L The dimension of R” with the standard'op‘erations isn.
' 2 Thc dimension of P, with the standard operations is » + 1,

3, The dlmenswn of M,,, . with the standard operations is mn.

/
Exampj¢’l] Find the basis and d:mcnsxon of the subspace § generated

_;.(Spmd) by the set of vectors {((1,2,0),(1,3,4), (2,5 49} [{(1, 2, O),(l 3, 4),
_,:.(2 '5,4)}. Wmmms‘?ﬁﬁmﬁsﬁemﬁ@m i
n set of vector51e [sﬂ?ﬁﬁ‘-

S Solutmn Con51der a matnx whose rows are the give

'im@wﬁmasﬁmwﬁammmm'm‘]
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. Reducmg the matnx to echelon form by the elementary row operatlons [ﬁt‘lﬁlﬁ
| mfi mmm wﬁm ‘mﬁﬁﬁ?@ i‘sﬁm wmw sm't ‘«m mil
2" ¥

L L 0 4 - :"‘,_ AL ES, ;

. 4 “ . ol *L TR ] - ) !
R s R S e NN A TR A p Lo MR Gl RN L ST Ly Dy N v
LW g % o LB AL N . o TR RIS W o ety Wk GV AN g
) 3 ¥ < L 3 S . 5

‘.Tlns system is in ecbelon form havmg two non-zero TOWS. [tﬂi Cﬁﬁfﬁ Bl
S m»ﬁﬁmmﬁﬁw 1 4

Henoe the basxsls[ﬁf%l- {(1 2 0) (0 l 4)}
and dlmensnon [aml . (Ans )

o‘" — N
-

it [ 2P ORI SN L2] B SO e M i e BRI 7 o e MRS L Dby 3
TR RIS S O L A R St MY R e, E3Y , O K b 1 S 7 o
- ._A.- P T S : P T 5
SRR 5 \',‘Lf vy

. Now we can generate new deﬁnmon of Basxs and Dunensxon as follows @

- o a«mmwﬁmmmﬁl

‘, -‘::Dem“t‘““ If the vectors are roduce to echelon form then the non—vamshmg
: vectors are called the basis and the number 0

f non- lnn the
; -._'v-'onofthevectors.[ib‘mm; diealy .non’vams g rows are

o ] - AT TIRER T4 anil n S G BATE N st . it YA 3
. g & ; - % 3 e A e Vg gy ‘. o~ g, *3
) . . Xy e X -na H : r A AR e PO i ‘
. wiow W 3 . ,t . “, 5 . wh ST PO 4 . tr. felD) ) e
. o 72w M iy N b & Xk el ST il N = e (851 3 - 3 B y A%, 2 h"-&, ~
i % P I i M - i A R " g & R o a8 v T e e i . y - ¢ h 3 = \
PP vV, T2 U T T e D S R RN 8 N AL _— . o'z e o R . N
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, c«nﬁ A Tuh {un, u;,, R
mr r(p)aaﬁﬁsmmA aaf%ﬁawl ul

Mathematicall’roblems & Solution

Exalnple-4 Determme whether or not ‘the' vectors uj = (1 1, 2) w=(,-1,
andu;—(l 0, l)spanR T, 2),(1 =1y 2)@&(1 0, I)WWRM>
'wtwﬁs-mﬁﬂmw il L [NUH (old) 1

1f for any arbltrary vector v = (a,

. Solu‘a’on The glven set of vectors spans R,

c) and for any unknown scalars x, ¥, z € R, the given vectors can be express:
os a linear combination of v. [#FT8 ﬁR’MWm‘ﬂﬁm?‘

Rl 989 v = (4, b, c)mm@ﬁﬂmmx,yzeRtﬂ?lWﬂ_
mvmm@ mwmn 8 o

ie, v=(2,5,0)= —agtyuptas .

=> v= (a,b c)= =x(1, 1, 2)+y(l S 2)+z(l 0, 1)

=> v= (a,b c)= (x+y+z, x-—y,?.:+2y+z)

Bquatmg compondmg «components: yields. the system of linear equation:
below. l‘ﬂﬂi" TRT NG mﬁmmﬁwqmﬁﬁﬁ]

L Frein »
" :‘.,!-,.,_,HV," f

4 '”Reducmg the system to echelon form by the elementary row opsrattons.
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]

(2(: - c-+ a +Ib - 4(1 +20)

gl

o =5(a+t b+c)
This v=(a,b,0)=5(+c=a) (1, 1,2)+3(c~a-b)(1,-1,2)
R e +(2a=c)(1,0,1)

