Eigenvatye
§ and ]:‘
R T

‘Mathcmancal "toblem‘ & %.",'..,, 7
ot Solith

,] pind the eigenvalues of fhe Mattix 4| 3

0. INUH 012

ﬁ‘amﬂ’”

a scalar and / be V
;’j et A be e the ""'"MY MAtrix of order Y23

it
@! i cteristic matrix of A ig

1111 1 00 R ) ‘a3 , 0
hamctcris(ic polynomial of 4 is
The © 2 1
g=| -3 M == (A =2) (L-4)-30.- 4
P o 0 A- il
| ={(A-2"-3}
\th/characteristic equation of 4 i.s '
S0 Sy |
a9 ~2)’-3}=0 g
E1ther A-4=0 - o, (A-2-3=0
rA=4 g n =>(7L 2)°=3
U I oa-2s +J—
.-..x=z+J§,2_J§
Thus thcv eigen'\'/alues' of 4 are{ 4,2+ N and 2 - V3 (Ans)

-3i 1 =t
alsp 5 V-

i PR e matrix A
‘Find all the °‘8°‘.“’“1_“°s R 6 6 -2

-3 1 w@gmmwﬁmmﬁ‘f“wl
feldR. R fres A=|-7 -5 )

6 6 =3 S e 200
ais® 0 =1 Ay
| -1
(Solution] Given matrix A=|~7 > 2 :
o ~6.6 ~ 3
i of order 3 X2
Let A be a scalar and I be the identity matflx ‘ |
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Lincar Algebra

Now the characteristic matrix of 4 is

(—

1
M-A=Al0
0

SN

— - —

0 0] -3 1 -1
1 Of<f=7= 3 =1

0 1]]-6 “6 -2

- 2

The characteristic 'polyhomiél of A 1s

| M -A]

-a+2ﬂx @{a+2 U+1} |
=A+2)(A-4)(A+2)= (L+2) (k 4)

W SR bl ok

7 A-5 |

6 -6 A+2

A+2 0 1

A+2 . A-4 1]

0 A-4 A+2
oo 1
a+2ux—®*1 1 1
0 1 a+2

(A+3

[Ci=CrtC; Cy= G+ Cs]

Therefore, the characteristic equatlon of A is (7& +2)? (X 4) O |

SA==2 2 4

which are the eigenvalues of the matnx A and dlstmct elgenvalues of the ngeni-tﬁ
matrix A are A =-2 and A = 4, (Ans) B E

Example-8

Show that elgenvalues of thc followmg matnces are real [Cﬁ‘*ﬂﬁ Cﬂ,
- o s Wikt i e 1] Sy i .o

AAAAAAAAAAA
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v f"A= | 1] in the ﬁeld[R [lRﬁFC'B A= [

~1
WA ce3e frfa ?rcl [ '
3 fiE | [NUH '09; NUH(®VM) '05)

| Given matrix A=,[3. | '-'1_],
llg ok

_15 Let A be a scalar and Ibean2 x2 1dent1ty matnx

The characteristic matrix of Ai 1S .

';aIA_K1'1)73;:1 A=3. 1 o
| A 'Ljpy,;;l 11 L

, -The characteristic polynOII,iial_,of _ma_trlx dis o
| s .
2% S
=22 - 4x+3+1—@ -2y

: 3"-'30 the characteristic equation OfA 18 (k 2) %
| W AS2, 2

-4 -

~(-3 <2&--z1>*1

;’Hence the eigenvalués of matrix. A 8 7& 2

?'; Lety ~[ ] be an elgenvcctor of A corrGSPQ
:_ y

M-"'A)V'“'O ‘ o

ndmg to thc elgenvalue L if and o

i Vs a non-trivial soluﬁ(,m of (
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s | Y A R P { )
- x4 (A l)_n{r*
When A = 2, we get from (1)
=14 y= .3 EpXny™ Viissisibirissvers (7)
x4 y=0

Thm system has a nonzero solution, Here y is a free variable and let y = £ then
-
Ths the eigenvectors of A corresponding to the eigenvalue A = 2 are nONZer,

' {
vectors of the form v = [l] .

In particular, let ¢ = 1, tlif:n \' =m is-an eigenvector corresponding tg the
eigenvalue A = 2. (Ané.) .

