: 22
Mathematlcal Problen, 5

i A \rmﬁ

ps e
mewy 1
'ﬁ"ﬂ 1 253
() [4 6] Wt 5 4
._ S

ifA s 2610 52 12| # 0 eVf:ry element

then,
1T 2 3 . e
41= {2 3 -1(21 20) 2(14-12)+3(1o 9) %
3 5 7 5:,1_ L
=1= 4+3 0 :

(S)(f);he rank of the matnx Ais less then 3 Now let us take two-rowed minor
say -» SR o8 =

-\23Y=3*4?4*9.'

#0°

since lAl 0; but 3

\

\

| Therefore the rank of the given matrix is 2 (Ans )

\

d the rank of the matrix. [anﬁwﬁa e @l

1',23.
A=|2 4 6
3 69

B |
\ 2 3123
Here|A|—2 4 6]=2%2 2 3

3. 69

' L
=6x0= =0 [since three rows are equd ]

AAAAAAAAAAA
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So the rank of the m

Jtrix A 1s less than 3. Now let us consider g,
: : o (1
minors of A. /

rQWQd
A/ 6 A6 = =18-18=0, 3 |
Say, %9 =36 -364 ? 476 g,
' | R |
. & =9-—9=0, 3 ‘
| 1 2 W B )
2 4 —_‘ —_ =6—6=0, \ s
Thus every two 1owcd minor of A is zero, So the rzrnk of 4 is legg tha >
=4 0. Hence the rank of A is 1 (one). (AHS) . ’B“l|4|

Exairzple-3 Fmd the rank Of the matrrx [‘UTW? rank C?Rx )

3 o 4
-'_1,:_73,1,‘ 41"
—1]"6,. 10

|Solutzon‘ Smce the glven matnx A is. of order 3 X: 4 the rank of the
matrix 4 can not be greater than 3. Now we observe that rhe Matrix

Ahas
followmg largest square submatrices of order 3 X 3 ‘: 5 ot b
B e S
b Ouicdl e g ] j
A3=j2 | 41, A4=—1 TR [
L.—]{ 10_ -L_‘ 6 10
e i

i '. B R e S e
C Now [4y|=|2 -1 3 T0E0#3)-2(=12+3)+0
= 1=-18+18=0 .

=2 o1 g|TOC10+ 4 -2(-20+4)+42-1)

Cldsl=f2 3 4 "6(30 24)+0+4(-12+3)
;’1 g 0 =36 - 36 )

. AVAILABLE AT
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25
2 0. .4 by |
. =2(30 - :
A=l 3 4 21(2‘12)+0+4(—6+3)
<] 10 E=
- rank of the matrix 4 Can not g 3 |
goihe 3. Let yg cons1der tié'g square submamces

Jorder 2x2. Then W Can at Once show th at| & 2

he i
ereforc, the rank of the given matnx 52, ( An )

~-—6+4=—2¢0

.‘-.10 L e

fanpled] Reduce A=),

) e t°_E°_h°En_fmm Hence find the

ank of the matrix. - -

[flution] Step-I : Apply R, < Ryto get,

LRSS 8 BT TP

Step-III Apply 2—)1 th get O lo
Nl a0 ATal
S Ei -5 2 -
[ Step-IV : ‘Apply R3' -—>R3— 5R, to get, |0 1 = 0 which is a
‘ Ao [ JRRE Bt PR

Matrix i Echelon form. (Ans )5

The above echelon matrix has three non-zero rows. Hence the rank of the matrix
3. (Ans X g

‘ R;:d the followmg matrix to the normal (0r canomcal) form and
% uce

e (3 A ST s 2w ,
lence obtain its rank. [fCER. TG ( -~ [NUH 20151
3\mcﬂwmﬁ=ﬁm |z s »

o b2 0 -1 = i s
s Al L2 ‘
‘ AVAILABLEAT: fo . r) ‘5 2 5 . =
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we will apply both clementary column ap died
; WG
matrix A for reducing 1t to the normal form. 42 s De;atlo

o8
-2 g =1 . : O hy

l

o O
—
o

S e s
Us: 0}, where 1, <0 | | and 0=|0|"
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| o the following matrix to the normal (or éanonical) form and

Juc@ l@
ﬂ ok [ﬁm T (e ot s 7

o

“cdf’

. A=
ver,
;Wﬂ B 4 8 1 3 12

3 4| mor)

EE

o
~

S s e
ey
=
B

L

()

Z4 |
1
o
o
| =
S !
t SRS |

G'= G- 3C2] ‘.
[C4' =Ci— 4G

o oo © w =) o Ww.o O W wn W W W
oo'oi‘o.p{ AR — T

9

\

D

W

O

; N\:o 0 o0} el ~
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9:”' DI

232
)
I
(v) Given, 42| g
-~]

for reducing y it 1ot

L0

[0 =1 3]
WD SRR A
B el b
_5 -3 -7 3
Jementary column and row o P
poth elementary €0 Perationg
we will apply he normal form. S Wt
AR W B 4
RyoR)) -
; 1 i [Ri > Ry}
il wd El
LR Bt e ] B
-3 <2, LRy [Rz =R, ~ 2R
v T T AR —R4+R1
X _2 e 3_
=3sn=d ‘,—5;_ 3 .[Ra'_'-:Ra“v“Rz:l' :
0 -1 -4 4|LR/=Ry-R,{ -
00 00| e
0 R B =
b e ey L ] Frcz 2c,
= SPebal s R e
VR R N el
-0 £ 0 0 0 ol 2C]
Ty et
0 =1 o o|le=crac]
o 0 gy e
0 0 o - 0] SN
N g A
-5 r= (L
G X {Cz (-3) Cz]
0 0 ; G'=(-1)G
L LT
L oo 1 G =G-2G
0 R S| 0 Cyi'=Cy-3G, |
05+ g LCy = 5 - 56,

A\/AILABLE AT

ence the rank of Ais 3 (Ans s) -
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235
E‘f z Find the rank of the following matrix. (o it ws ez =2 :]
f@ } e | ‘
;3-” 0 Sl =3
) | 0
A= 31 0 ) e | [DUS '87]
1ot =2 Gagf o

@ Reduce the given matrix to echelon form by means of elementary. row

@sfomlation. L 5
BN 0l
0. L2 =3 T
oA e
022 n 06 2 LRSS Ry = 3Ry
o sy my :
el R

0 —1 3 el .R3'=R3—..2R2]
~ . ’ R4'=R4+R2

11 =20 |
s sy | : '
T LT [Ry = (1) Ry]
VIR | R 0
|0 0 0 0

This matrix is row equivalent to the given matrix 4 and is in the row echelon
rm, Since the echelon matrix has two non-zero rows, the rank of the given
Matrix 4 is 2. (Ans.)

