 nther

Complex Analysis

Definition-2. lhe imm,mary unit I (iota) is deﬂncd asi= (O, |

Proposition-1. 2=~ 1.
Proof : i2 = i+ = (0, 1)»- (0, 1) | sk ¢
= (0.0 - 1+1, 0:1 + 1.0)]

=-1L0=-1 .
/ : :
P@osmon 2, Every complex number z = (X, ,y) can }
written as z = X + iy or x + yi. ~

: Proof-Z-(x,y)-(x,0)+(0,y) X+1y= (x O)+(O 1)(y O)
' % 0+0 10 | =k 04+0y-1.0, 0-0 + 1y
=X+iy ‘ -(x0)+(0y)
=(x.y)= '

Simi}arly, z=(xy) = (x, 0) +(0,y)
= (x, 0) + (v, 0) (O, 1)

. =X+yi :
 Thus, definjtion-1 can be modlfy as, any number of the forn‘
- x + iy is called a complex number where X,yER. '

_ 'With the introduction of i, Defmmon—l for addltIOIl anc
' multlphcatlon of complex numbers can be translated as
(x, +y1) + (5 +iy)) = (%, +x2) +1(y1 +Vy9) AL
(x; + 1y ) » (g + 1Y) = (%, - Y1Y2) + 1(X1Y2 + lez) -
- The term 1magmary number does not mean that such -a
number does not exist. The letter i is a symbol which denotes
‘imaginary unit just as 1 denotes the unit of rgal numbers. Thus
the imaginary number iy means y unit of imaginary numbers
just as x means x units of real numbers. The expression x + iy is
not an imaginary number, it is'a complex number. If'z = x + 1y,

~ then x is called the real part of z and y i is called the imaginary
part of z, writteri as , ;

. Reld) = >’<, Im(2) = .

» 1.2, Eduality ‘of complex numbers : Two complexX numbers

zy = (x4, y1) and 2, = (xy, y,) are equal < X = X9 and y, .= y,, that is;
the real part of the one is equal to the real part of the other, and
the 1magmary part of the one is equal to the 1mag1na1y part of the
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Complex Number 3

Note : The phrases “greater than” or “less than” have no
~meaning in relation between two complex numbers. Inequalities
. can only occur in relation between the moduli of complex
. numbers. |

1.3. Geometrical representation : Every complex number
can be represented geoimetrically as a point in the xy-plane. We
can identify the complex number z = x + iy with the point P(x, y).
The set of all real numbers (x, 0) corresponding to the x-axis,
called real axis, and the ‘set of all imaginary numbers (O; y)
corresponding to the y-axis, called the imaginary axis. The origin
identifies complex number 0 = 0 + iO. '

The distance of P from the origin I Px,y)
s Vx2 + y2. The nonnegative value of ‘ |
Vx2 + y2 is denoted by |z| and hence | |
|z| = VX2 + y2. .|¢| is called the A A S
modulas or absolute ‘value of z = (x,y).

|z] : g

We shall use the followmg mequahtles
x< |x| VX2 +y2 = Rel@) < |Re(g)| < |z| i
y<lyl sV@+y? = Im@ < | Im@)| < |z
. Polar and exponentnal form of complex numbers Let

r and 0 be polar coordinates of.a point z = (x, y) For z # 0, let.
X= rcosey r sin . Then !

x2+y2= r2(cos20 + sin20) = 12

wT= +\]x2+y

48 B sin® rsin X LA Sy
and Ny = <9 rcos X

=$9-tan"1(¥) . Tl : ~
_ r is called the modulas or the absolute value and 0 is called the
u 1mp11tude or argument of the complex number T . : '
|z|—r $\x2 +y —O@x Oandy= Oeoz= x+iy—0
- The value of 0 between - n and n is called the prmmpal value of .
the amplitude. We denote it by Arg z.

© Again, z = x+1y-rcose_-+1rsm6

=r(cos 0 + i sin 0) = rei®
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4 ' Complex Analysis

which is called the polar or exponential form of the compk
number z. 1

Note : r = |z| is a unique nonnegative number, but 6 = t_arl’l e

is a multivalued function.

&gand plane or Argand diagram : When a complex number
is represented by a point P(x, y) in the xy-plane, then this plane i
called the Argand plane or Argand dlagram or snmply a comple'
plane. | : | ”

//'1’5 Conjugate complex number : Ifz = x + iy is any
‘complex number, then its complekX conjugate denoted by z s
defined as z = x - iy = (x, - y).