Since the given vectors can be expressed as a linear combination of v. So
the given set of vectors spans R’. [(T2g &8 (SPACNE v < it
wmmw AL nw«naaﬁ'ecemw[k’ 3 GSF 1]

st whether the followmg vectors span IR or not [ﬁZﬂT!F cspas

R’ @3 ST -1 Aqw 37 :]. |
@ 20N @ O =l D B o WfNUEII
(n) a,-2, 1) @-1,1), @,3, 1) P S [NUH 1994]
f-,.:(m)(1,..2.,-3),»(0, 1 2000, 0,0 - 5 asnegp siws 1 o o NUBL20H]

if for any arbltrary vector v = (a, b )

0 The glven set. of vectors spans R,
: z eR, the glven vectors can be expressed

and for any unknown scalars x, Y,
as a linear combination of v.

ey v (a,b H=x(, 2D +y2 1, 0)+z(1 ~1,2)

=>v= (a,b;¢)= (x+2y+z,2x+}’ ~z;x+27)

s Equatmg correspondmg components and fonmng system of linear equatrons

x+2y+ z=a
dapa e ATE
5 1 x +22"Cl :
i Reducmg the system to echelon form by the clementary row operanons
‘i ‘rx+2y+ z= 4

" S AT A
Bl —"2'y'+ z‘%‘c‘-a g
' ._"a‘l: i'a

*"-'x+2y+ z-* “
b-2a Ly =30 -2

; 1 92 - a 2b+3c

s Y ;NOW by back substxtutmn method, W° 8‘3‘ gt

z=§(“-2b+3c) o
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~4 Iy +Tz= b+2a [14' 3-'4”41

Linear Al gebra

i B

yz‘i'(Za b 32)5“"[2“ b""3(a 2b+30)]

(Sa ~b- 3c) e B
| and x=a -—z 2y a—g(a-—2b+3c) 9(5a b 3c)

x='§(3c+4b 2a)

ﬁus‘ v a,b c)=—(30+4b 2a)(1 2 1)"‘ (54 b“‘3¢-‘)(2 1,0)

y l

(a 2b+3c) (] -l

Smoe ﬂne glvenvectorscanbee)q)msedasalmwcombmamn of y
ﬂlengensetofvectorssapnsk TRCEEL

‘\:.(’u') “The | ngen set of vectors spans R3 1f for any arbmary vector v= (a,b..

andforanytmknownscalarsx y,zeR theglvenvectorscanbeexpm,3
Aasahnwoombmatlon ofv :

AA?j'- ie, v=(a,b,0= x(1,-2, l)+y(2 —1 1)+z(2 3'-41)-:.{"‘;_{:‘

L v=@ b=+ 2y+2z,- 2x-—y+3z x+y+z) e
| :Bquatmg cormspondmg components and formmg systcm of lmear equauor
* x+2y+22 a : :
PR
? x+ y+ Z"‘C L

b gReducmg the system to echelon form by the elementary tow operatlons

,x+2y+22—7" ‘a

Ny ! b ! = +2L 2
bl 3y+7z b+2a ? v, Iq AR
Eap ;-’*T- y— z "c =g L]‘ %

x+2y+2:-~_*- ;% '»-"fa, o

L35

4z 3c+b a,

| ' Nowbyback substltutlon mc!hod, we gct £

ﬁ;(ﬁ‘_3b+15a 210)
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. Gcncmtom UGSIS nnd Dimemnon 5;19 |
(sa-b -7 5
andt”d 2)'“22 *ﬂ-—“(Sa b-7c)--(3c Pb a)
M iy (-2a+4c) ’
Sox=2e-a RS EERAPR. £ e
Thus v=(a b, c) (2c a)(l -2, l)+4(5a b 7c)(2 1,1+
(3c+b a)(2,3,1)

. + Since the given vectors can be. expressed as a linear combination of v. So
the given set of vectors spans R’ (Ans)) .

(ru) The grven set of vectors spans R®

| and for any unknown scalars x, y,
. asa lmear combmatron of v,

le, v (abc) x(l 23)+y(0 15 2)+z(001)
: = v (abc) (x 2x+y,3x+2y+z) -
2. Equating correspondmg components and formmg system of lmear equatlons

, if for any arbitrary vector v = (a, b, c)
z € IR, the given vectors can be expressed

X ; ',‘.ff-a .
2x+y ' =b ‘_
Br+2y+z=c

Solvmg, we getx a,y=b- 2a z=g- 2b+c
. Thusv=(a;b, ) = -a(l, 2,3)+(b-2a) (0, 1,2)+(a-2b%+) (0,0, 1).

