C —
| MATRDIALGE HAPTER THRER]
3.1 Introduction | | .

- J.J. ,Sylveste‘r was the ﬁrst .'man w
matﬂx' in 1850 and later gp in 1858

ho lntroduccd the worq
Atthnr Cayley developed
Mmatic way, Matrix ig 5

every branch of sclence and especi

Mathematics, Statxstxcs Econom1c
3.2 Deﬁnition of matrix

ally in Physics, Chemistry
s, and Engmeermgs.

A matrix is a rectangular array of numbers (real or

complex) enclosed by a pair of brackets (or double verueal T
rolls) and the numbers in the array are callea the entries or
the elements of the ‘matrix. that is, a rectangular array of (real .
‘or complex) numbers of the form |

| a11 LAy e VA
L-. aml ~am2 ooo: ; --c_; amn _._ |
is called a matrix The- numbers a11,813i%.v biiy Apn-are.

' called the entries or the elements of the matnx The above
“matrix has m rows and n columns and is called an (m xn)
 matrix (read "m by n matrix"). The matrix of m rows and n .

* columns. is said to be of order 'm liyzn" ;)rr m x n. The above |
i=
matrix is also denoted by [ a,j] j=1.2..

{: sl
The m horu:ontal n-tnples (ayr. @20 - . ayn). (321, 223

atnx and
az,,) ...... (aml ) Bmay - a,m,l are the m rows of ihe m |

the n verhc& *n-tuples ‘
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an1/[ an F,am i

' i.lmlJ L A2 'amn x| W
its n columns. The clement a,;, calleg the j lentry
A

are onent, appears in the i th row'and Jjth COhmm M
j-comp P ‘
ij A matrix consisting ol a singlc row is-calleq Aroy matn-
( )

(or row vector) and a malrix consxsting of a Smgle

orr

; mn is
called a column matrix (or column vertor} £
Matrices are gcncrallv denoted by Capltal Iette

etc. Square brackets[ ], or; curvcd brackets( ).. or,
of parallel lines ”

’I\‘VOP

nOtaUOns

Y

A
|| are used for the mathematxcaj

of matrices. In thls’book we wﬂ] use the n
Examples of matnces

1 0 -5
ExamplelA—[z -3 7]

the real fi¢ld IR and also over t
The rows of A are (1, O 5)

e (o). (Jana (5).

27 0 _'i""'

otatlon [ ]

is a matnx of or der 2 x3 over

hc complex ﬁf‘ld C

and. (2, -f--d, 7) and _itsfccilumhs

Example 9, B=| 4. | Is a matnx of order 3x3

i 3 1+i _#5_3, e pne
' over the complex ﬁeld C |
The rows of B are (2 0, 1)

9 1, 4) and (1 4.4, - 5, 3)andits -
| ¢ S “l‘“' “.-5 ' 3

i 0T e if
o 3] ang B=[h, ] are equal if and 01]1"6 |
ne. .
nmn]~ Of al 1-—0, il and 4 only if {hey oontain the bf“b |
il ,foran Va]ues' { iandi ais llumbu Ofgplpxl1,r1§§ﬂ_ Y
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3.3 Addition and scalor multiplication of matrices :
Addition of matrices is defined only for the matrices
a\'m*i same number of rows and the same nuniber of

: ]ohmm“ Let A and B bc {he two maltrices havin;J m rows and n
~ columns. 5 |
.‘an Baw o e 8 ]
. c.Aﬁ-la;jl=' i) am ¥ w20 and
l | dmy ‘am2‘- e i@ | B
| . "‘})1'1 . :’glz i Gbedh '-bllﬁ 2 '
(= [ o2 i A7
: 1}ml bm?.. R ,-? . Dinn’ L -
-Then thc sum of A and B S |7, o i 081 2 B2 o
Fay +bys _312 +,b12'_' ‘Lotap +bi
AR = aq) + Doy ,. gy +1)2'2 .-« Qgn +‘r)2n

| \_am] + bml amg ¥ bno e a,.,','\,,~_+‘ By |
The multlphcatlon of matrlx by numbers (scalars) is

defmed as follows ’I‘he product of an (m x n) matrix A by a
'number Kk is denoted by kA or Ak and is the (m x n) matnx

obtamed by multlplymg eVEry element of A by k that 1s
ka” kalg .‘.. kam B ‘
kas, 1{322 : s kagn ~

—
=

kaml kamz lxam,, :
Wealsodeﬁne A—(— l)Amd A B'= A+( ‘B).
If the matrices A, B, C are conforrnable for addltlon and if |
-k is any scalar, then we can state that. " il el » | |
(i) A+B=B+A (Commutatxve law) = " |
‘(ii) A+B)+C=A+ (B +C) (Associatlve law)
(1) A+O OrA A ! -
(iv)- k(A+B) KA + kB = (A +DB) k.
“where O is the zero matrix of the same or de1
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!
For examples, if A = [ 3 c; ] andB= | 2 7] i

‘ _ 1142 (~<2) + 7
Cen Aen= [ 311, 5+ 4

2,\,_,[21 z‘u)] [z

~2-~7
and A-B= [3 (~5) 5-4] [3 ]
3.4 Matrix Multiplication

...29

if the number of columns in'A tiplica,
is equ lon
in B. | ual to the Aumber of 1,
S , bl
LetA=[a, a, .. anlandB b2
; v Bn o MR

The AB = [alb1+azb2+ +anbn] [Z ab,} \
1
Agam let the m x p matrixA

[y} ‘afd the pxa ma
_[bg]thenABisthemxnmatrix : sl

C = ¢y ] where
G= anbu +a,2b2_, +a,pbg }_’,a,kb,q

{J 1.2...
- U=1,2..

If the matrices A, B, C are conformable for the indicated
sums and products we have the following properties :
: (i) (AB)C A(BC) (Associative law)
{ii)  A(B+C)=AB +AC ;
(ii) (A+B)C= AC + BC’} (Distributive laws)

“(iv)  KIAB) = (kA)B = A(kB) where k is any scalar.

Il

Remarks In the mdtrix procduct AB, the matrix / A is; a ‘u

.the pre- multipller (or pre-factor) and B is call |
~ postmultiplier (or post-factor)

i
)

P~
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‘ g il fol =86 e |
ForC,dePlC_S"lFt'A: [2 0 ]and 3= % (q):‘

)

1% (3) (2453 11+ (-3 4+50 |
tmnN3 2140 (-2) + (=13 2 1)+04+1) 0

[1+64-15 _—1—]2+0] [22 -13 ] ,
;. 2+40-3 -2+0+0 =1 =2 § ..
1 -'3 5 :
A:{—-?, 4}[ ]
B ‘ L3 0 2 O g g R
i {114&n l(J+FJ s ER 1)

(2)-1+42 (2 3+ 0- 25+ 4. =1 |
13:140:.2 3(3+0:0 354 0 (—1)'1

NN G, 6 -14 | . AB=BA.
3 -9 15]

5 Transpose ofa matnx ik :

- Af A isan m x n matrix over the real ficlfl.‘IR then the
nXx m matrix obtained from the matrix A by writing its rows .
as columns and its columns as rows is c'lllcd ihe transpese of
A and is denoted by the. svmbol AT. That 1s if A = [ ay Jisan ..
_mxnmatnx thenAT = [aj,]lsann ymmairm -