It is clear that z is the mirror ¥ .(,x 4/
image of z into the real axis. This iy’

indicates that z= 27 is purely a real ' 0.

number. Also, z =7, .

Again. zZ=X-iy=rcos 0 -irsin®

! (x-")
-r(cosﬂ—lsme) reid I

szl =r=z| andAmpz——O— Ampz

Thus condition for two given numbers z, and 'z, to be
conjugate '

 |z1] = |7 and (i) ampz; +ampz, =0..

- 1.6. Vector representatlon of complex number : Letj]
P(x, y) be a point in the complex plane correspondmg to the |
complex number z-= X + iy. '

Then the modulas r = \fx2 ty*is v ol |
represented by the magnitude of the
X et X o
vector OP and its amplitude 6 is s
represented by the direction of the - - = X
x P , |

vector OP. ' . ' : 1
Hence the complcx number Z=X+ ly is- completely represents

by the vector OP
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14 ' Complex Analysis

' SOLVED EXAMPLES

+ 2i
Exary&( -1. E\(pxess (2 P 1))2 in the form A +, iB Also find;

modulas ‘and argument. ' ’ [DUH-leq
. ..(1+2i)2_1+4i+.4i2 ' ‘Y

1+4i-4 |
L e d2 o
TR U O it
_-3+4i 3-4i
T3 #4113 -4
-9+ 12i+12i-16i% . ; :
; —(4i)2 ok A0 o Iv
_-9+24i+16_7+24i s
9+16- = 25
AU 2o v ;
a5 Tlos. L AIB o o
' SRl aal L  intoa v
s = i lzs“zs o |
N gl R
LY ACLY A (7 it |
625 A €4 oG 6 | da ST
i ' 24/2 i
-The pnnmpal argument tan~1 ( 7 //255) tan'l' (274) 2
The general argument = 2nn + pnnc1pa1 argument |
-2nn+tan‘ (24)

e
where n = 0+1,i2 t.

+ Example-2. Find the real and 1magmary parts ol
l1+cosO+isin®

1+cos¢+ism¢

and also ﬁnd its modulas ; '_ [RUH-IQSQ

'y
\

by ‘ 8 5 8
1 +cos0+isin0 20052§+1231n-2'cos-2-_‘
1+cos¢+isln¢

Solution :

2c0529+i251ngcos§ : |
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Complex Number . ~ 15

2 cosg<cos g + i sin g)

e e e e e et S . <. & i et

2 cos % (cosg + i'sin g—)

9,4 7 Tl
_coszemp_ Cos 5

ik el0-0)/2
cosyy CoS 5
cos0 ( 1
G 0-0 0-0
- Q[cos\ ) )+isin( ) )}
cos 5 P ‘
B | Bait f1+cose+ism0 e 0-¢
Real part o 1+cos¢+lsil‘l¢ 'Q.COS 2 3
cosg‘ ‘
: : f1+(:ose+1sm0 200
Imamaryparo 1+cos¢+1sm¢ + 0 2
cosy :
: - : - cosg. 4 Y
1+cos@+isin@| |02 005k
Modulas = i sin 0|.~ SR o
Uvcosgrisingl™ [0 |0
Gos S
= ; AL -
cos 5
‘cosg COSQ“ |
L2 ; ' Ans.
“eos® eos gVl * e

Exar4fe—3. Find the modulas arid. argument o_f the foll'owing

| complex numbers :

S RORR il T |2

(i - ' [DUH-2005, JUH-1987]

(11+1\/§ ; A g )
Solutio.n: (i) L —2(1_1ﬁ) ‘—2+-122V.—:_))
: TNy N Q- e . 1-T3 ‘
_.—2+12\/_é;9-2‘+ 2\11—3 _1_1\11_3 v =
pubpc 107 S Widheo W S
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16 . ' Cumplex Analysis ' {
.. Modulas = '~~g*l ry i\/§| J-—
________ , .
The principal argument = tan-! (}j-—?—%) o \j'é =% _ '

N

21 ;
~ The general argument is 2n7 + 7, where n=0,* 1. t 2 - ete|

-2 _1- oie 1- 2-1 -2

) 1 +1 (1+1)(1—i) T2 1+l .7t
: ' ¢
Modulas— —| 1|—\}0+(_ 1)2=y1= 1 ‘ : c

- The principal argument = tan™! (_Ol) =- tan‘ll(oo) = -g " r

The general argument = 2nm - 2 where n=0,+1,£2 .. etc.