N—

AVAILABLE AT

[ o -
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236

Reduce the above matfix to

transformations.

—

23
ik - Lk
5 6
P
~ 12 3
56
R
‘“~ 10 1.
0.1,
i
~ 0 "1.
-'_‘0,

Thxs matnx is row equlvalent to the glven matrlx and 1s'in the fow
 the echelon matrix has two NION-ZEr0 TOWS, the rank of the given ma

Liicdl nlgckura )

0 R
B SRR |
| 3 49
) SRR |
§r 23, =2
-1 3 -5
=90 g
P fee e
Sy
= |
9 =71
o_gfo-,_f_o

0 [Rz' = Rz—- 2R‘

row echelon form by means of ele

mem
Ay
‘ Ty,

(R =R,~R]
[R, > R)]

i

R3’. = R3 ~5R

0. [R3' — R3 oot R2]

echelon from,
tnx is2, (Ans) .

' [Exariple-11] Find the rank of the followmg matrlx [ﬁm ‘U@‘@a % @;m ]

o .A=,

[ Gi.ven',"As

transfonnatlons

AVAILABLE AT

Bl e )
43

A R
385
(L35 1,
4= 3 0
2 -3_ =4 ;'71

(el ga d g o
Reduce the glven matnx to row

S R

-3

[DUH'gy

1

eche].on form by means of the elementary ro¥

b 3e g o |
SR e i e e Rz"Rz—;lz]
0- = 5 | R =Ry 2
RNl k1 i Sy

RUERS) RS RS T

s R IR e

0 1 2 1 =Lt R3’=R3+3R2]_v

_0 0.. 0. 0 0 :
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T e ik
An equation of the form L .' /
. ax by = € coveieinennss i

\ of two variables
in xy-planc is called linear equatior
V- ight line, where a, b and c are rea] Constan& iﬂ

above equation represents a stral b Sethwigee
/) A Y (1) xy !
and both a, b are not zero. [ax :E% gk Ssiced. SAFE L{ﬁﬁ’n@m |

: SeRe e IR
8 y T&fo mmg,,eb@@;r?*[‘nwﬂ

x and y. In xy-plane he

S TR, AF a, b IR ¢ MBI
blcs X1y X2y cesssons » Xn has the ¢
More generally, a linear equation in n vana »
[STIHRTSIT 7 TR 5o RIHB Xy, X, fovesens x,, @3 I STl SRR
ayxy + axy t e F @l = D ieveiiveiaee. 2)
Ucmg sigma notation it can also be written as s [Pt GI@?F [ I qrz -
Z ax;=b ..........‘...................17_..,,.. ........ (3) - '> o : ek ' :
=1 : A e e v = o o
"y, @ e B are called the coefﬁcrents of the equatron they are alf reg)
. .,.L—..;.‘;.,'-a,, & Ry

numbers. a; is called the leadmg coeﬁicxent [a1, aa,

R T WWW’R’W I al @Wmﬁaﬁ |]
x, are the vanables of the equatlon The vanables ina lmear

® X1, X3 eeene ‘...
equatron are sometrmes called unknowns X is called:the: leadmg variable,
[ X s mﬁmmwnww Wemwm
wmmﬁeamlx,@wmwbﬁm] Soeod e e

* b is called the constant term 1t 1s also a real number [b @3‘ ?ﬁt 'ﬂ&'ﬂ’ o
afte 3 T ARt 1] . = =

Lu::,;ar equations have no products or roots of vanables No variable is involved

in trigometric, exponential or logarithmic functions. Variables appear only t
y to

the first power. Imwﬂmqmﬁwwmaﬁﬁmm@mﬁ? ‘

wmammmwmmnmwmawwwmd

Example : The equations below are linear

(1)x+y—z-—20 il (2)fo+ny=81n2 (5) 2kt+y 5 '
. | [JNU 2015
(3).171 .2x2+3x3 4X4 =5 (4)x+2y 5 (6) kx___}_y Slﬂ]\
' k
E
xaf(n]/;le‘/_ The equatxons below are not linear, Explam the reason.
2x +y -z= 1 , 9 =
(4)_+l | ( )ex+)"'1 (3)smx_,+cosxz,+x.4’5
e (5)y531nx - e

X2

: AVAILABLE AT ‘ 2 .
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galght lines L] and L2‘ represented b Ehd S L

sem. [FAFI CRIGI ererefvg méthe;ﬁ@ ;a‘gqis_e“ioﬁd s of the
‘p.\ﬁﬂﬁm@m “w"fﬂ?im Sl E ﬁ@q s .

nen: o lmes Ll and Lz one and only one of the' followm e '
: g may occur [ervTe |
B L) R L, @3 Wﬁt”w a3 R W‘m aﬁﬁrﬁl

¥ L) and L, 1ntersect at exactly one pomt [L, L‘N\ Lz ﬁ?l? tﬂiﬁ ﬁﬁf‘ Ciﬁ =@ ]
% L, and L, are parallel and comc1dent [Ll LQ?I\ L2 WWTET L‘W Hﬂ*ﬂf‘@ L 1]
T L, and L, are parallel and dlStlnCt [L, tﬂ21'° L, ’TWT?'T 4R feyzml

e Figure 4.1)_ In the ﬁrst ‘case, the system has “a unique solunon
Onespondmg to the single point of intersection of the two lines. In the second
ase  the two lines are identical and.the smgle line has infinitely many solutions
"espondmg to the pomts lying on the same line. Finally, in the third case, the
[y em has no solution because the two lines do not mtersect [ﬁ‘iﬁl'cm CETIT:‘%H.

