88 Complex Analysis

Again, flz) = |z|?
=Sl =u+iv=|x+iy|?

2SUu+iv=x?+y?

. i)u au av

ou Ju v v

Atz= Oa\—O -0.()\-0anday =0 : ’

] ay
Thus the Cauchy-Riemann equations are satisﬁed atz=0 bu[ ;
not in the neighbourhood |z-0]| < 4.

Thus flz) = |z|2 is differentiable at z = 0 but not analytic there

:ou=\'9+y“andv=0 ' ;
l

A

A

Ml ooy QN Alan

(3)

Example-19. Show that f(z) = 2x + ixy? is no where }ana]ytic. ’

IRUH-100 -

Solution : Let f(z) = ulx, y) + iv(x, y)
= 2xX + ixy? = u(x, y) + iv(x, y)

= u(x, y) = 2x and v(x, y) =
Ju Ju av v
e R T y?andze=2xy

th tau v dau _a_v
Thus we see that 5 a&ay and 55 # ox -
That is, Cauchy-Riemann equations are not satisﬁed
. anywhere. Hence f(z) is not analytic at any point, that is f(z) is no
where analytic. | : S
Example-20. If p and q are functions of x and y satisfying
Laplaces equation, then. show that (u + iv) is analytic where

0]
u= a—)g 99 andv =3P +—a—;} | * [RUH-1999].

Solution : Given that p and q,are functions of x and y

satisfying Laplace s equation. |
L ®p » o -
& 5&% +a_yg=0 oooooo (1) ) .

d%q ., 0%
and -a—x—gl +W;l =0 (2)
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96 Complcx Analysis
Similarly, from v(x, y) = ¢; we have slope of the second curye

My = =7 reeen 3)

' ~u, -V
Product of the slopes, m; mp =—~* o
: y Yy

: V.
= mymy =¥ =-1 by(I)

x Vy
and

Hence the given system of families of curves are orthogonal, firs
/ xample—28 If f(z) = u + iv is analytic in a rcg,ion R and If y
"and v have continuous second order partial derivatives in R, then
u and v are harmonic in R. [DUH-1986, 1989, 1991, JUH-1986, 87] '

Solution : Given. f(z) = u + iv is analytic in the region R. So, by
Cauchy-Riemann equations we.have ,
Ju_ov
ax ~ay (1) | | ;
du_ av | ' i
and ay ax ...... 2) ' |
l

Agam given u and v have continuous second order partial |
dexfivatlves in R. So we have |
o d%u _ du

dx dy dy ox

d2v. _ 9d%v . ' '

and 5.5y “ay ox " @ | ?-

Now from (3) we get .
pu dp |
ox \dy ) "oy (ﬁ) ' |

A (v ' , N
=ox | ox ‘W(‘a;) [by (1) and (2)] !
s 401
=72 oy? -
02v 0%y - N b
o2t ay2 = =0 2 !

“Thus, v satisfy Laplace equation and hence it is harmonic. | Co

T
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Analytic Functions 97

Again, form (4) we get
0 [ov\ 9 [ov
0x (By) oy (axg |
e (g‘;‘al: 37y bymand el
d%2u | i ,
= Ix2 ayz =0 3
5 Thus, u satisfy Laplace equation and hence it is harmonic
Example-29. If f(z) = u + iv is a analytic function of z = x + iy
and ¢ is any function of x and y with differential coefflcient of
first order, then show that o
B G =[G + o) womz0on
Solution : We have ¢ = ¢(x, y) = I DR
00 _odpou s A oV e (1)
“9x duox ovox W
dd _ dp du N dp ov
dy ou dy  ovay
From Cauchy- -Riemann equatlons we have
ou v _ou v |
dx dy and 5 oy - “ox " (3) '
By (3); (2) becomes -
09 _ 99 \ , 9% aa” '
dy ou (-ax) v ax @
Squclnng and addmg (1) and (4) we get