/E’ Ample~4. Find the modulas and argument of the comp

. 2+1i i i
number (-3—1) ; : L [DUHT—_199
Solutlon (2+1) 44di+i2 4+4i 3 +4i
3 T9- 6i +i2 "~ 9 6i—1 8 Gi
3+41 8+61 24+181+321+24f12
“8-61%8+61 . 82 - 62j2
. =24+50i—§§
644-.36
. ' . v_i___i_ »
Ry T10072
-Modulas = (g-ﬂ)z - '-i-"- I
Pt 3-1/ 727"t 72
il B i S (10 #
The prrncrpal.argurnent = tan 1 T = tan™! (oo) =3
. ko3 2

‘. The general argument 2nn & Wheren 0, + 1 + 2 c;
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Complex Number - 17

Example-5. Find the square roots of the compléx number
5 — 12i. , [RUH-2002]

Solution : 5 - 12i = 9 - 12i - 4
- =32-23214 @2  [2=-1]
= (3-21)2 |
=5~ 121 = V(3 - 22 =+ (3 - 2i)
» The square roots of 5 — 12i are 3 - 2i and - 3 + 2i.
 Exafple-6. Expreés - 5+ 51 in polar form.  [RUH-1998]

Solution : Let -5 =r cos 6 and 5 = rsin 0

_Then by squaring and adding we get |
(- 5)2 + 52 =12 cos?0 + r2 sin20
= 25 + 25 = r2(cos20 +.sin20)’

=50=r2=r=V50=5V2

‘

 rsin® 5 ' n\ 3n
Alsotane‘rcose _‘5—'7'1 tan4 tan( 4)= 4

' _3n ' ' : : RS
Thus,-—5+51=rcosei-ir'sinef-r(cos()+isme)_ :

=>+5+Si=5\]§(cos—i£+isin%1£), i

V5

.. which is the requlred polar form.

Example-7. Show that the sum of’ the products of all the nth
roots of unity’taken 2,3,4,-,Mn-1) at a time is zero. [RUH-1986]

Solutlon Letz = (1)1/n Then M=1=27"-1= O

= zrl + 0] -!l‘()-z“‘2 +e04+02z-1=0

Let z,, 2, Z3, -+ » Zn be the roots of thls equaho'l

Sum of the products ‘of the roots as b '
taken two at a time is 22122 .0, - '
taken three at a time is Zzlzzzz 0 T fiprd

S

i' taken (n 1) at a t1me is Zzlzz vz =0 (P_roved)
Complex Analysis-2 Ee '
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24 Complex Analysis

Now |72, | = I(‘(l +1yy) (xg + iy |
= |X)Xg + IX)y2 + Xoy) + i2y,y2]

= | (x)Xp - y1y2) + i(Xl}’z + Xoy1)|

= Vix,Xg - Y1yo)? + (X,y2 + Xoy1)?

' 2.2 202 i x%? .43
=\x2xZ +ylys - 2Xi%ay 1Yo + X 1Y 2 + XaY 1 + 2Xiky

L

=\/ﬁf(x§+y22)+y,2(x22+y22) o Figt

V2 eyD g +yd)
=\x2ey? \xZ+yl
=1z |zl e
|21Z2| |Zl|7fz|
‘Other way : We know that |z|2-zzandzlz2 7 2.
clam|?=z) @) 0

20,7, 5= z) @) = [0 ]? %]
=(lai] 2]P e
= |22, = |21 |z] ‘
() 2125 - 2|2 = (2‘122 e z) (2429 -+ 7))
s n G E)
= (2, 2)) (Z222) - (z) ()
= 2|2 )2+ |zl
=zl lal - mE
= |22z 7| = |21 |22] = |2} (proved)

Example—22 For’ any complex number zl, Zg, +ory zn Prove
that : ; 2

W |zl+qu<|21|+|7/z| :
[NUH-02 (01d), 03, 04, 05, 07, NufPre)-OS DUH-98, 05 |

(ii) |z +2p+ - +Zn|<lzll+lz2|+ H| g i
IRUH-1998, CUH-2004]