AAAAAAAAAAA
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Linear Algebra
_270

AY Yy

L2 . ‘ '
d pd - X
7/ - X -
; N | / J
(= Unique solution &)ﬁﬁnit’cly many solutions J&rNo solution
A ‘

Fig 4.1

_ ' secibiliti idering some specific
Let’s illustrate each of these possibilities by consi -UIC example,
[a mmwmwﬁ’iﬁﬁ'mqmmmd

1. A system of linear equations with exactly one solution : _
~ Consider the system. . '
Aty 2}_{, y= s
3x+2y=12 ‘
: sbl‘;ihg, t-'he first equation for y in terms of X, We obtain the equation
1 R

Substituting this expression fory into ‘th:_e second equation yields

o x+2x-1)=12 \
= DV

: =5 A = e Er S
ilx=14 T e

finally, subStitut_ing th'is‘va'lue' of x e
nto the expression for y gives ‘

PRIEAREs )

Fig 4.2 . |
que solution of the system is given by x =2 and)” |

' .Thereforé, the unj
Geomctrically, the two

; s make W |
: Nes represented by the two equations that ™
the system intersect a th

€ point (2, 3) (Figure 4.2).
- A system of linear '

e oly 0
: ®quations which are coixcident has infinit¢y
solutions : : ,

Consider the system

2x— y= .
6x—'3y=3 :

AVAILABLE AT
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quation giveé
ox -3(2x —1) =3 ~ |
6x—6x+3 =3
0 =0

ichis @ {rue §tatcmcnt. This result follows from the fact that the qecond
“mtioﬂ is equivalent to the first, (To gee this ;
(\ ( . bl

\ : just multiply both sides of
e frst cqllathll by ?{.) Our computationg have revealed that the system of
o equations 1s equivalent to the single equation 2x — y = L. Thus, any
rdered pair of num!)ers (x, y) satisfying the equation 2x - y={ or y =25 —
| constitutes a solution to the system. ,

In particular, 'by.assigxling the value

to x, where ¢ 15 any real number,

we find that y = 2¢ — 1 and so the
ordered pair (t, 2t — 1) is a solution
of the system. The variable ¢ is -
called 2 parameter. For example,
setting £ = 0 gives. the point (0, -1)
a5 a solution of the system, and
setting ¢ = 1 gives the point (1, 1) as
another solution. Since ¢ represents
any real number, there are infinitely

- Fig 4.3

many solutions of ‘the system. Geometrically, the two equations in the
System represent the same line, and all solutions of the system are points
lying on the line (Figure 4.3). Such a system is said to be dependent.

+ Asystem of linear eqi?ns that-lgas no solution :

Consider the system ‘

2x—-y=1
6x -3y =12

The first equation is equivalent to y =2x - 1. Substituting this expression
for y into the second equation gives

6x - 32 - 1) =12
6x —6x+3 =12
Jt - tem of
Which ig clearly untrue. Th.us’ .therc s no S(l)lhmo: -ttgottltl‘eeqsgastions in
®quations. To interpret this situation geometricatly, s _
the slope-intercept form, obtaining

AVAILABLE AT

B |
s
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Bleeii: X1
& ’ -

e Lincar Algebra

y=2-1
y= 2% — 4

We see at once that the l?ncs
represented by these cquations
arc parallel (each has slope 2) and
distinct since the first has -
intercept —1 and the second has y-
intercept — 4 (Figure 44)
Systems having 10 sglutlons,
such as this one, are said to:be
inconsistent. '

~ Fig 44

4.6 Solutions of sys'tem of three linéar__equa’tions_ in three "’m'iables
A linear system cogisiSts of three linear equations in three variables x, y and ;
has the general form: PR b 5 ;

L ayX + bzy +cz= d2 ' (1) -
agx + b3y+ C3z-'= d3 SSOrY

Just as a linear equation in two variables that-represents a straight line in the
plane, it can be shown that a linear equation ax +.by +¢z =d (a, b, and ¢ notall
equal to zero) in three variables represents a plane in three-dimensional space. |
Thus, f:acb equation in system (1) represents a plane in three-dimension

space, and the solution of the system is precisely the point of intersection oft |
three planes defined by the three linear equations that make up the system. AS
before, the system has one and only one solution, infinitely many solutions, &

no solution, depending on whether and how the planes intersect one anotht
Figure 4.5 illustrates each of these possibilities.

In Figure 4.5(a) the three planes intersect

sg:ual{on in Wh'lCh system (1) has a unique solution, Figure 4.5(b) deptctfhel
situation 1n which there are infinitely many solutions to the systen eré, ¥

Ly : » the
?hrce. planes Intersect along a line, and the solutions are representc
- Infinitely many points lying

- parallel and distinct, so there
(1) has no solution in this case,

; ¢
at a point corresponding b ;

lanes

on this line. In Figure 4.5(c), the three P s1of

is no point in common to all three Pl?ne-s'

AVAILABLE AT

| P ERRTEN
R ¥ S RS
4t 8
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{nique solution

(b) Inﬁnitcly»many solutions (c) No solution

Fig 45

13-System of linear equations

An arbitrary system of m linear equatlons 1h n

uch equation being linear in ». variables. Suc
general form (936, vere R m e

AP FAFACT m%,.mﬂ%qnmﬁ%wﬁwmamm

m,x, + a,,,zx2 +: +'_am,,x bm :

here ay, b,- are constants and X; are n variables, j = 1
1

a, b,WITm aa\;gm n YT 5°F, i =

maple ; 24+ X, = 25=13
3%, + 2%; + 2x; = 1

45ystem of three linear equations in three variables.

iﬁN tions
on-homogeneous system of linear equa IKUH 2006
| 2 /
STfEs STt AN (oD

’ t {b;}, 1
¢ Consider the above system (1). I f at least one element.of tlclzcsoeuq{syitem d
"5 M is no zero, then the system (1) is called a non- homog,

sy M
Ial‘ equatlons [-@W C\gﬂﬁ (l) W: $ﬁ | qﬁ lb}’ "
TR @2fy Gorme e 2, O 0 (1)

: 2
amp[e: 3y oD 2x3= £
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| A = ‘1]5‘
x4 Axp 6x3 = 0 lfﬂ
; At f 4 lincar cquations in four varj |
is a non-homogencous system 0 ' Tables, T
. |
> y

n.5 Tiomogencous system of linear equations . |
Gy e TN (SIE Kup - /

We consider the above system (). I'f all the glcments of the set { by i
..... m is zero, then the system (1) is called a homogeneous syste, ™ 2,
eqilations. . ear
Example: x+ Xt 6x3 .+ 4x, =0

X+ xp+ 4xy+ 6x4 =0

Ax,+ xp+ x3+ 4xy =0

6x+ dx,+ x3t+ x3 =0
is a homogeneous system of 4 linear equations 1n four variables.