Find all the eigen‘x)alues and associdted'eigenvcctors of the matri
Azt :] in the field [R._[lRﬁ_rc% A:.B ' :] TiGetT T8 R T ¢
wfE el . . [RUH200§
M | Solution| The charactenstlc matnx of A 1s .

XIAXI 0_1 .4 }.‘1 :—4
0 1| 12 3] -2 “AN=3

The characteristic polyndmial of A is

A-1

M- A|=
S

"1 —(x-l)(x 3)-8

4—7» 47» 5= (X 5)(7L+l)
. The charactenstlc equation of 4 is (h 5) (h +1)=0"
ATl ' B
‘Hence, the eigenvalues of 4 are X= 5 and Am —-1 M 10 alileusagin i

Let v ;{Yi\ be an elgenvector of A corrcspoddmg to k 1f and Only lf v 1s ano-

~trivial solution of (M —A)v= 0 ‘ . t r Finpei
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M

L 2By e e, (1)

5. equation (1) becomes

}’

oy =0
{ ax = %) DX=p=)

x4 2y=0

is in echelon form hav; :
e 18 ‘ : g one equation | wi
S onzero solutlon, - Juation in two unknowns. So the
gem v

$ ve the free variable and let y = 1, thenx =1,
ity ‘

) L | . ,
g nonzero eigenvectorv, —H corresponding to the eigenvalue % = 5.

v=-1, equation (1) becomes
hen

{,2x—4y=0

s § g
tsetr?, has a nonzero solution.

;etybethefreevariableandlety=—‘1,thenx=2.

cc the nonzero eigenvector v =[ J corresponding to the eigenvalue . = 1.

stem is in echelon form having one equation in two unknowns. So the

fen
_@——L‘;—I—ﬂ Find thé 'eigenvaIue's and - cbrrféslpoindiﬁg‘ 'eigenvectbrs of thev
" T Lael? 3 | atrem wom aw re oizem e e =2 1

The characteristic matrix of 4 is |

oo 2 32 _‘,3]'
:M'Aﬂ[o AEFER | A

ic polynomiél of the matrix Ais

The characterist

? Al . =3
-4 =

e R O

=(k—2)(k—1)+'6 R
=)‘2—2l—)\.+2-—6
M-8
=A-4)+D) -
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» The charactetistic equation of A is Al = A =0
ie. A+rDA=4)=0
‘. \ o 4

Hence, the eigenvalues of the mtrix A are ~1 and 4,

Lety=

’ be an eigenvector of A corresponding to the eigenvalue , if apq onfy
y -

if v is a non-trivial solution of (A/ = A) v=0

S albH

e,
A=2x-. 3y=0 1 '
or, {-._ Z.V—(X—l)y=0 ................... (,)
For A = 4 equations (1) becomes,
-3x-3y=0
~x+y=0
{—2x’—2y=0 ¥y

This system has a nonzero sdlutfon. Here y is a free variable and let =1, thep x=-]
o a0 sricei finm , k]
Thus the eigenvector of 4 corresponding to the eigenvalue A =-lisy =[ 1] f

For A = -1 equations (1) becomes,

{ 2x-3y=0

2x+3y=0" e 3y o v M b Lo

This system has a nonzero solutlon; Here y is a free variable and lety = 2, thenx=3,
Thus the eigenvector of 4 corresponding to the elgenvalue }».= 4isv, =[2J ’

Hence, the requlred elgenvalues are -1, 4 and correspondmg elgenvectors are
-1 3 ‘ ’
[ l] and [2] respectively. (Ans)

0 g (L2]n)

(Example-12] Find bases for the eigenspaces ofA =|1..2. 1l pNuH 1S

B :.if"Q’ 3
m (Solution] The characteristic polynomlal ofA is A e )
IM-4]=|-1 -2 x(x-z)(x 3)+2(x 2)