BRI G R G etiRy
6 66 (,—,x) 22

HICRERGIGR
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106 - . | ‘Complex Analysis

N. B. For analyticity Cauchy-Riemann equations must f,
satisfied and also the first order partial derivatives of u anq,
should be continuous. Here the second condition is- not satlsﬂed

and hence flz) is not-analytic at z = 0.
%ﬂtple—%(a) Prove that the function f(z) = z2 + 5iz + 3 .,

isfy Cauchy-Riemann equations. . [NUH(PhY)-2003l' o
Solution : Given that f(z) = z2 + 5iz + 3 - _
= u+iv= (x+1y)2+51(x+iy)+3 i d
T =x2+ 2ixy -y? + 5ix -5y + 3 -1 fi
_ = (x2-y2 5y +3) + i(2xy +5x - 1)
Equatmg real and imaginary parts we get d:
=u=x%- y2 By +3and v=2xy + 5x - 1
du B ol v
s B = 2 ay ~2y~5, gy =2y+5and 5 =2
du ov | : ' |
Vo= 0= TR (1) 2
—6—5— i5 -
arld ay (2y )"' ax """ ( ) ) . ’ if
From (1) and (2) we see that the given equation satisfy the
Cauchy-Riemann equations. (Proved) |
Example—35(b) Test for analytlclty of W, = fl(z) = |z|? and |
=1, (z) AR (HON , [NU(P;e)—20061‘ : 24
Solutlon (i) Given that W, =fil2) = |z|2 |
3¢ ] ‘U +iv) = |x+iy|? :
S U +iv) =x2 + y2 | o . tt
oy e - =Pw=x*+y’andv, = :
o _, W _, 0 _ .
“Px "2 gy =W ax 79 ay =0
duj_, onduy | o
Therefore, W, = fn(Z) = IZI2 does not satisfy Cauchy- Riemann
equations and hence not analytic :
(i) Given that wy = f,(z) =% ' W |

‘ 1
=>u2+iv2=§

1
=°U2=§andv2=o :
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= Uu — uUa - T iTW T T
@ =u+iv
= 6x2 - 6y?2 + 6y + ¢ + i(12xy - 6x)
= 6(x2 - y2 + 2ixy) - 6i(x + ly) + ¢
= 6(x2 + i2 y2 + 2ixy) - 6i(x + iy) +
= 6(x + iy)?2 - 6i(x + iy) + ¢
=>§£=622-Giz+c |
_—.:sjdf: J(Gz2 - 6iz + ) dz
2
={=6- 3" 6i 3 +cz+D, | [p = integratir'xg constant]
= flz) = 223 - 31z2+cz+D ------ (5) | |
Given fl0) = 3 - 2i and f{1) = 6 = 51 +---- (6)
Putting z = 0 in (5) we get
f(0=0-0+0+D
=3-2i=D - (7) [by (6)]
Puttingz=1 in (5) we get
f()=2-8i+c+D |
—6-5i=2-3i+c+3-2i; [by(6)and (7))
 =>6-5i=5=-5i+c U '
=6-5=c=c=1
Putting the values of C and D in (5) we get
fl2) =223 -3iz2 +z+ 3 -2i -
S +1) =2(1 + 13 - 3i(l +i)2+ (1 +14) +3 2i; by puttingz=1 +1i
=2(1 +3i-3-i)-3i(l +2i-1) + 1 +i+3 : 24
"=2+6i-6-2i-3i+6+3i+4-i=6+3i. (Ans)
ple-39. Prove that the function u = 3x%y + 2x2 - y3 — 2y2.
is harmonic. Find its harmonic conjugate v and express u + iv as -
an analytic function of z. [RUH-1997, 2002, 2004, CUH—1989]

Solution : Given that u = 3x%y + 2x2 y3 2y2 -
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Complex Analysls
®*u

ox3 = Oy + 4 e )
'))

i)\,‘)l - Q’ Y YT (d)
Pu oM

St yg=by+4 Gy-4=0 \
= u satisfied Laplace equation, Hence u is harmonic.