: ,Smce the given ors can be expressed: as a linear: combmatlon of v. So
./, the given set of vectors spans R’ (Ans.) . '

3 /Show that the set ofvectors {(1,0, 0) (01 0), (0, 0, 1)} are basis
- ofR’[Rhe @, cs%awmm? (1,0,0,0,1,0,0,0, D}, R R i

| . - [NUH20I5 2011, 2003 KUH '06]
Il form a. basxs of R if (i) They are linearly

! nden and ii). the vcctors spans R°, [&W8. (SBAGT q

| | u)mmk’mmm@d

D o show g . ider a matrix
A "'?'-'1'0 Show the grvcn vcctors are lmcarly independent, cons! .

g »;'_Whosc rows are given vectors, (278 (SR0TT e W?W TR
\w m wnﬁ'ﬂ firm T e 0 e cwawzz .

L o e ik
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43 Thls mateix s in row. echelon form wh:ch has 10 any zeto rows
given vectors are linearly independent. [@ vnﬁaﬁ? R Zoter g0 1

GO SR (AR | SO #1T CONRTE e S | »

(n) To show that the given vectots spans R, we must show that for any .,

%, ¥,z € R an arbitrary vector v = (a, b ¢) cdn be expressed ag , ]
“combination of the given vectors, (&8 M?Mt'ﬂ R’ @31 sros s

wmmwmmmmm 0 (P (11 x, y, 2 € R 47 By
ve (a.b €) ﬁmmm mmwmot me .]
' 1e, v= (abc) x(l 00)+y(0 1, O)+z(001)

S (@b9=02 ~
Equatmg cotresponding components from both s1des we get ﬁs‘wm
| el ay b, andz < e il _
Thus v= (a b c) a(l 0 0)+b(0 l O)+c(0 0 1)

Since the vectors are: lmearly independent - and can be expressed as a line;
combmatmn of an arbitrary vector, that is the vectors spans R>. Therefore,
given vectors form a basis of R>. [(WXY SPA0TT GuiiieiReiR Shsate <

mwmmw@mmﬁmwm iR AR R - s
;mmmw«mmmn [Showed] r

0’:\
Ry

{Example-7| ‘Show that the set. of vcctors {(l 0) (0 1)} are. basxs of R% [c7w:
@, cmamm%{(l 0), (o 1)}, Rzmﬁsf% |1 i pVUHaVM) 06,

"‘S "I“ﬁ"”‘ Th" 8“’511 V¢Ctors wxll form a baS1s of IR 1f (1) the vcctors are linear!)
dependent and (ii) the. vectors spans R o i

¥ B S o S

(1) “To show the ngen vectors are lmearly mdependen\t\“ s idérw a matrix
¥ whose rows are glven vcctors '

t

L LR DA %
’ ol A ol Ty ‘-., ,‘H S SeH Al r L ¥ ¥
PR O ayky HAr, CEFRT X ¥ g bl ;
FE Al LS RIS A RTINSl 8 I S A JUELAE ek i) )
s ol Muits S rER L LR PP RN T : N
. w w3 i}, +
h2 ; SR LT 1 ;
b s . aodrds < g
%57 " b -.'-' ;o FB Srg ORI o

Thns ma!nx is in’ row echelon form whwh has no any zero rows So the
given vectors are lmcarly mdcpendent. A .

(u) To show that the given véctors spans R’ We must show that for any scalars

%y e R, dn arbitrary vector v = (a, b) can ‘be. expressed a5 a linear
A cambmauon of_thc gmn Vcctors b e s L S L
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Equatmg corresponding components from both sides, we get
8 x= a,andy=b ' ' '
% Thus v= (a b)=a(l, 0)+b(0 1)
. Since the vectors are linearly independent and can be cxprcssed as a linedr

combination of an arbitrary vector, that is the vectors spans R, Therefore,
 the given vectors form a basis of R [Showed]

Showthatthesetofvectors {((1,1,1,1),(0,1,1, 1), (o 01, 1), (0,

i 1)}ar°bas's°m4 [orite @, e &8 (1, 1, 1, 1), 0, 1,1, 1), (0,0,
1,1,0,0,0. 1)},R il «, % ( ), (

The grven vectors will form a basrs of R* if (1) the vectors are linearly
independent and (ii) the vectors spans R*. '
(i) To show that the grven vectors are lmearly mdependent consrder a matrlx
whose rows are grven ‘vectors. \

S i
0.1 1 1
0 0 .1 1
o 0 0 B )

Thls matnx is in row echelon form which has no any 'ZEro TOws. So the
given vectors are linearly independent.