I!

: , : %
articular solution and general solution of a system of linear equation

1 el CEUBa T T 4R S Fe

Let us.consider the following 'Sysigm of m 1ih§ar equations : (3 m i

i

ay X, + apXx; o t,.a,,X, =_Ib1W L ‘
AnXy . BpXy + ot ay, X, = b, 2 f

. L (1).‘ 3

A Xy + QpaXy + -0 + Aun Xy, = bMJ

If the above system is satisfied by x; = 51, Xy = 59 yeereerne , X, =S, then tis called

a particular solution. The set of all particular solutions of (1),1 called th:
general solution of the given system. [af Boitza @l x, =51, 2= % ’W ’&
= s, WA B1% 2, O a3 Rt siem e 7@ (1) T ga e [T
IO 28 (WG HGRe ST T 23 |

Example : The system of linear equations ‘ | L
X+2y—z= 2} |
Jes is 0f

e : : ’ 1)
_satlsﬁed by x=-1,y=2and z= 1. So the set (x, ), 2 = ‘,u solﬂﬂ"ﬂ
particular solution of the above system. Also (=2, 3, 2) is the partic
of the abovessvstem, : '
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| system has two equations I thiee variah|es. So it has 3 - 7

6 =
A pich 18 2 g
[141 lqollﬂ“’“ letz=t¢ then y=1 .. fand x = —;
£ “«cﬂ . ml solution of the above syste 15 (-1, -
fhe g ( = &

. ial §O ution or zero solutig
aT .
consider the followmg homogeneous linear equations :
ap i + Xy +tapx, = 0)
ayXy +.ApX; + e ta, x =0

( Sensiy

AmiXy T Apa Xy +-o0 + ar}mxi. =0J

csystem (1) 1s satisfied bY x1 =0, x =0, v X =0, Generally every .-

sgencous system of lme;L_quanons alwoyg is satmﬁr -6y the solution (0, 0
0 [ & (1), 3y = 0, % = 0, ooy 2 Oﬁmﬁﬁ'@ | ARSI

%WWW‘? cat%ﬂwi‘ (0 0 O)Wwﬁﬁw 1

‘ny other solution exists except (0 0, i O) then the solutlon (0, 0........, 0)

alled the trivial solution or zero solutlon [Tlﬁ 0,0, ......., 0) Ifo® & T

TR A, O (0, 0, ..evivey 0) = @o@ﬂmwww -

umple : (0, 0, 0) is the tr1v1a1 or zero solutlon of the system of homogeneous
=r equations : B R B B

‘u+@ &“%“
©3p_2z20

e, the above system is satisfied by x = Ly= -2 and z=3. Ths (1 2 3) -
¢ ﬂ0n-tr1V1a1 solutlon of the above system '

ﬁ:\c ‘ stent system of linear equations
q;gs;s;exg:;él%o:%mq C?:‘T)I%‘ ( [INUH 2015, 2014, 2012]

HAAT (B0
ns‘def the followmg system of linear equations. G \RER
i 1]

. a,x, + G, o0t Ap¥e = b,
&b

\

a_x, ey 4+ Gy Xe = On) ;
Scanned with CamScanner



Md Rayhanul
Ink

Md Rayhanul
Ink

Md Rayhanul
Ink

Md Rayhanul
Ink

Md Rayhanul
Ink

http://www.onebyzeroedu.com

276"” ~- o o Linear'.Algebr,am.i;‘f

The system (1) is said to be consmtent if no equatlon of the form 0 =g ey, |
Again, the system (1) is called inconsistent if the equation of the form -, |
exists. [(1) TR CE6C F7r® I 7 I 0 —amwmﬁwﬁw

F | W o (1) wmwmtﬁo awﬁwmw

In other words, a system of equations that has no solution is sid. !g;
inconsistent. If there is at least one solution of the system, 1t 1s called consis®

[orpear, @26 R @l T @ T R R, ol e
W FACE G TN A, O G e M A M
| Example (1) The system of linear equatlons
ZX] i X9 — 2x3 10
Xy + lOJC3 =—28
—14x; = .42 s consistent.
(ii) The system of linear equations
Xy + 2x, — 3x; =-1
) : - 7x2 T 11x3 = 10 -' o
\ | | 0 =-3  is inconsistent: “(
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uss-J ordan ehmmatlon method

<SG AR s

The Gauss-Jordan ehmmatmn method is a suttable techmque for solvmg system‘
of linear equations of any size. One. advantage of this technique is its
aptability to the computer. This method involves a sequence of operations on
asystem of lmear equatlons fo obtam at each stage an equivalent system that 1s, a
System having the -same- solution as thie. original system. The reduction is
wmplete when the ongmal system has been transformed so that it is in a
Certain standard form from which the solutlon can be easily read.

The operations of the Gauss-J ordan ehmmatlon method are :

L Interchange any two equatlonS

L Replace an equatlon bya nonzero- constant multiple of itself.

S Replace an equation by the sum of that equation and a Constant multiple of

any other equation.