=(A- 2)()3 3x+2) (x 2)(1 1)(). 2) (;, 1)(»-—2)
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Bigenvalies and Bigenvectars
. ‘ ' /13
qoriglic cquation of matrix A is (L - 110 47 -
char? tens (A= 1) =27 =
o A and it
! . ovalues of A and there are two
(he eigenV C1Wo eigenspaces
A . o paces of A,
1 \Wt b |
\ : N
o x = | Xy | 18 aneigenvector of 4 correspondit : :
| 1.ﬁn'“""' | . esponditig to 1, if and only if
" e | ,
' ial solution of (A = A)x = 0 that is of
g o0
ﬂ,.« z 0 211x1 10
R B | B BN L [ ] oot )
’1 0 A"‘3 . x3 ' 0 ‘ 3 7
k. hen (1) becomes -1 0. -1f[x]|=|0
(L N S O A
iHre 1, and %3 are free variables. | |
‘x’ e
fLem ~tand X3 =5 then'x; = —s ; .
éThus e eigenvectors of 4 corresponding to A = 2 are the nonzero vectors of
pefom , |
‘ .y ) O : "'l 0
e=| £|= 0l+| t]=s| 0f+¢]1
o sl 1o 1l .lo
-1 0 o s Rok )
:since 0|and | 1| are linearly independent, these vccfors form a basis for the
1| lo S L

eigenspace corresponding to A = 2.

[fA=1, then (1) becomes

X +2x,=0 .
2 _xl _x2“ XJ =0
=% —2);3‘:0 ‘ |
i {xl +25=0 (L, =L+h|
-x;+ x3=0 'L;=L;+L|.

By - _ e
lere x; is a free variable. Let x3 =, then Xy = =28, % =5 -
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Lincaf Algebra
. I""“""t’ o A =1 ﬂrc thc non7cro vcctom (f
{168

0
Thus ﬂw mpcnvmmm ¢

-8 &l
form | S|7Y I
s I
E [ rrcspondmg lok 1.
that | 1] 182 basis for the cigenspace ¢o
So l o
:‘ﬁﬁjw cigenvalues and associated cigenvectors of the et
/ 32

4
4—}/(2) 2|, [wilisr A=|2 0 2 tﬂamwm’ﬁ'm@q%

4 2 3
2 3 ’ |
m‘mimﬁdﬂm ) | [NUH '94, '11; DUH 92; INUH 201y
. The characteristic polynQnﬁal of4is
| A-3 -2 ';; '
=] =) =2 b T
- | -4 -2 -3

= 3uﬁ 3L ®+z@2x+6 8)—4(4 +4))
Y S ) .y 31?4-9x-+12 4h-4- 16—-161
=)*- 621508 - r
=g+ 2A2-16A+A -8
=2\ —8) + 2M(A —8) + 1(A - 8)
=M =82+ 20 +1)
=(L-8) (A +1)? - i Uil
So, the (M&Mon ofA is(A— 8) A+ 1) —'t -
| TA=8,51,=1
‘Thus the eigenvalues of the matrix 4 are A = 8 and A =— 1.

Il

Now, to find the eigenvectors v = y -cOrrcsporidiné to X,fsolve the

, A-3 -2
i.e., '_ 2 ) 'x
) -4 -2 .

AVAILABLE AT

Scanned with CamScanner


Md Rayhanul
Ink

Md Rayhanul
Ink

http://www.onebyzeroedu.com

Eigenvalues :‘gml Figenvectors 7=

7'3).‘. @ 2)) - 42 # ()

2y 4 hy - 28 = | P

Histabsiinii (1)

— Ay — 2y + (X )0

we get from (1)

.4-‘. _ 2y o 42 = ()
Lr= Jndsnld
_4x-2y-4z=0

Z‘.A' ),_{ 22 0 ....-fnﬁ nnnnnnnnnnn OXTIIITIT 6oaiaans dedvisas (2)
e 8 i echelon form having one equation in three unknowns. So the

s)’; ponzero solutions and two free variables exists.

g

:rStG“ izbe me two free varlables also let y =25, 2= ¢; Y,teR(s;eO £ £ 0).
ya” _t.

enx d . g |

| AU a5 e

meSOIUtionofthesystemis y|=l. 25, |=s| 2|+ O

- z| | - ¢ [0 1

jFork= 8, equation (1) becomes, ¥

[ 5x-2y-4z=0
o l-2x+8y-2z=0
L 4x—2y+5z-=0'

[ Sx- 2y— 4z 0, 2,.5L2+2L,
~ 36y—182 0 L"La.',‘_erz__
|- - 18y+ 9z= 0

X~ 2y - 4z = 0

2y—- z = 0 : _

two equatxons in three unknowns. So the-
free variable exxsts :

z 2t‘telR(t¢0) Theny tandx 2:

.Let Zbe the free variable also let
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Lincar Algebra l