S | 12
v b B A R 10 5.7 : 0 3
- For examples, 1¢t'A'='[2 3 -1 6] UmA” 5 -1
g SRR e T : L= 8
3.6 Complex conjugate (o. conjt.gate) of a matrix
The conjugate of a complcx number Zr=. X ¢ + iy is the .
CQmple}. number Z = x = iy. If Ais an m X n maum over the

.;LOmple‘c ﬁeld thcn we say. thqt lhe conjugate of a. mam‘( A is
the manu\ A whosc, clements are respee v ely the mnjucfak&-- |
. of the (.k:ments of A. That is. if ’-’g’— [ al,] dmn A = [’iu]

* Linear Algcbm—? | |
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i A=

T \\’('”’”
for t

{hen A=

q]lcd rcal pxowdvd it Satiqﬁ

. e rq;”"
X
pefinition Imaginary I matri

aginar I’rovido
A matrix A 1S € .ﬂlud im g y d 1( Satis i, "
Jﬂ@nA"”A

3.7 Conjugate transpose ot a comple:: matnx
“The conjugatc of the transpose of a given Co'nplex "
3 i said to be.the conjug‘ate transpose of A and i e b

% | e I Tal
"moted by the S)’mbOIA That IS, -
1{ A_[ aiJ il 1sacomplex matnx then
“(AT)"[ ] 1 |
| ' £ 1 '. l+ i
For examples, 'A = & 2 2 i+ 31
sty 5 1+21 5 S0
‘then ‘A*‘_‘ N e _1f—_2~i" ol
coLl- 223 -5 P
r':S',‘_?ﬁ’/'i L3, 9~ 51} s
andlf B" & 1+61 3+21
5 71 -41 ‘
thcn B* I o T
L2 51 3 i
38 Special t}’Pcs of mam

CCS with cxamples
Sq“ﬁf“ Matriy .

: -
co] Y matrix with thc sdame numbcr Of“’“S =
umns ismlled a Sqwu'e Mty
f Im L\am “f 31 12-3 1 P
gt pleq ,5 2 dnd[O l ~5]u( squdlc maince&‘
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'MATRIX ALGEBRA 99

Recttmg“h“' matrix : The humber of rows and cohimpis of a
patrix need not be cqual

when m # n i.e thc number of rows and colurns of the

pray are not cqual then the matrix ls knOWn as the
| mngularmatrlx. St 4

; 1 -1~27] [1-1 213
Forexampes 29 3 50 and ,2

- are rectangular matnces

_pl{gonal matrix A square matrix whose elements ay = =0

when i#] 1s called a diagonal matrix

" r2 00 La TR Voapzed
For examples [0 2]and[0 -3 O]are dxagonal matrices.
Lo 01 N |

A dragonal matnx whose dlagonal elements are all equal
1s called a scalar matnx | '

Identity matnx (or Umt matnx) e 4
A square matnx whose elernents a,j 0. 11' iz j and
= 1 1f o= _J is called the identrty matrix or umt matnx

. I 1 000
= , 1 0. 0] 1 e:120.01

“For examples 010 and 00 1 0]are rdentlty
P RN 9 W [ T T e O

| matnces of order 3 and 4 respectrvely

Zero matrix or null matrix : A matrL\ in which" e»ery

elernent is zero 1s called a null matrix or a zero matrix
: 000

- For examples, [0 0 0]. and{g 8 8] are zero matrices e

Upper and lower triangular matrlces il
" A square matrix whose elements ay=0 for i> j ls called an

| fupper triangular matrlx and a square matrix whose elements -
aij =0 for i<j is callecl a lower triangular matrix

. S
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. _lOO’ COLLEGE. LINEAR ALGEBRA v 4
For cxamples. 01-2 and| § 4 4.
| 00 7 5 o 3

arc upper triangular mal rices

| 800 10 0 07
* and| -120 ‘12 g ? 0 |are lower triangila,
‘ 371 Y, 0 _ matrlces

371 6

Symmetrxc matrix : A matrix equal to its tran

square matnx such. that a.j = ay - for L

symmetrxc In short we can say a s
- symrhetric if AT =A. . i

- -.jﬂahg 12 %
Fore;u.amples A='h b andB [ 25" F
LRSS g frieids as "'-5»'3 T 3.
are symmetnc matnces 20 il RSCAEL LB
).A and - AB are also symmetnc if l is'a scalar ,
Skew—symmetnc matrix A matnx equal to the negatwe

1of its transpose ie asquare matnx such that ay =-a and in

Spose i.e a
S JSn 1s said to p,
quare matrix A wil] he

Wthh therefore au & 0 is saJd to be skew-symmetnc
' Al B¢ 0 h gl a0 1 =2
Forexamples A— -h 0.f andB [ -1.0 3

_ v ,W—g fO .'2-.;—3 0

are skew-symmetric matnces Y % .

Hermztian matrix If A = [ ay ] 1s a square matrix over the

then A is called a Hermitlan matrix, ..

- complexﬁeld andA*-(AT) A ieau_ aJl forl,J_l 2
‘ 2 2 ‘5

¥ - For examples. A=|2+81 Y ]a'nd ' el

; . '.B: ....i . 3 : 5+3i ]are Hel‘mitlan lnatucc .
1+’>1531 -‘ wi LA E

J
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In this’ case diagonal elements of thc matrices wil] he real
numb(‘rs | : . , R
skew-ﬁermitian matrix : lf A ® l ay ] is a square matrix
over the complex ﬁeld and A* =(AT)=-A le ay=- 3jfor

ij=1,2, D then A is cal]ed a skew—Hennitien matnx

g _A 2i 2-3i 317
. For examples A—{—?- ~81° 15 1+i.\a‘nd
"t g Hailen 8/ o T S I O Pl BT T

‘ IR e T D T R L S Ao :
B= {-’- 1-i - 21‘. i }’afe'skew-Hennitian ~rnatri_ces. -

In ‘this case dlagonal elements of the mamx w 111 be e"ner
zero or wholly complex | number | ,_’ g
| Orthogonal matnx A 'real square matrL\ A is sald to be
orthogonal if AAT ‘= A"' A=1 '

) that_is 1f AT A'l (the 1nverse of the matm A) i

100

S ©f Ol ©

001 0.

4,, b

| qufeﬁca,rnpies;‘ ..’A;-":.: and

S r’ .
ol @I N O
N

1+

W= 0100 (G s 10l "--

Yol W= WINGT
— e -' J

I8N

| are orthogonal matrices.

' ‘e ”

Sl

W WINC

-
-
>
-

lgragss 0%, 0 |

=

l

A Idempotent matrix : A square matrix A is called an
idempotent matrix lfA2 —f 3 wh & i kot Daraeall

ATt Nu LI
v o d €rasd u

‘ - i 3 5 “1-»"'2' .2 -,_4 2N ' "" ; ‘
: 'FOr'e_xaIllple,s 1 -3 -5 zmd e U o Rer il s e
ey -,-1, 3 5 , 5] -2 33

: T ey s . #ed ey s g , R
axe 1dempolcnt matrices. ; A ke e ke

4'3-.-341.

}J;.
AN
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matrix of ordor nif A" = 0 and An 4 g thrp i is Mlpg Poty,
integer and O is the null matrix, o0 a p%m\,

For examples, A = [ 0 o jand Bz[ 1 J
' o f &1
Periodic matrix : A square matrix A is called pe "oy
AT = A wherc m is a'positive integer , M

l
Nllpotent matrix : A square matrix A fg called 1
1
1

> B
2
g

COCQOJ

are nilpotent matrices of order 2,

If m is the least positive integer for which AMT o A the
’1 A
is saxd to be of period m. . .
1 2 67
For examplu A = —g 5(3) _g:l is ?,,_Per,i"dic malri
period 2.