Lo i] m hod for solving syste f1 e
01ll -Jordan elimination met ystems of linear
ustrate the Gauss or
“Quations, let’s apply it to the solution of the f0110WIHg examples :
f\\//i\ T
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X+ 2%y = 3x, = -] INUH 2095
3x] o xz + 2X3 7 |

The given system of linear equation i

B

Ll : ‘xl +,2x2 -~ 3x3 =—1 ;
L '3x1-'x2+2x3= 7%
Ly :5x, + 3x2 - 4x3 = .9

peduce the system to echelon form by means of elementary operations,
X, + A2x2 - 3x,=-1

- - '[Lz',ilz -3L, |
-~ 7X2 £ 11x3 = 7 7 = %I;—S-El A/
x,+2x2—3x3'=_—.1", & :
~ 4 —Tx 41l = 10 [L;éL’s -L]

P

From last equatxon of the above system we have 0 ==3, which i is not true. Thus

. the system is inconsistent. Hence the glven system of linear equations has no
solution. (Ans. ) g

@"_’Plﬂ Solve the followmg system of lmear equatlons [ﬁt‘? u’lmﬁﬁﬁ
T TG 3 ST

M) 2x+ xz—'2x3—10 () Xt 2n+3n=4

3x; + 20, + 2x3= 1 = 2y + 5x,+3x3=5
Sty Ay + 3= 4 0 | _x}»- +8x3=9" [NU(pre1)2008]

) The given system of linear equation is

L :2x, + X, —2x, =10,
31" +211 +2x3 =1
h : 5x, 4 4xy +3x; = 4

‘ erations.'
Reduce the system to echelon form by means of elementary op o

Scanned with CamScanner
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286 : Lincar Algebra
b - 2y, = 10
2% + X 2%3 ;8 [Lz' =2L,-3L,
~ x, +10x; == Ly = 2Ly~ 5L,

3X2 i 16x3 = ~42

(2x, +x, = 26 = 10 -

o] x, +10x, ==28  [Ly'=Ly=3L5] oo
i l4x3 = 42

Here the system (1) is in echelon form and equivalent to the
There are three equations in three unknowns. So the given

unique solution.

From third equation of (1), we get —14x; =42 = x3=-3-

given Ystep
System h‘iiz;

From second equation : x; + 10.(—3) =-28=>x=-28+30=2
From first equation : 2x; + 2 + 6=10= 2:;, =2=>x=1

- Therefore, the Vreq'uir'ed solution is : (x,,-xg,' x3) =(1, 2, -3) (Ans;)

[

(i) The given system of linear equation is
e R B
X, +2x, +3x; =4
2x; + 5x, +3x3.=5
X +8x; =9

Reduce the system to echelon form by means of éleméntary operations.

.r'x’-:+'2x2 t3n= 4 Ly=L,—2L %
—2X; +5%,= -5 1
(x, +2x; + 323,; 4 |
Y1 w3 =-3 (L =L 2 e )
: - Xy = -1 £ RO

Her.c the system (1.) is in echelon form. There are three equations in thre®
variables. So the given system has a unique solution.

From third equation, we getx; =1
From second equation, x; — 3(1) = -3 =>x=0
From first equation, x, + 200+3(N)=4=x,=1

Therefore, the required solution js - (x1, X2, X3) ='(1 0, 1) (Ans.)

AVAILABLE AT

.;}"
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413 Consistency of a system of linear equations
FEE AR (S0 AN

(3) Let us consider the followmg system of non—homo geneous linear equations
allxl + aleZ T + Ain Xy = b ]
Ay + apXx, +- _ ‘+a,x, =b,

a.X; £ A2 Xy + + + am,,xn = b o3
The above system can be wntten in the followmg matrix form :
G TN T e x| 8]
a2 a4y ""'anzn X || b

Il

o, Ax=5B
f—a” ; (112 TR ‘a,,,- r_—b]_ , e r—xl—‘.
" . ap, dry . ... a, | b2 x'z
el B0, ,B=| .. | and x=
| . —-ar-nl R a"".”_l, ‘.-bm-' ;xm_

AVAILABLE AT
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Hkdl Adgebra

(l” (117 “ey (I'n : l)l"
S0 that ¢ . y Ay e oa,
that the matrix C = (A Bl=| ... L y ,’2
T A S P L )
”ml (7,"2 e amn : b"
15 called tlye augmented matrix.
Now after reducing the system (2) to row-echelon form, we haye the
two cases: B olly;
N —

Case-I : Consistent equations : If Rank (4) = Rank (C),
equations is consistent and there are two possibilities:

(1) Unique solution : If Rank (4) = Rank (C) = n
(1) Infinite solution : Rank (4) = Rank (C) =rr<n

Case-II : Inconsnstent equations : If Rank (A)#Rank

(C') theﬂ the Syste
equations is inconsistent and the system has no solution,

(b) Let us consider the followmg system of linear homogeneous. equatior,

N\

apx "'012 5 _ ,'",'.' pat L e Y B
axxy + axpx; + ot agx, =0

B
Here the coefficient matrix of the above system can be written below:

. T —

an G @i ]
di2 G ... @y |

Lay; Ay o amn—

In this case we have the pOSSlblllthS in followmg diagram :

. omogeneous Equatxons
AX=B
A L st —
R(A)# n T

R(A) <n

| 0
Infinite solutjop, el

Trival solution
Unique solution

“Trival solution
Unique solution

AVAILABLE AT
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Aadiivdl Adgbula 'i
. m Given gy | | |

stem-of linear equations

-

Reduung the system to row cchelon form by the elementary 1oy, ope
' Ta

2y 4+ 4 Plong
=8 ) - = ) .
(x ) 4 / L2'=Lz-'—2L|:]

~ 7)) — 92=(]_2I) '[L3'=L3—3L|
| Ty=10z=r-3p

(x =2y + 4z = p
~ R 7})—-92: q-—-zp [L3"=L3‘—L2] SCCRLIITIIR (l)
| - z=r-p-q

The above system is in echelon form and it has three e
“unknowns. So the given system has a unique solution.