Thus the cigenveetot corresponding to the eigenvalye h=g. .
qfth
t\

716

"’;

1e IR(I:‘O)

4
I ﬁm'ticulm'. if ¢t =1 then v3 =|1]is an cigenvecty "
¢ i b 2 ' ‘ eqp{)n'
iq, Il
? . (]
cigéti\raluc A=l
m | Example-14] Find all the cngcnvalucs and associated °'genv ety
*0f
t
07 22 L0, gy

A= 0 0 0 mthcﬁeld[R[lRﬁFt'sA- 0

ol
-2 0 4] -2 ¢ m

| 4
4 wﬁ?ﬂmewﬁﬁWﬁtﬂc—@aﬁ%Wﬂ '[NUH'W-I)(
[Solution] The charactenstlc polynomial of 4 is , ‘
o
A=4 = 0 2 |
i b A R '

= -DAA-4+20-23)
= AN -4r-1+4)-42
=L (M-S0 +4-g)

=2(A-5) -
So, the characteristic equation of 4 is kz(k - 5)'# 0
S £A=0,0,5
which are the eigenvalues of 4. |
. .
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Eigenvalieg
{ . - veC'()fS 7’7
0. we pet from (1)
=

o ey
o 4 22=0 :

ﬁ A 8 in cchelon form hayiy

: B.one equati

” 100 in two unknowns. So the
ution

" )’ ¢ 1ONZET0 solutions and two free yaiafe exists,

! e|l
s pethe free variables, also lety= sandz=f g 1 eR (350, 12 0
-ch.A . Ty that
= : ,
: me_ solution of the system is Y= s|=s|1]+1 0‘
L | 2] 4] [o]. |1
| i) et
s the nonzero elgenvectgrsv are vy =| 1 ’a_nd v, =0 corresponding to the
clgcnvalue A=0. :
Whﬂ}‘ 5, wegetﬁ'om(l) s .
4x +2z=0 PR T
5 -0 ' 2x +z=0 ©= -
y = | e

2x + z=0
There are tWO equations in three variables. So the system has a free variable.
I[¢t 7 be the free variable andz=—2, theny=0andx=1. ‘.

F"““ the nonzero eigenvector vi= 0] corresponding to the eigenvalue A =5.
| )

Find all elgenvalues and the corresponding exgenvecto;f:f th‘;
i
following matrix. [FfiRe TG WIEC‘F{ T8 w\ﬁﬁ Gllit’l“ CSB X E :

-1 A
4 ; ; mwnmu
0 -5 2 e
The characteristic polynomial of4 15 Vo
A1 =2 '
U-dlp| 0 a+2
0 5

= -1)(A+2) (-2
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,. 5 Eigenva and Elgenvectors ofa Square Matnx

IR0 T qR RO (5B VUH 02; NUH@VM) 08
'80, 83, '13, '15; JNUH 2015, 2014, '12, 'J1; JUH '89, 91; CUH 81, 83, 84]

EA n elgenvector of an n x n matrix 4 is a nonzero vector X such that 4x = Ax for
Ssome scalar A. A scalar i is called an eigenvalue of 4 if there is a nontrivial
Bsolution x of Ax = Ax; such an x is called an elgenvector corresponding to A.

_: Let A be a square matnx of order n. A nonzero vector x in R” is called ar
:envector of A if Ax is a scalar multiple of x i.e..4x = Ax for some scalar A
fhe scalar A is called an‘eigenvalue of 4 and x is called an exgenve::or of 4
0 rresponding to eigenvalue A. (7 IR, 4 @3B n TR I VEF 1 R” @ G
P (B39 x (T A 7 W0 (o o1 G T Ax g TR ). W0 (9 x @
5 o offre 7 e Ax = Ax | CRRTR A GF A o SIRGH 13 1 0

' A (SFLA AZTHTAA A mmf?ﬁwmﬂﬂmww |1

et Abeannxn matrix.

) An cigenvalue of A is a scalar such that IU Al* 25 s P RN
) ceenvees ndmg to A are the nonzero salutmns of (V ADX =,

An eigenvectors of A corrc$P° Pr——iae T %
.o ioanvalues of the matrix A=|0 .- 0 1p oo
_2| Find the eigenva ppieaier B AN T SRR Tan St

Scanned with CamScanner


http://www.onebyzeroedu.com