By Cauchy-Riemann equations we hnvc

ov  Jdu

a-{=—-av=-‘lx¢+ 3y? + 4y [by (2)]

By integrating this w. r. to x kccplng, y as constant '
v= (- 3x2 + 3y? + 4y) dx ‘

= v ==X+ 3xy? + 4xy + Fy) (5)

=%=ny+4x+l*"(y)

"= g% =6xy +4x+Fly): by C-R éqUatlon.

= Gxy 4 4x = 6xy + 4x + F'(»:  [by (1)] |
=0=F(y)
s Fy) =¢ by lntegr'\Ung
Pg.lttlng this value in (5) we get
v=-x3+3xy2 +4xy + ¢,

Let flz) = u + iv _ ‘
= 3x2y + 2x2 - y3 -2y2 + (- x3 + 3xy? + 4xy + C))
= (- ix3 + 3ixy? + 3x%y - y) + 2(x2 - y2 + 2ixy) + ic,
=-l(x3+31x2y+312xy-+l“y) +2(x2+2lxy+i2y2) +C
== 1(x +iy)® + 2(x + iy)? + ¢, where ¢ = icy

. =f@)=u+iv=-iz3+222+ ¢ (Ans)

By Milne's methd :

Given that u = 3x2y +2x2 - y3 - 2y2

. du
%26 ¥ Ax= iyl say e ()

@;E_Gy+4 ...... 2)

= 3x2 - 3y2 - 4y Oolx, )say ------ (3)

(2)+(4)glvc.s 02 E?2.,.-6y+4 -6y-4=0

= u sat_lsfy Laplace equation
=» u is harmonic.
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Analytie Functions 119

putting X = z and y = 0 in (1) and (3) we get
0120 =0+4z=4z

and 09z, 0) = 322 - 0 - 0 = 322

By Milne's theorem we have

['(2) = 912, 0) - 19y(z, O)

= 4z - 1322
= fz) = 222 - 123 + ¢ by Integrating
su+iv=2(x+iy)2 - i(x +1y)° + ¢ )
| = 2(x2 + 2ixy + 12y?) - I(x3 + 3Ix%y + 3xy? + Py + ¢

= 2x2 + 4ixy - 2y2 - Ix3 + 3x3y = 3xy? -y + ¢ + ley
' . where ¢ = ¢; +1¢g

Equating imaginary parts we get, |

'v=4xy—x3-3xy2 + Cy

Thus, v = - X3 - 3xy? + 4Xy + Cy
andu +iv=-1iz3 + 222 + ¢ ] (Ans)

é/ mple-40. Show that the function u = 2x - x% + 3xy? Is
harmonic and also find the harmonic conjugate if f(z) = u + v Is

analytic. [DUH-1991, 2003, CUH-1985, JUH-1987, 1989]
Solution : Given that u = 2x - x% + 3xy*?
gu 2 -3x2 + 3y?2 = ¢, (x, y), say < (1)
7,0 P
oy = 89 = dalx, y). o i ()
02u
pro il 6X e+ (3)
d2u
ayz = BX eoere (4)

0%u  Pu
(3) + (4) gives, g L 6x+6x=0 |
This shows that u s'ltisfy Laplace ecquation and hence u is

harmonic.