Involutory matrxx A square matnx A is called ap

| ,mvolutory matnx if - Az -‘-I

For example A = [ 15 an mvolutory matrue

Unitary matnx Let A be a complex square matnx then A
is called a unltary matrix if AA* A*A =1 or equivalentl

'A"‘= 1 where A* = (& )T = (A1),

| fiinsiy o ik el
| Fo{»éxample ‘ \5' ﬁ |isa unitary matrix.

A \[§ \/§ o

A
Normal mattix Let A be a complex square matn‘_\ tht":
, 5
~1s called a normal mutrix if A*A AA* where A¥ is

conjugate transpose of A

Fox example. A=-- 2+3:- 1 :Qi] Isa 'no'n"_ma] AmatrL\'-
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Let A be a square matr

‘ Lihcar Algcb@'
18

-2 ]

’ Y

! 2] undB‘-‘-[ 3. um

. ; 1
Example: 1 4 [3 B

[«2 ,l} =[o e s

” ,1v 2]
then AB=[3' 4

3. ., 2
Thcfeforc A and B are invertible matrices.
trix R )
1.8.2 Inverse ma . oo
- el TGS - 16/

ix of order n. If 4 i invertible i.¢., there exists a up
where 7 is the unit matrix, then the matrix B

: ch that AB =BA = 1, ) -1 < p— 4] -4
?a??e? iﬁvse:se of A and is generally denoted by 4~ and we write B=4" Ing

i . if B is the inverse of 4, then A is also the inverse of B. [ 35
Zfzgém:%:;fmlﬂﬁAﬁﬂMﬂ@mﬂﬁaﬁwmi
4 (@7 AB = BA =T, @I wrew WG | O WL B @Aj@ﬁ.,@ﬁ
T T R T RS A TR TP AR CN B = A 1 ey
Wit o 1 4 @@ Reidre s B =, O B @ f=tdte WGEH 4 T |

_ ‘ : 5 37
2. 3. e - 2 S
Example : Let‘A.=|:4; .5:'| and B =_[_ 2 2]

‘ 2 —1 '; “
] o e r o i -
_— 2 3 = it ] -5+6 ' 3—3] _[1 0]...

gLl g C ; v415. 15,

w3 g 2
- R | 4-4 6-35

ie, AB=BA=1 | -

Therefore, the matrices 4 and B are

other. So that, 4! =Band B '=4.

invertible and they are inverses of e

1.8.3 Minors of 2 Matrix’

Consider a square matri | el '
] o 2 where (4% 3 @ow f s 4 e

ay, ayy a);
: A= ay) ax ax \
as;: ay. .
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] {": ; {f{vc delete any one row and orie col

J For example, if we delete the firt
13 ”mﬁmﬂm A @3 mwmmﬂ: w12
| Aan e 2x 2 am Ba1-silie or% | Seiteaeran, 1 i oo T ety
%mmﬁmwﬁﬂm%l W ;

VIamIxX Algebra
umn of A,

T ARl ey

19

then we geta 2 » 2 submatrix of
fow and first column, we

get the submatrix -
s PR At At 2w s

[ 3 07.1]
L3 a1

DUy 5 e determinant of any such submattix is called a minor of determinant A [
g 2%/ i goe. :mmeq-mﬁmMMAﬁ*ﬂammﬁfmd )

- Matrjy p N Wy (92 I is a minor of determinant of 4,

B. 5 2 T’"‘H “2-'I ftes 4 @3 aafb sy |

N LS PR

3 ﬂemmors of ay, ayy, a3, a3, ay,, ay, ay,,

ay and ayz in | A | are respectively,
A7y ﬁ"‘@? - [[A] 9 an, aiy, ais, an, ax, an, ay,

32 TR a3; G SN TG |
A= ] i 423, @n Gn( |Gn an| (ay ay| |ay ag| |ay ap
' ! fj’;'zg apl’lay apl’ lay anl’ layy ayl’ |ayy gyl a5 anl’

2 Qi3] |an a; ay, axz,

‘L‘; ﬂzs” Iam ax ant a  anl’ -

] In general, the minor obtained by striking off the i-th row and J-th column of a
: ’O] = | matrix A4 = [@;]n x  is called the minor of a;in | 4 | and the minor of element a;is
0 1 j'“_._.,.,.,,:;., byﬂ_{,-j. ' | R | ¥ : , i
SHGE e e R o R PR L R ———— @ = e

T, B | 4] 97 0y G SR 0T @R ;97 ST M; VRIS I ]
184 Co-factors of a Matrix
| G i 4
f we multiply the minor of the element in the i-th row and j-th column of the
minant of the matrix by (1) */ then the product is called the co-factor of
€lement. Co-factor of an element usually denoted by the corresponding
il letters, symbolically | gt g | |
¥ 1" x minor ofayin|d|=(- 1) D 7/ . | 3
o wilices FrEs o AR e joen wwiE SR SR
W o1 3, o o @ BT STRe < 0 I SR
" oA PR A RIS S WA efe ) 7 | OIS,

™ x14) @ ay am wrgait = 1y )
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20 Linear Algebra
ay @z 913
For example, if |4 | = [ 92 azy |, then
asy 032 033 ‘
- ay +2|021 axn
= (— 2 % o
An ( 1) ay as ° ( ) asi ayn 1 13 ( [) 3 FIQ%
g : H gwl,
Jaiz ans | 242|811 413
P 1 = (e o 2+314 )
wf]) A 1 Ay = (=1 n o,
Ay =C1" " ayy an|” 77 D7 gy a7 &h a, 7“.
f . ! {a.i
a a : la a
341912 13| . en342]811 @13 3+3 |0
' A =] . fa2, A = f-l, f : ; A = l i1 ’11
and An=C1)" g, ayl 7% =D | .‘_’2_3 A () o o

3 4 7 ~ |
Examplc-4 If A= [—2 5 ]ﬁnd the co-factors of elements 6, -9. 5, -

7. 73
| %ﬂmmﬁﬁaw il b
| Solution| The co-factor of element a23, 1.e., 6 is V
=(--1)2'+3 3'- 4 ‘--(9 -28)-— 19(Ans)

The co-factor of the clement A33, e, -9is

33 = ("1)3 L | (15+8)=23 (Ans)

1 3 5 Adjomt or Adjugau of a square matrix |
- wifeem sege il A
f the matriX (A}

Let A= [ay], x » be a square matrix of order n, then transpose 0 [a,J
is called adjoint of 4, where Ay is co-factor of ay in | A4 | [ of, 47 p fﬁ
s p o o U, SR WG [Ay], « o 97 TN 4%
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' Lincarhlgcbfa
L e
10} (2) ; i]ﬂﬂdkl=i-k2?2’VCﬁ&(kl+k2)A=k|A-.}.kM'f
LI LA e :

, | . o1 2 0 i_ 2‘:
Now kAd=i|2 3 4=|% . b -
| ow K 4 5 6_ 4i 5i 6i

e vpor 2] (0002 g]
and kod = 2[ ¢l L8 10 12

So kA+ kA = [4

' -(k, + kz)A =@+ 2)[

4 5
0 2+i 4+2i]
+2i 6+3i 8 +4i
g+4i 10+5i 12+6L
o 1 2 0 - 2+i 4+
2 3 4] [4+2i 6+ 3i 8+4x}
4 5 6] |8+4i 10+5i 12+6i

Therefore, (k1 + kz) A=kA+ % [venﬁed]

[Example11] If 4 = [2 ]-andB'[i; ‘ ]ﬁndABandBA‘IsAB BA
["ﬁi-r ]WB [ 7_]?& WABG«BAﬁﬁwuB = pa fo !