Quations i, -

-~ Now by Back substitution method, from 3rd equatxon weget z=p+q_,

From 2nd equatlon we get Ty= 9p 3 g 9q 9r + q 2p =>y=p+ 170 g _%

e

V;andfromlstequatlon wegetx_pit-Z(}H- q 7j 4(P+q

: 810
=>x=-p 7q+7

So the solution set of the glven system is e e i
8 10 - 10 9 '

(xy,Z) (p 7q+7r p+7q 7h p+q )( Aus)

M mple-11| Examine for con31stency the followmg systems of linex

equations and solve the one ‘which is consistent. [F=I& ﬁwq C@W‘I AUl
TSl AG1R 4 1932 AAYTTCRI mﬁﬁamnmw ]

@) 2x-3y+sz=1". () x- 4p+ 5z= 8
Sl el ) St 3x+ Ty- z=.3
Xx+4y—6z=1 [DUH1994) x+15y—11z=-14 [PUHIY

Solution

(1) The giyen system of linear equation is.
2x -3y 4+ 57 = 1 |
3+ y—- z=9

AV, |LAEQ£A+ 4}) — 67 —
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289
he system to echelop £
e ™M by meang of
ket Iv— 3y + Sz= lementary i
Iy =17z =1 [Lz' =2L,-3y,
Uy =17z=y '=20,- “]

‘2\ = 3y 158 —3 |
1 =17z

at] i
{fe systemm has 3 e Variable, 3 ; q 10ns 1n three unknowng, So

(ot 2= = t, where ¢ is Aany real Number,

Now from 2nd equation y-17,=1 :y_m

e 11
Fromlstequation:zx:_12+3+\51‘_-51=14—4t Tiesdp
SRRt 11 Dx=

=t where tls any real number (Ans )
i) The given system of linear: equation is -

X 4y+ 52_ 8

2 ST R SN .
: AN TR P EH e
RN LA A ot LA .

x+15y-412=-44 f'Lff?ifff?“”‘“"“T“”,

~Reduce the system to: echelon form by means of elementary operatlons
(x - 4y + S5z= 8 ju 3L

ey 19y =16z = -21 [L3 L2 :I
[ 19y —16z=-22

o (%7 18082 50 oBuies 1 woiraugs s o
~. 19y—16z—-21 L' =Ly- L)

: 0= -1 '

Thus the given system has beerlrg_ly,ged to an echelon form and from 3rd

stem is
‘quatio = ich 18 not true. S0 tﬁe_g'iVBn sy |
mconsrstent

Hence the grven system has no solutron (Ans )

|

Tl Do s | ‘ bandcunder
Determrne tbe relatlonshrp among the constants a,

T A
"hich the following system ‘has a solution. [, f;zf::s; C]W :
3 s e CEIGA St Ry o

AVAILABLE AT 1
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X+2y- 3724 |
2%+ 6y ~11z=b [NUH (Old) '10; NUH (Npg '06; 1
X=2y+ Tz=c | : , UH'06]
%_ The given system of linear equation is

’x-l-2y—— 3z=a
2x + 6y —-11z=D
X=2y+ Tz=¢ -

- Reduce the system to echelon form by means of elementary Operationg,
[x+2p- 2= a (1= 1a-201]
~ 2y— 52=b—'2¢1 N L3'=L3—L1
i 4y +10z= c-a af
,’x+2y.—.—32= " a P :
s iy ospaie beda Ly =LikdD........ kel (1
' L ,_O—c+2b 5a ol T :

This system is in echelon form From 3rd equatlon of (1) ifc+2b-5,2 g
then the system has solutlon : ; at

Thus the requlred condmon is 5a 2b —-c= 0 (Ans )

rExampIe-B When a system of non-homogeneous lmear equauons 15 said to be

~ consistent? Ascertain whether the following system is con31stent if it is, find a[]

solutions. [eFmae I FRwwriea e TN TS = T fims
mmmﬁrm mfmmeﬁwﬁamm Wﬂe:ﬁwwﬁvfm )

{25 - m+ 2x3 - 2x4 i e [NUH '98; DUHY|

~of the form 0 = a exists. '
Given system of linear equations is
2% = Xy + 2%y 4+ 2x, =2
3x| + 2x2 —4x3 o= 3x4 = 3
| &educe the system to echelon form by means of elementary operatlons
'. X+ X —2% 4% x, =1 :
£ el 3x, + 6x, =0 ‘Lz =L2“2Ll]
AVAILA] L[AT— xz +2x3 5 6x4 = 0 ’
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System of Linear Equations 291
(5, + % =25+ x =1
ol emmeen =00 gyeap gy
(x, 4 X3 = 2x3 + X, = 1 tmdy
X, — 2x =0 7
~ < 2 _'__,a L ' l ...................... (1)

Jbove system is in echelon form and has three equations in four unknowns
P oit bas 4 — 3 ={T\ree variable, which is x;. Let x, = f (param il st
:I:ny reaiamber. \-l. _ '
yow by back substitution metho@ from 3rd,. we have x,=0.
fom 2nd equation, we 'get' X3=1t;x,=2t .

o from Ist equation, we get x, =1-2¢+2t=1 |
qihesolution set of the given system is : (x1, X2, x5, %) = {(1, 24,4,0) : 1 € R}.(Ans)

15 , a system of linear 'equat.ions said to be consistent?
{in wheather the system below is consistent; if it is, find all solutions.

Wﬂwf CRIG I ety ZA2 Ficsa caBar i R Rt iR

BN R e el 0 INUH 1999)
<.’2'.5::1'-{— X —2x,— x= 5
X+2x,+2x; +4x,= 6
& X4 X+ Sx, o+ 6x,=—2

A system. of linear gquatioh is said to be consistent if no equation is
fihe form 0 = g exists. | | - \

liven system of linear equations

f

X - X +3x+ x=-3
42xl + x, S =2xy— Xg= S
X+ 2x, + 2x, +4x;= 6
k X, + Xy + 5x4 4+ 6x5=-2

Ucing the system to row echelon form by the elementary row operations.

'x, - X3+ 3x,+ X =_"3 :

Al x2+2x3._8x4_.3x5= 11 L) =L,-2L,
< 3'.=L3_—L|

’ ' 2x2 + 3x3 ey 3x4+ 3x§ 2 9 s .
| Xy + X3+ 5x4 + 6x5 =—2

AVAILABLE AT
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Linear Algebra

X = Xt 3x,, t+ Xy = =3
~ ! %ty - 8, -3k = 11 B;'=L3~21Q
= X34+ 3xy 4+ 9xg =13 4=L4"L2]
( = Xy + 3xy + 9%, =13
| x, = X3+ I+ oxg= -3
~ Xy + 2x, - 8x, — 3x, = 11 et (])
| — X3+ 13xy + 9x; =-13 ' ‘

=

The above system is in echelon form and it has three €quatig

} ) ) DS in
unknowns. So the system has 5 — 3 = 2 free variables which gr . "

- i i are X4 an
Hence the system has infinite number of non-zero solutions. Gy

Let x,=sand x5 =1, where s and t are any real numbers.
Then from 3rd equation, we get x3=13s+9r+13 - o
From 2nd equation, we get x; = 11— 2(13s+9t+13)+8s+3¢ .