(i) To show that the given vectors spans R*, we must show that for any scalars
b c, d) can be cxpressed as a linear

xyzteR,an arbrtrary vector v = (a,
: _comblnatron of the given vectors.. G
_ie,v=(a,b,cd)= x(l L1, 1)+y(0 1,1, 1)+z(0 0,1, 1)+t(0 O 0,1)

onding components and formmg system of equatrons we get

- Equating corresp
. ot o
, x+y - =.b
g x+y+z . =€
S -x+y+z+t-d

bandt d- c

; ‘heesolutron of the above system i§x= a y b- a,z=c—

TT”“‘-". (a bod=a(L1 1, D*G-aOLLD
N (- -5)(0,0,1, 1+@-9 0, 0,0, 1)
be expressed as a lmear

dent and can
pet spans lR Thcrefore,

Since the vectors are lmearly mde
i "mbmatron of an'arbitrary vector, that is the vectors
- Ihe g;wen vectors form a basrs of R [Showed]
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(1,2 7) (*1 3* 5)} do no f"fm,
- mg’m&ﬁmmm v,

; L_‘—"l 3 5

rix to echelon form by the e[ementary' fow operation

Redncmgthe matri
- 2 7 oyt R
o 0 5 [R TG
Tlus matnx is in row echelon form whnch has 1o any 2670 10Ws, S .

: gwenvectorsmlmearly mdependent L

}(n') To show that the given vectors Spans R?, we must show that for any scyi,

 xyeRan arbitrary vector v = (a, b, c) can be expressed as a lin
eambmanon of the given vectors. o

ie, v=(a,bc)= =x(1,2,7)+y (1, 3 5)
= @b,0)=(x- y21+3y,7x+5y) i
. ‘Bquznng correspondmg components and formmg systep; of equation, we .

xX— )= a7yt t
i x4+ 3y b R ~
e 7x+5y-c

g Redmmg the system to echelon form by the elementary row °Pemn°n°

__5‘}:..4 5}’ b 20 [iz ai‘z %l]
2y=c-Ta A . ¥R
W o sc uaa-lzbz..,; o

m .yg;pm is in echelc

. on Torm and. consistmg a-equation_ o = 5¢- 11
¥ :,Zb ;g;jh is not true. So, the system is incous;st?:nt Thus v can not |
f d’;l’l’ : a8 & 1mear combmauon of the given vectors. That is the ve<?
*ﬂf;;m WR Thm:fom’ the given Vcctora do not form a basis of R’
B ey AR A9 0 =S¢+ 1@~ 12b wmwﬁweﬁmﬁ
7 'mmmmmle' Ly @@ @

TR S T e R R it -
e MR «ﬂ'«
; ""Rsmmmmml][Showcd] WWIW@?W
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Generators, Basig nnd.Dnmcmmn ik 523

. : Show that the set ofvcctors {(1,2, 3, 4), (2 1‘ wf; 3) (3,3,2,7),

.(1 ~1, -1, - 1)} do not form basis of R, [ote ar (1,2, 3, 1, (2,1,-1,3), 3,

:327)(1..1, 1,~ 1)} CS¥BITEA O R* @ f%ﬁ;’thmmnl

-Solxtio'n

~ The given vectors will form a basis of R" if (i) the vectors are linearly

ependcnt and (ii) the vectors spans R*,

| ‘(1) To show that the gwcn vectors are linearly mdependent, consider a matrix

whosc Trows are given vectors.

25030 4]

A SR

T PO Y s

o WD) s | EEPE s A Wy
it o AN ol

"R’educin'g-the matrix to echelon form by,the clMentary TOW operations.

R R A

RS {1 M, SR S 2 _:’ iR’
) Taliie T TR A

-3 -4 o)

‘;;;.;'.-:_‘.;*f}fi:‘;, s "}"2,.'.' 43 . s £ o GRS BRX ¢

AR HI 0 =3 -7 os) .-z‘[ﬁ:’é&"—k:]ﬂ “
g 0 0 0 0 '=R—R

0.0’.30_j

Tlns matnx is in row eche]on form havmg a zero row. So the glven vectors
2 are lmwrly dependent. [Showed] '

(n') ’l'o show that the given vectors spans R" we must show that for any scalars

%,9,2,t € R, an arbitrary vector v = (a, b c,d)canbeexpmsedasalmear

i combmatmn of the given vectors.