To find the harmonic conjugate v, we have by putlhu3 X=2 zm(l
=0in (1) and (2) we get

0)(z, 0) = 2 - 32
and ¢,(z, 0) =

h Complex Analysis-8
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114 Complex Analysis

By Milne's theorem we have

{'(z) = §)(z, 0) - 1py(z, 0)
=2-322-0
o fl2) = j (2-32?) dz
=2z-7z3+cC
=>u+i§r=2(x+iy)—(x+iy)3+c
=2(x + iy) - (x3+3ix2y+312xy2+13y3)+c :
=2(x +iy) -x3- 3ix%y + 3xy2 +iy3+¢c . f
= (2x < x3 + 3xy?) + 2y - 3x%y + ¥3 + ¢}); where icy: |
Equatmd imaginary parts we have - f
v=2y-3x%y +y3+c¢ " (Ans)
Example-41. Find the harmonic corijugate of the fu.
- =x3 + 6x2y - 3xy? - 2y3. : [DUH—-1987 1991, JUH-I
~ Solution : Given,u = x3 + 6x% - 3xy2 - 2y3 T : B
g:: aii( (x3 + 6x% ~ 3xy? - 2y9) 4 )

= 3x2 + 12xy 3y?2.= (%, y), say (l)

By ay (x3 +6x2y 3xy? - 2y3)
= 6X2 6xy 6y2 = ¢2(‘ y) say «eee-- (2/)
"2
axl:?l ox (Bx2 + 12xy-3y?) ' Nk

B s e s o T UL

: a2u d.
ay2 = ay (GX - 6xy - 6y?)

2,

a..
J(3) + (4) gives, ax2 ay2 6x+ 12y 6x = 12y

Since u satisfies Laplace equation;’ sou is harmomo.
Let v be the harmomc conjugate of u, so that

fz) =u'+ivis analytic
Now from (1), ¢,(z; 0) = 322 + 0 =0 = 3,2

and from (2), ¢,(z, 0) =622~ 0 -0 = Gz2 ai

T
e e et A T g
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Analytic Functions . 115

By Milne's riu:fhod we h:ave
f'(2) = ¢,(2,°0) = i¢o(z, 0)
= 322 - 6iz2
= {lz) = f (322 - 6iz2) dz

=>u+iv= J(S 6i) 22 dz
= (8 - 6i) §3 + cl + icy, where ¢; + icy = complex constant
| =(1-2i)z3+c; +icy |
= (1 - 2i) (X + iy)3 +.c; + icy
= (1 -2i) (x3 + 3ix2y - 3xy2 - iy3) + € + icy
= x3 + 3ix%y - 3xy? - iy® - 12x% + 6x2y + 6ixy2 - 2y3 + ¢; + icy
= (x3-3xy? + 6x2y - 2y3 + ¢y) + 1(3x2y y3 - 2x3 + 6xy? + C)
~ Equating imaginary. parts we gdet, |
/ v = 3x2y — Y3 — 2x3 + 6xy2 + c. (Ans)
Example£42. Show that u = x3 - 3xy? + 3x%2 - 3y? + 1 is
harmonlc fuunctlon Find v such that u + iv is analytic.
[NUH—1998 2006, RUH-;1986 CUH-1986, JUH (Phy)—1996]

‘Solution : Gwenu x3 — 3xy? +3x2 3y2 + 1

g;: aEi((x3 3xy2+3x2 3y% +1) | |
= 3x2 - 3y? + 6x = ¢1(x y), say----Q- (1)
du_d 5 5 -
ay ay(x3 - 3xy?2 + 3x2 - 3y +‘1)
>~ By - B = 4yl y), say - @
Pu_Jd .2
- ax‘; ol (3x2 — 3y? + 6x)
: =0BX+ 6 o0 (3)
%u 9 ' "
—a?zay (= GXY_GY)
== BX~B roeoe (4)
. A ,
(3) + (4 gives, gfz-l +a—y}23 =6x +'6 - 6x - 6
S V2u=0
-. u satisfies Laplace equation, so u is a harmonic function.
Let v is the harmonic conjugate of u, so that f(z) = u + iv is

~ analytic.
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2nd Part : Putting X = z, y = 0 In (1) and (2) we get
0i(z, 0) = 322 + Gz

and ¢2,0=-0-0=0

By Milne's method we have

{'(2) = ¢4 (2, 0) - 1da(z, 0)