- o =S18s-15t-15
and from 1st equation, we get xy =3 +13s +9r+13-35-¢
So the requlred solution of the given systétfl of lmear equations is
%= 105 +8¢+10, 1, = — 185 — 15¢ = 15, x; = 135 +91+13,x, =

: § and x; = t,
where s and ¢ are any real numbers. (Ans)) - - .

Solve the following:system of linear equations by the elementary
row operations. (e st 7 Raeicentee i - HIRJT A 3]
. WAy -2 g0 L S
J2a+55 =35 - x,=1

35 + 8x, —4x, — x, =2

[ % + 5%, + x4+ 2x, =3

Given system of linear equations

rx,+2x2—2x3— x,=0
2+ 5% - 3x, - x, =1
3%+ 8x, —4xy - x, =2
| X%+ 5% + x4+ 2x, =3

Reduce the system to echelon form by means of elementary operations.

R X+ X3+ x,=1 iz:‘____"iznii’
C2xy + 203+ 2x, =2 s ey

4 =Ly—L,

AVA;LABL[LT 3x2 + 3x3 + 3I4 = 3
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i 7 . —‘l.““‘l\lllb » 293

| *2‘2'2’% ‘=0 [[Lq'=L3~2L2
gystem 19 in_cchelon form anq ¢ has tw
1:0‘ Cihas 4 - 2=2 free variab)
" g0, ©, which are x; and x,. Let x, =
‘\m s and 1 are any real numberg, 3 1. Letx; =
1C

tution method |
" kqub\ll from 2nq Cquation, we have x,=1-5-
\

s thuatlon we get xl—-.z(l_s_t) g g
)

I f the given
y lution sct of the given system is - (X1, X3, x5, x4)

SHls+30-2,1 -

1.
4s+3¢-2,

—4,5,0):s,teR}. (Ahs.)_

@ Solve the following system of linear equations by the Gauss-
Jimination_method. [

ﬁmm—ﬁﬁhﬁmmﬁ"

x+ y+2z=9
2x+4y-3z=1
3x+6y—-5z=0 S T e s m '

@ Given system of linear equations

e et SN~

x+ y+2z=9 K3
2x+4y-3z=1 b it
ABxk 6y =i5zi=mludt ¢d mdbagh. i o

sucing the system to row. echelon form by elementary operatlons '
|x+ y+ 2z = 79 ;.

- Tigens zL]
2y— 72"—17" S =Ly=3L )¢
By=Mz=odl i - a i v
x+ y+ 2z=" 9 4 b8
y__lz_ _'.l%i' [lq' Lz] AR "
3y—llz—-—27 R LSt v
x+y ¥z B |
~ y-ke=TE ] [L"'.":_L,Jf—.gLﬂ‘
._.%z= -—% ‘, 3 :
k x+y+2z= 9 7 'é)L] 2
=~ y-lz=-% U sl gires ol
z':;-;' 3 ‘ ’ Ry

AVAILABLE AT
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4
4 Linear Algebra
rx +ldz= B —
2 2
S I }’—-;’-z=—121 [Ll'-”L]"'I/l]
z= 3 | |
7 1
\ ' L;' =L ""z_-l’-’
~ < . h +—;-L3
‘ s _ -
Therefore, the required solution of the given system 15 X = 1,y=2,z 3 (Ans)
- - | iy uations. [ﬁtﬂi
Example-17| Solve the fo_llong system of linear €q | qussm

Reducmg the system to row echelon form by the clementary row operations.

(5 + x =35 =45 =1
21,,+2x2.+2x3-3x4= 2
<2x,'+ X+ 5%+ X = 5
3Jc,+63|c2 2%, + X4 = 8
Solution lecn system of linear equatlons
-fx,_-l- x, —3x; — 4x4—-—l
23, + 2%, + 2% — 3%, = 2
.'42x,+_x2+5x3-+ X, = 5

: 3xl+6x2. 2x3+ x4 8
rxl'f‘ xz— 3x3— 4x4 1
8x, + 5x,= 4

= 'L2+llx3+ 9x4= 7

3x, + 7x; +13x, = 11

Y 8x; + Sx,= 4
—X+ g + 9x, = 7

3 40x; + 40x, =_32

J 5 By e 1_3x3 - 4x, = —]

I

(L4

'=L,—2L,
'=L3-'2L|
'=L4—3L

=L,+3Ly)
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i/ Bétermine. the values of A and M such that the follomng system
fons has (1) no solution (if) more than ope solution (;/) an unique

Jm[xmu-‘ﬂ‘“ﬂ’ﬁ”ﬁﬁ‘fswvﬁwﬁvﬁ%ﬁwm@ "
mm(n)mﬁiﬁwm(m)mwmu |

x+ Y+ z=6 Lhin ot m A oty
. _<x+ 2y +3z=10 [NUH '09 NU (Prel) '09; DUH '93 JNUH ‘13]

}
* uton| The given system of linear equation is

\ x+ y + z= 6 v

'<x+2y+3z—10 o

| lryen=p i

}

*’J”W the system to helon form by means of clementary Operanons

: x +y+ A i L ~ ,
.~ - 4 [fz _L'z ] R 1)

y+ z = :
‘3ab0Ve System ls 1 cchclon form NoW we: consnder the. followmg three cases :

]fk =3 and p # 10 then third equation of
10 0 which ‘is ‘pot true. So fhe's
Tr— YStem ~— has no solutmn for A =3 and p# 10. (
. ‘o hird cquatlon of
WI“ 3 ;ne(:: }t"izml (t)'ortrl:leﬁatgii; two equations in
2 _ 1 free)variables which is (z. Henc
(me 80 ution for A = .3and = 10 3

(]) is of the form 0 = a, where a
ystcm {s ‘inconsistent. Thus the

1 ) vanishés and the system
three variables. So it hag 3

L -

AAAAAAAAAAA
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302

Lincar Alpehra

({ii) For g

Unigye : " |
2810 j.¢. r 1€ cocllicient of 7 in the 3rd equation Must }, |
Unigye oy na p may have any value. Therefore the given Sytn: No.
for A # 3 and arbitrary values of p. ' ™ hag