(Slaan) Hier,

R ]

wll 0

Thus, AB#BA .

| :"Mple—lz IfA= [ ;

ax145%x(3)  2x(1)+5x 2]
.lel_-l_-3x(—-3) 1x(=1)+3x2

-13 8

(1x2+(-1)x1 1x5+(-1)x3
[(-3)x2+2x1  (-3)x5+2x3

-

L___; _29](Ans)

il

il

21 oo 1 Gy
4}3"[0 I 2]“““6':[(1) : 3 then "

’
4
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o 18 10 1 -1 0
G“"’“"“[3 4]’”’[0 1 2‘]"“"""’[0 1 3]
roo 1 -1 0] f2 -1 1
| Here, B+C= [0 3 2]+[0 1 _3]=[0 1 5]
LHS. —A(B+C)
[1 2][2 -1 1]
3 4dlo 2 5
- [240 -1+4 1'+10]
“l6+0 -3+8 3+20
2 3 11] g -
L6 5 23] g
e8! 2]F1 0 1] [1+0 0+2 1+4] [1 2 5]
Again AB=[3 4jlo 1 340 0+4 3+8/7[3 4 11
1 '2,'[1 -1 0] [1+0" =1+2 0+6] [1\1 6]
wd AC=[3 4llo 1 3)7l3+0 -3+4 0r2)T3 112
(ms.—,wuc o S ' |
ik 2.5 +[1_1_6';.
13 4 11J7L3 1 124
T2 3 11]
- Tle 523
Hence, A(B + C) = 4B + AC [Showed]
e o A0 201 b el 1
IfA [ B=|0" 1{and C [ ' ]thcn,prove
014 i ~1; i=2
| that(AB)_C=A(BC). | ST ; ,
| i o1 2
IM"HaeAB=FI & l] 0 1
———y 0 1 4l|;
[1+0+1 2+2+o]_[2 ,"4] _
. “lo+o+4 o+1+0]7L4 1]
L LHS. =, [2 4][ 1 :5] [2 -4 10- s] ['z 2] <
PEREUBC =| - )y 2af=l4-17 2020713 a8l

4,

s-4] [-1 1]
0=-2|=]-1 -
5+0) L1 5
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g‘ .

o HCI;CQQ (AB

48

8 | ‘ ol o Lpr
R‘.HV.S.=A(BC) =011 4l e | =
2l cpo2+1 ;_1é4+5"]=[,—'2f,2]§ g_
| "ol 144 0=2420)7L 3718
)C= A(BC) [Proved]
in the product : . [werwet foefa 3= ]

2 1 0 1 20731 &+t ;
3 o 1fx|2 00u 1 2|
1 .3 1 0 5]

2
0 Y
2 1 0 172 3 s
. DA SIND B (SO L 1 o I 041 5dei
SmceA 153 X3 andB i3 x4 productAB 1S valid and 4B 1s3 x4.

2 '_1 Le04pl e28-3°0 4 %
AB=|3 2 1|2 O 1 2|

L1 o L3 1.0 5
2+2+40 4+0+0 6+1+0 8+2+0'|
3+4+3  6+0+1 9+2+0  12+4+5
[1+40+3  240+1 3+0+0 4+0+5 ]

4 4 7 10
=({10 7 11 21| (Ans.):
4 3 3 9 S
; =~ 7 ..a,.,‘:.h x NS &,
Example-15]| Find (a) [x y] nlp ®) [x y 2|k b
7 JyJ | f

Solutilon (@) [x | ] {[Z Z: [;]}

= [x(éx + hy) + y(hx +: by)]
=al oyt oy + by = axz+2hxy+by (Ans)

oy affn s f] H}

- o ﬂ ax+hy + gz
-[x y z)|hx+by+fz |

+_[v+cz

Example-14] Obta!

~
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Matrix Algebra i | 49"

: -[t(a.x+hy+g2)+y(hx+by+fz)4 z(gx+[})+cz)]
ihy T = a? + hxy + gxz+hxy4by’4fyz pgzx + fyz Fczz
A= ax +by +cz +2(hxy + Hfyz + gzx) (Ans)

IfA [4 3] [ 7. ] then find the matrix X such that

3A+SB+2A 0. M%A [4 431],,B=[;- .fz]n;u,mxmmmw
@3,4+58+2X 0% | | T

' lSqunonl 3A+53+2X 0 =X= %

2>X=-3 {3[4 3] 5[7 ]
'__A _{[27 3] ]
-_2 12 9 35 60

- 1[27+5 3+25 .‘ o (
2 12+35 9+6O h '-‘?7: ‘

32 287 a
15 5| [16 7-14]
47 ee b AL <169 (AnS) |

i' ‘T?- o1 2is

[A+SB]

:L_"'EI“ [2 4 -1~ 3] a“dB [1 12 3] |

(2) Fmd32x4 matnstuchthatA X - 3B. [2x4WX’Iﬂ@“§ImW

- EAA-X= 3B - I R

) Fmda2x4matr1stuchthatA+2Y 413 [2x4ma Ysm'@amasa

 BWA+2Y=4BT | 0 b ~ -

§£!u_a_vg_(a) A-X= 3B=>X A 33

it 2 0 4] [z 1:.,.?0" ‘g

i - IO Tl NSO T I
w il 2 0 4] [6 3o100 94

2 4 —l 3] ¥ 3 ""3 i 6 9J O | i fogh ot PR ..
2 -3 4+3 -1—% 3 9 1 el ~T5E78, ane)

(b)A+2Y ¥ = Y=f213"—§/1] ‘L

:i
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50 { iniear Algebra

1}

N &ta-.

e <

[0 ] AV-J -~

B
(7,]
N’

 [Example-18) Find the values of x and , where [x 8 y @3 T ffa 3, L

X212 .5 ?qu—y-,. 0 -.3d" i

' 1 Give. x+y= T 2 /(1) |
Solution nxty |5 5] {Bos kg

[34: Q- fn el
and x-y= [0 3 (2) Bied

T+3 ofro]’y« ~

Addmg (1)&(2) we get Zx [2 +0 5+3)

> - "__1100],
AN xz.*»x 212 8"‘;'

x| g0 gt

-(.A“.S')"’[l -‘4]’y=[1:~, L,
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1§

\

|1 ;
0+0+1°
0-2+2
1-2+1

—_—
—

7/

SN

1 0

3_
A=

1

-1
-1
0

2
| 1

0+0+0
0+0+0

1 0

/1
2
L

0+0+1

-1 1
.