=322+ 6z-0i
4
=>ﬂz)=J(323+62) dz
=2u+ iv=3. g +65 4 +iey, where ¢, + icg s complex

v constant,
=23+ 322+ ¢ +1icy
=(x+iyP+3(x+iy)2 +c, +icy
= X3 + 3ix2y - 3xy?2 - iy + 3x2 + 6ixy - 3y? + ¢ +1cp
=x3-3xy?+3x2-3y2 +¢; + i(3x2y-y°‘+ 6xy + Cy) I
Equating imaginary parts we get ‘ '
v=3x2%y - y3 +6xy + Cp. (Ans)
'Example-43. Show that u = 3x2y + 2x2 - y3 - 2y2 is harmonic |
and hence find its harmonic conjugate v if f(z) = u + iv is analytic.

| : ' [NUH-2002]
Solution : Given u.= 3x2y + 2x2 - y3 - 2y2 '
gg =alx (3x2%y + 2x2 - y3A -2y

= 6xy+ 4x = ¢(x, y), say s (1)
g; =3y (3x2y + 2x2 - y3 - 2y2) |

< 3x2 3y -y = 0alx, y), say oo (2) |
a2u ‘ | | )
ox2 ax (6xy +4x) . |
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Analytic Functions 117

Since u satisfles Laplace equation, so u i{s harmonic. Let v is
the harmonic conjugate of u, so that f(z) = u + iv is analytic.

Puttingx =2,y =01in (1) and (2) we get
0z 0)=0+4z=4z

and ¢z, 0)=322-0-0= 322

. By Milne's method we have

f'(2) = ¢(2, 0) - i¢y(z, 0) ‘
= f'(2) = 42 - 1322

= f(2) = J(4z ~i322) dz

22 - 23
= Uu+iv=4.5-1i3 3 + ¢ +icy, where ¢; +ic, is complex

constant.
=222 -iz3 + ¢, +icy
=.2(x +iy)2 —ilx + iy)3 + ¢; + ¢y
= 2x2 + 4ixy - 2y2 — x3 + 3x2y + i3xy2 -y + ¢, +1icy
o= (2x2 - 2y2 + 3x2y—y3 +¢y) + 1(4;cy—x3 + 3xy? + cp)
Equating imaginary parts we get - ' ’ >
v = 4xy - x3 + 3xy?2 +02 (Ans)

Example-44. Show that y(x, y) = 5 log (x2 + y?) is a harmonic

. in the region C - {(0, 0)}. Find the harmonic conjugate of this
function such that f(z) w + i¢ is analytic and also find {(z) interns
oz ~ [NUH-2004, DUH-1986]

Solutlon Given \y y(x, y) == log(x2 +v?)
1 1 X : &
! (1)

vtk x2+y2 2x—x2+y2-¢1(x Y), say «eee-
¢ .

72y = ,?‘.,.Lyz 0ol y), say - (2)

dy 2°x2+y ¢

Py _9d( x \_(&x+y}).1-x.2x_y? = x3 .
ox2 " ox\x2+y?% T (X2 +y?)? “Eay e
Py_9( vy \_K+y).l1-y.2y x2-y2
W"FW(X“YZ Ty eyl
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.

dz y
Example-3. Evaluate IB mwhere B is the circle |z| =

'describe.d in the positive direction, together with the circle |z| =1.

‘described in the negative direction. .. ’ [RUH-1999]

. ‘YA
Solution :

k- dz
let | =53 = z) dz
)aret. JBZ2(ZZ+9) Jeﬁ)
1.
z%(z% + 9)

- flz)is fails to be analyticatz2=0
andz>+9=0 '

where {(2) =

That is, atz Oandz '+3i

all of which lie outside the annular region w1th boundary B.
' Hence by Cauchy s integral theorem |

flzdz=0
JB it
L d
= Bzz_(zz+9)"

—

Example-4. Show that

1 ez e2 if C is the mrcle | z| =
2dZ |=

. 27 ,if C is the circle |z mUHf1984].