: ‘-'-x.e AL (a,b ¢, d)=x(1, 2,3, 4)+y(2 l —1 3)+z(3 3,2, 7)+t(1 o

;-n

Equatmg coueSpondmg components and fornnng systcm of equations, we
et i S G

.;ﬁygu4u+k+mﬁ
S 1 + y+3z —-t=b :

& 7o B yedsefEe bt
ol 3y+7z..z_df R B

Redumng the system to echelon form by (hc elemenlary Tow OP"“'“"“s g
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3 ,’L'ine"m_' A.Igébm’ : :

“ ‘x+2y+3z+t~* a
Pf Sy B2 B e [ﬁ! :’va §I’:
== 7=~4t=c-3a“fzt-~l1-' i i L 41,
| = Sp=Sz«5St=d-da e
'x+2y+3z+ = a i 1A
_-(-—3y 32—-3t—{:‘ ~b-2a [23 =3L3...7l,2
b 9t- Sa—7b+30 | =3L4-5
A7 bsogaspigg v AR b

o Thls Systert is in‘échelon form and consrstmg a equation 0=-2;_s,

which is not true. So, the system is inconsistent. Thus v can' not bee
a linear combination of the given vectors. Hence the vectors do n
Therefore, the glve tors do not fonn a basis of lR [Show ed]

XPTCSve

whether the following vectors are a' basm of R’ ¢,

3mmﬁmmmm 1 i
,(a) {(1 2,050;5, 7 1, 1,3)p & ot fBaSe (Pasgy
‘(b) {a,1,- 1), (1 0,2), (1 1,1} [NUH 98, '94 NU(PreI) '09 DU
© {(1,2,1), (2 1 , 0), (1~ 1 2)} S S 0l [B.Sc (Pass)y
@ {5,790, 20:4,59F = te ) T

© {(1,3,-4),(1,4,- 3),(23-11)} o B ‘,  [JUH"

® (1L, 1,2,3,@,-1, 1)} [NUHZ012 CUH '79: DUH '}
»(g) {(1 1,2), (1 2 5), (5 3, 4)} By [CUH 86

;;(a) The grven vectors wrll form a basrs of IR"‘ 1f (1) They are linex
“independent and (n) the vectors spans R3

i (i) To show the given vectors are lmearly mdependent, cons1der a ma

',A’_-whosc TOWS are gwcn vectors by eiminate
£ 10.. 3 ;0 5 7 A
i Ly "l 3 . iil L ;';“' ’\ R O ;
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Gcncrators, Basis and Dimension

(i) To show that the given vectorq spans R’, we must show: that for any
--scalars x, y, z € R, an, nrbntrary vector v = (a, b, c) can be expressed
linear combmatnon of the given vectors, St

ciey v=(a,b,c)=x(l, 2, 0)+y(05 7)+z(-l 1 3)
= (e b 0)=(x~ ~Z, 24+ Sy+z,Ty+3z)

Equatmg corresponding compﬂﬂeﬂts and formmg system of equatrons we get

X < zagq
2x+5y+ P
7y+3z—c

Reducmg the System to echelon form by the elementary row Operatrons

r

- . X - - z =i al Lo '
B T RS s SR S T
B £y O R SRR
~ "4 Sy+3z= - b-2a [LS""AL;—:LZ]:' :
b } 2y - =c- b+2d RN I

Now by back substrtutron method '

-

2 KX ;e : O
sxlir s .vv_.v.\_w“.. .. 3
L T & 2

and x= a+ (7b 5c 14a) (7b 5c 8a)

we gt }_{ (c b+ 2a), 773 (b 2a) =6 (c b+ 2a) \ ,(7_“1;_ ~5c - 14a)

Thus v= (abc) -(7b San 8a)(120)+ (c b+2a)(057)

6(7b 5c 14a) (-1, 1, 3)

. {'Smce the vectors are linearly mdependent and can: be expresseBd as a linear
. combination of an arbitrary vector, that is the vectors spans !R Therefore
- “isthe given vectors form a basis of R3 ba el s St
f?.(b) t’l'he”'ngen vectors will form a basxs of R3 1f (1) 'I'hey are lmearly
! mdependent and (u) the vectors spans R’ ' . "
2 ‘?"""‘(i) To show the grven vectors are Imearly mdependent, consnder a ma'mx
| Whose Tows are grven vectors _' gRE -

15;“;1:‘ ‘1 : 1 5 __.1 el
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