0 0

M1 =1
y IO |
1 0
[1=2+1
2-2+0
1+0+0
0 0
0 -1
1 =1

o .0
offo
ofl1 -1

0+1-1
0+1+0
- 0+0+0

O -
0 1 0|=I
0 0 1

1
0
0

=14

Matrix Algebra

1

1

e

O]then,shogvthat

I -1

14140
L2+1+4+0

—140+0

2]f |

1+0+0

0 T
o 1 0|=1 7

2 ke
1

1,2+1
2-2+0

14040

AA= AA =1 [Showed]

&3

,A(='A2A =AA2;I
1
o
0

1+0+0
2+0+40

[NU B.Sc Pass 2010]

1+0+0

’o+0+0';--[5
o+0+0 i |

7
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— s
U0 e iy

don] A2=| 2 3 -1[|2 3 -1|
g3 1203 472

i gete” ik de 3-l;2+6] i

Matrix Algebra TR g

g.5003 ' L
[; —; f] then, fitid the value ofA’ 2A2 94. [CUH '83]

o TRTIR YR WA T, i Y
1.1 -2 2111 -2 2«2 9 1
S Wi N 1 SRR T T R R

1772 1 31 33 18 4711

1 (|1 =2 2|=]14 -14 25

8JLlr 2 14 L1727 23 210 |
33 18 470 8. 6 1] [2 1 3].

14 -14 25(-2(2 9 1 [-9|1 -2 2

117 23 21] L5 -l 8 1" 2 %3

: [33—16—18 - 18-12-9 47 - 22 27]

14-4-9 - -14-18+18 25-2-18
17-10-9  23+2-18  21-16-9

=l 1L =14 5|(Ans) = =
=2 T -4l oA

3 —l] then ﬁnd the value of A 3A + 9I3
1 28 ‘ : |
41 [NUHZOI(I

2+6+3 -4+9-1 ~ 6-3-2
| 3+2-6 6+3+2 —9 1+4

12 =5 117
TRy v

S| 2 b 26

s A< 0L = 11 '4 1 -;3 2:.3 -1|+9/0 1 Of
; ‘ ! ' -6 L=3 Fivand 1 ER S 0. 0140

¢ LT . Fa s

2 f=12 "3 #;9\ ik 6 ¥0. vip Ll @b O i B 80 R

= 11-6+0- 4- 9+9 ‘1+3+0 S A
174940 11-3+40 6-6+9 1 (. oo
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Example-47| If A =

P

o

—

Linear Al gebra

2
4

(Ans)

1 then show that A3

3A2

A+9[=0.

O

-1_

Solution

o2 o2 1y
4 =10 1 -1jfo 1 1|
3 -1 143 -1 10T

rlxl+2x0+1x3
Ox1+1x0+(-1)x3
3Xl+(-l)x0+1x3

lx2+2x1+1x(—])
0x2+1x1+(—1)x(_1)

‘3xwx,.|,+1x(-1)

1X1+2x(— )+]xl
0x1+1x(=1)+(-I)x1

T 1
-3 2

L6 4

36 04 4
- A3=A2A=[—3 »
. s Y P

3

3
2 . )
o
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68 LAORT AECOTSE

{9 1lmn ;’ 5 6]

[ Sotution] Given, A =

B 1 & &) E
< 1 "3 110 1] # 4 ( 5 6 X
LA »{ﬂ ’] *‘“{s & IE W 2 4 o} { 4}
I S‘I [! 2 2 ? . T
| jw,;)H-'ﬁffO Lf+]5 41=|5 5| |
- 1ol Ls ol 7 o)
; 0 14.[‘1- 5 e]
“ls 1 0olL2 4 0
J2 $ 7
17 §. 0.
and RIS, = (A4 + BT
2 Tr
=5 5
7 -i0d] 9%
12 5 7] |
L7 50

Hence, A" + B = (4 + B™)" [Proved]

" Example-'Sol IfA=[2 ;:I,'B#[Z Aﬁg]‘thcnprovetha_:(/t B =4

| Solution| Given that,

SR S ¢ 5 K s]
S SR ”"*[6 ‘2]'3‘[ 8

| [3+7 4+8
NOW A+B"[6+4 2+3] [: ]
" ¢ [10 w]

(Aw) [ 5

T 6] . I1 4]
A-g""-‘””-‘[4 2 B g 3

T, |3+7 6+4 10. '10].‘
A B [4+8 2+3] [12 5]

(A 4 B)" . AT + B” [vacd]

et -,,;;_M e RS
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£ Now AT [

: Mmﬁx Algcbm &
o |

B RN A 1
3] ﬂﬁd B ‘“[? 3 4]
‘Gm [A+BJT AT+BT]
(=3) +(=2) 1+4

Let,A [2 --3
N/
Qshowthat[A*‘B]T AT+ B"[

4+

A+B=

. [4+ BT =-[—-

2
3

1
o [2+3°
AT+ BT=|(=3)+ (—2)
: - LI+4
chcc ﬁ'om (1) and (2) we have [A + B]

' K s
2+3 ; -‘='

< . g 5 X ;
—5. £ OS31.
34(9) -2
AT + BT [Showed] '

—4’[3 “ andB [1 7] Provethat (AB) BTAT.[NUHZML
127 fos e

!

e :AT::

_"So ] lecn, A =

3 ;__4 and 1 7]

o ] |

FO+2:~*;_5..+‘14
15"_728

04

n 3
L2 - 4d
(1 2]
L3: ~4J1.]

and BT § skl
i
“ (AB) i [19 13 ....... R M T "","""*-"',"}(\1) -
l T T} 0+2 0-4
gam’ Le 7] [2 [

5+ 14 15 28:, [
0111(1)&(2) we get (AB) BTAT [Proved] B

-4

2 ]

9 __13 ........

4,_-' A0 - :f',,_-. " roi R eTh

-
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R g 1 [ d —-b] i 'ad-bc _ad“_bc'
ot ad""bc -C La " PR - e a (AIIS.)
S i w0 UL adsbe ) ad=be ‘

mple-53] Find the inverse of the matrix. (<sfba freifie ity ks 7 .

oo Let Dbe the determmant of the matnx then D= \ ; i\= 4= 6=_2

'3)] Au 4 A12—-3
B 4, {—-2 An=1.

E. . “_‘1‘ ‘[ 4 -] T2 1;”@;)’
“' g T s WL

&
e

S ple‘-56 Find the adJomt of the matnx [an@?ﬁa H? ’i@ sm@a SEREE

'1 1' *{.:"1
A=l .2 —3,

A(Ade) (Ade)A |A|13 53
A Ay An AW} Sl

AdJA transpose of | An An  An|
A:n Aszl AR

=3

2,

% ; A‘n = co-factor Ofan ln lAl "‘("l)l L
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241
Similarly, 4z ="

‘ | 3 9 ST [3 4 5]
: .Therefore, AdjA=|—4 o 10 3[= ;,—9_,,1,,.;, 4l o

| B 1 | O S o
CAlso(AdjA)4 =|-9 1 4|1 2 -3

Linear Algebra

| s L 1421
A,2=CO-factOrofa|2_m IAI"(-I.),-+ 2 3|=-9

A,3=co-factorofa|3 1n'|A|=‘(—l)”3 2 —1|==5

1 1] __ ezl .1
-1 3|’?"‘”‘”““‘" '2 '3|='

A23 _ (—1)2+3 1 - 1 =-3.’ AJ‘I, = (—1 )34’1

An=CD"" 3 =4,4n=(1""=| 2l=.1

B0 e Wty 1 O R 1 O

Also |4|=1{6-3) TR R (o E) R 3

 =3-9-5
ERAREE 5V ¥
% 11 13 4 5
Now A (4dj4) =|1 2 —3][&, 1 4J
Ul A llas 3t

=[3-18+15 —4+2-9 -5+8-3
Ll6+9-15 "—-8-1+9 —10-4+3

iRk 0 01 s TS0 O]
=[ 0 -11 0 |=-170 1 0}

3-9-5 —4+1#3 -5+4+1 J

-5 3 1JL2 -1 3.