) ,‘,.«" .
bctcmline the values of A such that the following $Yste
- tions has (i) no solution (i) more than one solution (jjj) ,- i d
Tatefl. [\ -3 gt Wi By 9 i v FiERRS @@ B g o e
(1) ST TR, (i) exifes STl e i) e S 1 ity
X+ . y— z=1 “
2x+3y+Az=3
X+Ay+3z=2
[NUH 2016, '70; NUH (NM) '90; NU(Prel) '05; DUH 06, j;y,

The given system of linear equations are

'06/

x+ jlé z=1

2x+3y+Az=3
xX+Ay+3z=2 | _
Reduce the system to echelon form by the elementary operations.
'x+pﬂ_y_- =1 e '2L
~ Cyr(Az=1 L’,;Z:L ']
| A-Dy+  4z=1 ? :
(x+y - s :
~ 4 y+ A+2)z= 1 [Ly=L;-QA-1)]
L #-0-DA+)z=2-2
(x + y.— LB v
~ 1yt Q+2z= 1
| (6-A-)z=2-2A
'3+y— 2= 1
SO T G (L ) L R B v ¢))
. (3+X)(2—7\,)2=2_x

4

+ This system is in echelon form. Now we consider the following three cases -

® From.third equation of (1), we see that if A + 3 = 0 or A = -3 the? th;
equation becomes 0 = 5, which is contradiction. Therefore, the $ys'™"
inconsistent if A = -3, Thus the system has no solution for .= =3-

- ; - | 0
() We know, if the number of variables is greater than the umbet
equations, then the system has more than one solution.

AVAILABLE AT
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L yoiUL UL LinCar rquations Ao

. third equation lOf (lg; we see that if A =2 then it becomes 0 = 0. In
(( 1 LRI - ’
tf,q case the system has three V_arlables within two equations. So the given
'h‘:tcﬂ‘ has more than one solutionfor A =2, :

" : ‘ :
qow, if the number of variables and the number of equations be equal,

e stem has unique solution. T .
the S) n. The system (1 h .
e ) %0 = A% -3, A% 2. (Ans) (1) has an unique solution

) -neaill have (1) an unique solution (i) more than one solution (1ii)
* ion- [+ © i -3 BoF A =S T T o s s it coneea
mem@ (i) iR ST A (i) o TR I A A 1]
2x+3y+ z=35 fss » ‘
3x— y+Az=2 [NUH 2015,'14,'02; '01, '00; NUH(NM) '07]
x+Ty—-6z=p.

wion] The given system of linear equation is

2x+3y+ z=5
Ix— yt+tiz=2

x+Ty—-6z=p
fuce the system to echelon form by means of elementary operations.
2x+ 3y+ - z= 5 Ly =20L,~3L
: _ : = 2Ly — oLy
1ly - 13z =2p-5
2x+ 3y + z= 5 :
oy ~1ly+ (2A=-3)z = 11 (L =Lyt L) e (1)

2(h—8)z = 2(1-8)
¢above system is in echelon form. Now we consider the following three cases :
| For an unique solution the coefficient of z in the 3rd equaﬁ(?n'must be non-
210 i.e.. A # 8 and p may have any value. Therefore, the given system has
an unique solution for A # g and arbitrary values of p. : e
) IfA =8 and p = 8, then the 1) vanishes and the system

: i .Soithas3

will be in echelon form having mz:e‘:narl;:l;soreoﬂ:anhisne '
~2= | free variable, which 1S 2 o '
Solutionfor).=83ndl1=8' i =g wh =

i) If \ = § and p # 8 then third equation of (‘1). » ot the-s‘ff r;l 9rhu§,t‘l:,e gcsfém o
L —8 « 0 which is qot true. So the system 15 INCOMSISIBLT: Tl s T
has no solution forA=8 aﬂ,d p#8. (Ans)

AVAILABLE AT
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. Lincar Algebra }ﬁ
~ Llcl'lninc the ‘ 1%
[ el o ) : valueg of A such that the followmg SYStem o “ {Cﬁ
)\, -3 ()lllll()n (i Ot} '09
SUE e 1) more than one solution (iii) a unique Megr
(i) R s - AP TS AR ST o ¢ on,
VAT (it @ spsiigar otieap ] ') iy \
Tt y+dz=
X+ Ay z=1 NUI 2013, 2010, '03, '00; Iy
UH '14. :
. NEH i 4 Juy 0 .;uf"’"
The given system of linear equation is
X+ y + Az = l
x+Ay+ z=1 4io2
Ax + ’ly+"z =1 y
- Reduce the system to echelon form by means of elementary operations, g
: (x + y+ J\z—’“‘vl i ¥k
~1 @-py-@-ne= 0 [EIRoL]
L -(7t-1)y,-(x2—1)z=1-x s e )
Fr i Y+ ' 2.2— ! G
o~ 4(%.—1)}"— ' (A. 1)2 =1 0 ‘ [L3 —L3+L2] d‘&b'
S e —(>3+7t 2)z—1 A | -
(x+ @ y+ RS Y TR ~~'1-'f_-' %) WB
o Ty A =Dz =23 <04 i () ml
- —(x+2)(x Dz =11 T e
ThlS system is in echelon form. Now we con51der the followmg three cases: %
(i)  From third equatlon of (1), we see that if 7\. + 2 0 or A =-2thenthe
equation becomes 0 = 3, whlch is contradiction. Therefore the system is. ;
-inconsistent if A, = -2, Thus the system has no solutlon for A =-2. ™

3
-

(i) We know, if the number of varlables is greater than the number of
equations, then the system has more than one solution.

From third equatlon of (1), we see that if A = 1 then it becomes 0= 0 h{‘l
this case the system has three variables in two equations. S0 the glVe
system has more than one solution for )) =1. |

=y

. :

(iii) We know, if the number of variables and the number of equations b¢ ?3‘13
then the system has unique solution. The system (1) has.a umque solut
if(A+2) A-1)#0=>A#-2,4#1.(Ans.)
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