Solution : From Cauchy's integral formula we have.

_ 1 f(z) .
fla) = 21riff dZ'-"". (1)

Here flz) = ez is analytlc msxde and on the circle |z|
' Againz=a=2 SERRC i

=>|z|=]2]|=2<3 - g /\

». z=2 lies inside the circle |z| =3 L | u: R

Z Hence by(l),;2lA % eL dz=12) - \—/
miJ.z-2"""7 Ll

* . . (Showed)
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166 Complex Analysis

.

Again, |z] = |2] =2>1

~. z= 2 lies outside the circle |z]| = 1. Al
Hence by Cauchy's integral ;
theorem we have
Hu
% flz)dz=0
° f
1 ‘ c
iﬁj( 5dz=0.  (Showed) |
sin 3z° IR ¢
Example-5. Show that ff . dz = 2ni, where Cj;
) C z+= {
, g |
circle |z| =5.. - . ' [RUH-I;
Solution : Let f(z) = sin 3z °
Then f(z) =
T 21
Also, herez=-5 . ,
nl . n_3.14 | 3 ; &
= |z| = -2.=§_—T_.1.57<5. , (2, 0):
. =__1_t = by . _ ' , .z
52 211esmthec1rcle-|z| =8 | | ellips
Hence by Cauchy's integral formula we have . . integr

i% M) —Z d2=1la)

2mi cZ

=>§ flz) dz 2ri fla)
C

sin 3z n- A
=>§c ndz=2nil(2)»

‘Z + 5 il |
- (=3m\ b
= 2mi sin (T) | R
: b
= 2mi cos Q0 E | 8 S
=2nix1=2n. (Showed) | |anal
Exal"nple-G. Show that - \ l Egi\:en
A

e L - 2ni, if C is the circle |z- 1] =4
cz-mi 0 ,ifCis the ellipse |z - 2|+|z+2|’

. ~ [NUH-1999, RUH-1981, ¥
Solution : f(z) = % is analytic inside and on the circle |z - ”I -

(3
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© The Theorem s valid for both simply and m,
connected regions.

Cauchy's Theorem or Cauchy's Fundamental Th'%
Cauchy's Integral Theorem.

Theorem-5. If f(z) is analytic in a region R and on Ila,

boundary C with derivative f’(z) which is continuous at allp' |

lnside R and on C, then

Proof : bet7—x+ly Then gf(-lmd

Y

45 flz)dz=0
c

[NUH-95, 97, 04 (01d), 06, NU(Phy)-04, Ry, |

0z
dy ~

Given, f(z) is analytic and f’(z) is continuous.

d

" Equating real and imaginary parts we get,

= fl2)] = (% (u+iv), whereflz) =u+iv=u(x,y)+ iv(x, y)

=>—a (u +1iv) .——a\(=§— (u +1v) .Qy_; Since f’(z) exist sof”
g 92 9y 7 927 il be independen|
(@, ), P, ) 1 will be independa

ﬁ(ax“ax R AR manner,

b v
Saxtlix=- ay ay

u_ v

u o
"9x (1) and 5 =-3 -

)

which are continuous inside R and on C.
.. By applying Green's theorem we get,

.

ﬂz)dz:f (u+v) (dx + i dy)

=§c(udx—vdy)+i§ (vdx+udy)

v du v
ﬂ(‘gﬁ—-a-)—,)dxdy+iﬂ.(£~—)dxdy

ov oy : v v
=H(‘&*&)dxdy+iﬂ(ay ay)dxdy lby(l)and

=0+i0=0

(ﬁ: Wd=0  (Provea)

AVAILABLE AT:

s

|

T ————— T ——T—— .‘__._..._

The
simple

curves t

’I‘h_e

directic

D

- Thu


https://v3.camscanner.com/user/download
http://www.onebyzeroedu.com