—9+1+8 . -9+42-4 -9-3+12+
| -5+3+20 254612 5-5-9+3 |

L0 0 -1

Scanned with CamScanner
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s Vi Matrix Algebra '
From (1) and (2), we get B B

Au(Adj A) = (Adj) A=A 1 .:'[vaed‘] "

‘ 1 o -
4] = 5; _f g =14+5)-0(4-15)-42-6)=2520

So the matrix is non-singular and hence A exists. -

Ay Ap An| [4y 4y 4y .
Ade =| Az _A22 . Apn| = Ap Ap Azl
31 A32 A3 | 13- A23 A; e

The coffgc_:tors of the eléme_nts of 4 are

2.-.'5

| £ 2 s
; All=(—l)}+l -1 2 5‘

=9, 'A'lz‘?:(*l)'l i

A=)

CAp=(1P . T,|=14, 423:.(41)2”\"3‘ 1|7

A3l=(‘1)3ﬂ 2 5 =
10
=2 T
b T 4 g ~

o Adj.Aé[ 19 14 '3] | ﬂJhZM?

-4 1 2

A3 2‘('1)3'% 3

...,A e : 3 19 14 3
| Thus 47 =5 [19 14 3]= PR e
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- "Linca',r}Alngf.a
16 D

Is each matrix has invcrse-matrix? Give reason, [% :m% _

Example-60

e |
-1 2 -3

o) 10 [Wﬁ%m%g

4 -2 5

Find the inverse matrix of 4 =

INUH%

Every matrix has no inverse, we know inverse formula of 5 maty,

Solurion

i & A | Adj A.
Therefore, if |4 |=01i.e., 418 smgular then the matrix does not exists inverge -

Y 2 =31
Given, 4= 2 1  0f
4 -2 s
2 3
1.0
9

Now, |4]= (-1)5+2(-10) 3. (—8)—-—1;&0

1
2 .
4 -2

So that the given matrix is non-smgular and its lnverse exists.

A“ A12 _A|'3 T f’-‘v A s
Now,AdjA=|An Ap Ayl ... (D) %

3l A3z A33

. ‘ RGN Y
Ay = l '

8 - | (Ansy
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. i B_IA—1‘=[; 0] : O] [_1 :I ......... (2)

| prom (D& @), @B = B4 [Proved]

J N e .1 | |
—‘-1 63] If A = I then what is 4-! - o S04
Example- : 1at 18 A7 Ifi: 2 g s then find 43 and

} 10
=TT AT R afig {2 <l

ﬁi- _ 10
- [Soton] '

‘g] T, O3 A @@ i )

'—1+1+o . 1+0+07 [0 0 17
 =2+1+40 2+o+o] [o\ -1 -2]
3 [ 1+0+0 . <_—1,+0+0¢- 1+0+0 1 _—1 14
. Again, £* = 4% 4 L

o o 1]fr -1'. 1. oo
=0 -1.2{(2 -1 0f=[0 1 o0f=I
S B RS I S oo ool

Il

()
g
N
+ [
o

] =>A;’A3 =47
P =4 = 4

B [0 o0 17
S47=(0 -1 2|
e b1y

1 N 0 a3 o o 1
4 Therefore 1fA =1 Ofthen4®=]0 1 andA 1= (Ans)
[ B -1'oo'~ ; 1—11~‘
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AN R AR TS B atrs B |

L\

W
N
B &=

o Ts 4 10
o ' ;-‘-f4—]
Nowdd 79| | g 4/ 7La T 4

rea+1+16 -32+4+28 -8-8+16|
_L| 3044428 16+16+49 ~ 4-32+28
81| g_g+16 - 4- 32+28 1464416

g1 00 0] 11070
Lo a1 0- =10'  10
o o s Lo o 1

or, AA"=1I o
. AT=4" [Proved]

S e
Example-67 IfA= [4 2] then show thatIA

;[i ; T, 04 (il @, AxA"'-I(‘Léféﬂ/ﬁ%n@Q)]

3
Solutio -
olution| Given, A = [4 2] "y

Hese, (4(n12 1o, o 2R 1O

G PR EAR S

. A o Adj g e LRTR AR
oA d o o ppabdo il

. JA|” exists
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Matrix Algebra

m co-factors of the elements of Aare
| _(—I)IHZ 25 A12_(—1)]+24 —4
- (_1)2“ 1=-1, An=(17"73=3

ol 4] [ 42
4 3

: ,1_5_‘11_4_.:.1_[ ]: .—%;
£=14) "2l4 317 |;2 3

Rl

4x142%(-2) 4x( 1)+2x3

By --;-+gi| ‘
N 4_'4' ~2+3

|

0

[3xl+lx(—-2) Ix(- %)“xl}

(l)] =] [Identlty matrnx]

CAAT =] [Showed]

o
Ead
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g Appl}'l{x; ‘xfz ~7 9 f\2, WE have,

"

18~

. | | 1 )
13 o0 S B 5 | |
10 1 of=|_2 4 1 13 -
0O 0 1 5 25 . 3ll~«3 0
id o L 9 IL2 5 ¢
- 0 a8 gk |
b, ol 2o 3Ry, we have L0s 1 s 3 il s -
- applying K== 3K, we have, |0 1 ol=| -2 4 1|} “
:.‘ Applyng | | 1o o (1) 5 35 75 {4 0 -s|
15 -3 |
‘ L . g - g 2 4. X
So, the desired inverse is| -5 75 ;—; ( Ans,)'
| SR ae Sl Y '
gt 25 --25'_

% 73

Find the i 1nverse of the matnx [‘m@ﬂﬁv‘?{ ﬁ"ﬁﬁ e s

by usmg row canomcal form [row canomcal ’fﬁ% W w4t ol
| 2.5 i g S
Solution| Let[AIz] 3. 0 1 "

tedllcmg the system o row canonical form by usmg elementary row operatior

————
(1 3 04+ 1. =4 |
o8 PR N 22 5
i [1 73 | 0 1 k'
® 1o -1 g w2 [Ry = Ry~ 2R,
= | 2}[R1'=Rl+3k2l
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LU Linesr Alpetiry

1 9 1% 48 1

“{hA) g
Hence 4 is iﬂ'vcﬂih'té ‘aﬁd A7 —~[ j’. ‘“_5] (Afie.)

(Example.74 Find the ifiverse of the following matrix by ing |
My o3
form. [row canonical *1%f% reetes st By THEBL Brordhs Pt " %‘:«k

[3 A ~1} |
A=]1 0 3 .
{2 4 J \ Ruy "

Reducing the system to row canonical form by using elementary row Opens,

1 0 3 01 0 ¥
~ {3 4 - 1 0 0f(ReoRry
2 5 <4 : 0 0 1]
1 0 3 :0 1 0] .
~10 4 10 ;13 0 ;2,;}‘:2"32'
0 5-1056—\21”_
10 3 :0 T 0] __
~ 10 -1 0 : 1 -1 -] (R =Ry~ Ry)
{95 5 =100 35 00w d | oot s
1 0 3 : 0 1 0]
~10 1 0 -1 1 (R =(-D)Ry)
’f : ___,-0 5 *"'10 S () "2' l_ § i ,
(1 0 3 :0 1 0]
P 1 04 1 [Ry' = Ry~ 5R,)
0 0 -10 5 -1 -4
g gy iguieay < ey iatis
~ 10 1 0 5= [,,_'(”l ]
0 0 1| -4 2 ‘2 ~»R3 10/™
A 22'3 03
. | 6"
l 0 -l | 1 [ergR'_,:;R}]
0 1 a3

veok o o | } |
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The above systcm is in echelon form and 1t lds: I.’lu.vv bty indeaden, 3l | ) ¥ f0ut‘

| free variable.
unknowns. S6 the system has (4-3)=
btain b 71 a=|
Let ¢ be the free variable and c=l, teIR Then, we o _OG L, %

d=0 »
a=10t+1 b= 7tc tandd

Examglegﬂ;hnd the symmetnc and skew-s}’l'ﬂm"trIc parts Of the matnx ;
[miufr afdew ¢ RFS-afesm wgd (3 4 l | |

1 2 4|
=|:6 8 1
C- TR A R |
| 1 2 4 [1 6 3],
Solution| Given 4 = [6 8 1] AT 2 8 5] o
; 1 7

3 5 7 4

The symmetric part ofA=%(A +47) X
I
2.
4 1

11 2 4
=516 & 1|+
35 171

=0, where teR. (Ans)

S s 7 ) [ oy %-
C=3[816 6|=|4 g 3|
2.7'6 s o )

Thesk - l
. ew»s?'mmetncpartofA 2(A .AT).'
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| ) . . If Aisorthogonal, then 447 ~ 14*’Y B
a1, ] «al T
| '*1%‘ F = B BB ‘B]'-‘[O
| S HLY o a] o
B A T A
‘of " th P = 2’32-.'72 Py (12-[32-
Sy LY aloprp
hlx_ Wm the correspondmg clements, we have
"_57 4p Y22 ........................ (1)
2 -'g =1 B (2)
a’+ B +Y = L. (3)
| 1L

ple- Prove that ISNTCT ?FQ' C!I]
RN SRR S
3 1 1 5|’ an,orthogonal mamx[mﬁﬁjmﬂ [KUH 2006]
-1 -5 1 LA EE TR L
| 3 3 3 3 3 3 3 3
= .. 13 =51 1|7 4 1{3°=5 1 1}
Ovend=gls i1 1 5|54 =613, 3. de8l.
(Ans.) ! I JIT) I SR B P A i R . R
;( IO ot e o N O el £ T Y
S57 A by R o- SRS B I I R S & |
G _‘““36 301 “1-sff3 11 =5
al ” BRI TR L 0 M O N . S HEE: vty 3
thog” 9+9+0+9  O—[5+3+3 9+3+3-15 9+3-15+3
_1[9-15+3+3 9+25+1+1 9-5+1-5 9-5-5+1
36/9+3+3-15 -~ 9-5+1-5 9+1+1+25 9+1-5-5
L9+3-15+3 9-5-5+1 " 9+1-5=5 ' 9+1+25+1

. ansposing A, we h T
‘OQWSP g | ave A 28 B

a o

|

B
1

.YZ

0 o
1 ' a7, iy
Mid
72;0 0 1 v

IR
Al
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e o 0.0 i S
»1'%? 36 0,0 3,00 ] ?;8 =]
*3%|o o0 36 0} |00 1
- 0 0 0 36_ | _O 0 O p”
Thcrefom,AAr ATA=1 |

Hence A is orthogonal, [I’roved]

1‘
If 4 ’“:[2—3:'

Example- 79

A+B =4 +B,

l«Squn’onl Givén, [ 3

A= 2=
- L3 +5i

Zodi 43, "
| + ii:l and B [l +5i 3] 'the]_lprOVevthat‘:

' 2o i
:] “9‘1-”=[1.+ 5i ~3]

o [2+i -i]
A=[2+3z Jand B 1-5t; 3
- = |[3+i 1- 21]
,.A,LB:[s_Zi it PR /L (1)
. 3-i  1+2i
Again A+B—[3+2i . 3_“.]_
— Jdi: 1=2i
. A+B [3 2% . 3_1].7 ..... e (2)
Thusfrom(l)and(2) weget | G d ST dem v {1
A+B =4+3 Proved]
-3 -5
4 Slisan idempotent matrix_
1 =3¢ g A
[ 2 -3.-51F2 _3 -5]
(Gatn] e, 42| s][_l. s
| | N B 1 =3 = S
AH3-5 _6-12+15 -10~-,15+20""""
S| 2-4+5  3416-1s 5+20-20
:%*‘-3;4 -3-12+w1-2 =5-15+16
=]~ 4 5 =4 V
, - 1. -3 4]
Thatis A*= 4, |
Hence, 4 is an 1dempotent mamx [Showed]
- 2 2.3 3y
| Exgm /Pr/ovcthatA-: 2~+31 13 ‘,-5‘ is Hermiti
. La-§ e s Hermitian.
2 2.y 345 )
Solution) Given, A=|2+3i 3 o
e A | B RcR- A
| - d+.3§

243 3-sf
LR IR
i 5
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Mairix Algebra 93

To Tied it yany 3
A#:Zt: 243 F R eid

3-—5:‘ - 5

3 is an unitary matrix. [/ %9 ¢4, 4

0 0 9 o 0 11 ‘

'HenceA isan g ogonal matrix [Venﬁcd]s 617 o
B ~3 5 0] is mvolutory [C‘NTG a,

12—-1

ow that the matrxx A=
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Matrix Algébra,

UK ety . 9
o 0"‘]1 =22 ___20 [Rz *Rz 4R]

:O 6 13 13 Rg-—R;’FZR

1 3 5 6
~ 10 ~11 =20

0 0 1 23 [R3 "“R3+6R2]

;ch s the echelon form of the given matrix,
7] | Solve the following Squations

f amp
:"‘

by usirg inverse matrix [ﬁﬁv‘
Wwﬁmﬁmtﬁm STy g + ] | '
2x - 3y=3
dx-y=1]

The above equations can be Written in the matrix forms as

f [421 j] [.v] [131]

D taresy | ad 7]
= IX=A" 13 '  R B= '11] |
> X_=‘A'"B - (1) g :,,]
SRS, B A [33
wcknowA1_=A_de e e

.. . Now, |A|=_| : 3l =(f-2+12)=10,"_ N .

' JA transpose Of[A | U] [j:; 2] '
A= ED)IED =L A=) a4
A= E)TIE) =3, A=Y 2=2

: R 5
g Ad”_‘[-4 2]
g . 2 R A TR
PRI
P 1004 2]7|_ 4 2
B i . . 19
1 (1)’ we get :
| 3.- /33
- [x] --11—0 130 3] 0770 =[3
e y17| 2 '[11 12 22| L1
~ =76 ok 10710
= X=3,y=1(Ans.)
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‘m ‘ 4 Lincar Algebra

i ‘Ilowm ¢ uatmns (s

: the & Beq %%Mm
5—6y+4z—|5 _ ’“ﬂm
Tx+4y-32=19 v : " %\
T y+ 62=46 i '

m The above system of lincar equations can be wmte

n
5 <6 4] 15| 43 ) | hemalrix
7 4 3 y = 19| e, w e @ n,
2 1 6JLzd L46ld A ]

= AX=B
= X=A"B ............................... (1)
| P gty pe
Now A= —_I:‘;I— where [4|=[7 4 3| .
2 1 6

—5(24+3)+6(42+6)+47 |
"=135+288-4) ( 8)

‘—419
AdJA transposeofl:jz,' A Azil =|}::; i} EAZ ) js;:
n An  Anl A4, Ay, A;z

h 741|433 AT s
b A P =24+3=27

A=_l~"27 3B

. (1) 2 6| T-(42+6)=—4g"

FIREPARTO Ve ] I Y| BT

L L =(1=8)=-1+

A'=—12+rl—.6‘4' P vt b
WK A E 6|:-(-36—4).=40
, A2'2=(__l)2+2 :

5 4

2 6| =(30-8)=2)
Ay = =] 2+3 5

3=(-1) 3

1| =<(5+12)=—17 -

Ay = (-1)**! =6 4 . R
' ) 4 3| =(18-16)=2 .

A=ty 304 e o e R
e T 3| S (HS 7‘28)#43 :
PR
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[ 27 4 27
P L e
| Ade_‘l [27 40 2]

101

L AT Tag T8 2 g
- A BN A
(1)Weg°t’ 1 R R s 5
B ] ([ Y 27Ms7.

y -—§ ~48::.22" 43] [19]
-1 -17 46l - i

] [ 2715+ 40194 2. 6]
L |yl |- 4815+ 22419 4 43.46

Lz |- 115-17. 19+62 46|

=

4 [12s57 3
—| 1676 |=

B X
:.": = [y|= 419
. | 2514
i _—_->x 3,y= 4an'—6(Ans)
Sh that the followmg equatlons has no solutlon [CFRHG a, ﬁm
kY 2% 6y +11 =0

- 6x+20y-6z-3 =0

 6y—18z+1=0

[Solution] The above system of equations may he'Writt'ph as

"v," O ' 6 —18 | =1 ‘

L > ax=B
| = A-;-l NeVe B | e
> IX=4"B  [vAA=1&IX=X]

Xsa'p |
dom not exists, since .~
- RO e +648=0
SI6 20 gl 2(~360+36) 6(—108 0)+0(36 0) ’648
0 6 -18 e ke Rk
: 1he €quations has no solutlon [Showed]
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17 s
L) Lw o L) e e

s | 1355-1343
_' fﬁ‘,f' =75 156 + 190
| 42— ax
E Nn7n rn
‘“-::';":; =—1"7—[34j,=[2]
£°; "ol Lol

..;&”lv 2andz = |
. uu‘edS mntsx—-ly 2andz 3(Am)

o @:" Solve the system of the following equations usmg matrix method:
mwmﬁmaﬁw%mwm :]
X Y4 ze T
xX+2y+ 32.- 16
X+ 3y+4z=22

§ [Solusion] The given system of linear equations can be written in the matrix form as

T 1 1[x] [77
1 2 3|y [16]
1 3 4llzl [22

RN S 1 i i Y (YRS A
2 3] [16] ........ RO SO 1 ) S o
3 4 22 |5 s i)
2

I1 73 4l

“‘|3 4 "‘Il i 4] 3

= 1(8 9) ~-l(4 - 3) * 1(3A 2)
S l(——l)w](l) + 1(1) 4
| "'f" l - l +. l
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 Linear Algebra i
i ﬂ( l)|+| ; i _é;l(8f9)_?f1
3 A (__l)wz" :2 :2;1(4—3)""“-‘1
Lgne, A0® .
| 1 2 ..-= ~2)= 1
PRl (O e e
N CE | DR P S
R ——1(3—1)——2 oA
A31=('1)3+? 2 , 1(3 2)-1
2= (1) } ; .=—.1(3_—1)f,__-_2 & i
S F | BN
Ass'-‘(“l)_3 o P —1(2—1)—1
| 4 A, A5 1]
Adj A = Transpose of jzy Y £ RO
g : : 31 A32 A33 " ' , :
A“‘ AZI A3] -1 . =] 1 | :
=[A41, . Ay | “Asy | -1 3 ik 1 4
ke A23 Ay 1 =2 17: »
..A l: ’ _-]_ % . 2 ' .
m[ R
F X 1 / 1 1 -1 "'7 - g2 Rl
rom (1), we get | y =1 2 3] i
=>H= ) gt -‘; 71 [ 7+16-22] [1]
. The' required Soluuon i ~1.} 122 _J | __7 +32-22 3

=Ly= 3,z= 3(Ans)

:
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(Ans) 2

:-6-;. 15=~21
D, 1 |
=t =7 =1 and D _y
X 7 y=r. 221
D D T =3

3 /Cramet’ ‘ﬂ“‘lmmmwm% e Cramers nie, firpy
X + Sy— 2_9 Ty '] : '
3x-3y+2z—.7

2x—-4y+3z=1

! Using Cramer's rule; we have -

45 :25 | = 1.(_.—9'+ 8) ‘5(9- 4) --1(_12+ 6) :.

——1 25+6——-20¢()

.  :&: 1 5 —9(—9+8) 521 - 2) 17(—28+3)

1 4 3|=9-9s+s=

=19-45+11 —;-15

= 2)=9(9-4)-13-14)
L=y 7 |T101-2-90-9-16-14

A = ; | g ?7 = 1(—3 +28)——5(3—14)+9(—12+6)
=12 P M _9s455-54=26
12 -4 1 25 i
. | o it oy At 267 (113
é,! 79 22_ _A_}: =_._1.§. ._._...3- and z-—n-X —2— =710-

13

—

3 o=
20’ s v &z’ R B
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200~ ‘ Lmear A]gebra

_IE.xam J£-70] Solve the following equations by usmg Cramer's rule,

[Cryid
mﬁwmmﬁmﬁ’rwmmwmw ] ‘/RUHIH;;&
it | X—-y+ z=1
X+ y— 22..()»
2x—y— z=0

Using Cramer's rule, we have

| S 1
A=]1 1 s '—](—1-—2)+](—] +4)+1(_]_ ) :
a2 oy ,'_11 ‘—3"'3 3—-—3#0 | '

N R T} ; 2 .
A=(0 1 il—l 2 1% 2ye =
0 -1 | b )

s Ji 1 1
, —1-2)=_3
2 -—] ol 12 -1 ( 1=2)
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5 4 o T Mepa g Q4 YN0}
(“) Colnmn by row ‘“Clho dl Cq + ds
la o] _lp T TR sty
la. dl*|r . 1P +e "
| ar 4+ og Zf : dy
(i\‘*) Column by colump Methog ot ds
' ﬁwm%ammwa '
S Yetaprs
I I ap ter aq -+ | ' "Wnﬁ':]
by
s

1.8 Application of Determj -

. nant :
et ﬁw T ﬁ‘ﬁtrcq:; ;%Jmear Equatigng
Let us consider the follow; | So.

mmwwrﬁaamﬁm ﬁmw

N o) EE0uS eqations ; [y

a“x,» tapx, + .y a,x, = p)
WO 5 G “in“*n 1
dnXy + Xy + -0 4 ay,%, = b,

1x1+azx2+ +a x _b

;wherex,,xz, cres X aren unknowns [Cﬂ‘irmxl,xz X mnmm
3 ~Shey n

The given system has a umque solution if D # 0, where [ae ﬁ?ﬁ?ﬁaﬁ
ﬁw I 'ﬂfﬁ D #0 =¥, ] | |

L a“ | ali'- an.‘

G, an v 4y,

An a4, ann ‘
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