};/4) -zl <lal+lz] . [NUH-2006]

Solution : : We know that |z|2 = zz and Z=2

il
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Complex Number ' .25

sz |t =2 4+ 2) (2 +2)
; = 2y #2) (2) +2))
=le+21.71—2+7fz;1- )
= |2 |2+ 22+ 2z + |22
= |2,|2 + 2Relz,2) + | 2|2 [22+2 = 2Re(2)]
= |z2) +25|% < |21|2+2|21;2| + |22 [ Relz) < |z]]
=z +2< |z 2+ 202l (7] + |2 [ zzl = 2] 2]
s lm+ < a2+ 20a] |zl + 22 [ 12 = 2]
= |21 +2|2< (|z1] + |22
Sla+z| <zl + )
Other way : Let z, =1, el and z, =1, ei°2;’1heﬁ~|zll = | e’ell \
 =nl € =n.l=rand 2] =1
L2 +2p= rle 1+r2e 2-r1(cosel+1sinel)+r2(c0362+1sm97)
’ ~ =(r;cos0; + 1908 0,) + i(r; sin 0 + 1y sin 6,) -
= |z fi2|2=(r1 cos,el + Ty cos 09)2 + (r; Sin-0,+ Ty sin )2
=rf cos?0; + 2ryrp cos 0 cos 92'+r§ cos(i)2
Carty +17 sm261 + 21T, sin 0 sin 624-r2 sin 62
= 1'1(005291 + sm291) + 2r1r2(cos 0y cos 92 1
- +sin§, smez) +r2(cos262+ sinZ0,)
=T 1 +2r1r2 cos(0; - 92) +r2 o1
= |z, fZ2!2-<'rl +2rry+rs  [rcos(@-6)<1]
= |zl,+z2|2$(r1+r?)2.

= |z, + 2| 5|+ 15 "

=|n+zl<lal+lzl

() |z +zp++2| =zt a++2)|

= |z +2p+ +Zn|<|zl|+|z'2+ +zy| Doy
=>Izl+7a+. +anS|21I+IZz+(76+ 47| :
= |21+ 20+ + 2] S 21| + |22 + |z + -+ Z0]
Proceding in the same way we get

|tz +ZnI<I21I+IZz|+ C+ |2l
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26 . | Complex Anélysis
(i) |2, - 22]2 = |21 - 2) (21 - 2) [ |2]2 = 2]
- G- NETEAT+3)

=AZ—Q5—%E+%Z

= |22~ itz + |22 [ [2|2=2]
= |z|?- @iz + 21 2) + | 2| l‘-';=21}

= |u|2-2Relziz) + |2 ? |

= |21 - |2<|Z1|2+2|ZIZ2|+|Z2|2 {'.',-xs.\/x2 + y?
: 4 <
= |z-2)2 (|2 + |2])? =-Re@ € |2] -

= |z1-2%| < |z + || = (Proved)
Example-23. Let C be the set of all complex numbers.
Consider z, = x; + 1y, 23 = Xg + iy, € C with X; < X2, Y1 < Yo
Do you: agree that z, < 22? What about |z,| < |22]? Prove that

n n
Z zJ <Z |z| and | I'IzJ ]-

j=1 e .

complex numbers. - A bl [NUH"1997]

Solution : Given that z; = x; +iy; = {x;, y,) and Zg = Xo -+ iys

= (Xo, yo). That is, z; and z, are two po'ints' in the Argand (complex)

plane. We know that greater than or less than have no meaning in- |

relation’ between two complex numbers. So ¢; < z; has no
" meaning. Thus, I do not agree that z, < z,. T A

2nd Part : Given that z; = x; +‘iy1. zy= Xg + iyy, : :

|zj| where zl, Z2, zZ, are

wherex1<x2,yl<y2 s ) T R A
|le-\)x +YIand |7’2l VX2+Y2 | Re <t
Nowx1<x2=>xl<x§ S EaUC )
..and y,<y2=>yl<y2 et Tl : ' . 4
iR +Y1<x§+}’2 " [by adding]

- \/xl +yi< \lxz +y; [by taking squre root]

= |z1| < |2)
But this inequality s not always true. We counter this by the -
following example. i

AVAILABLE AT:
CamScanner


https://v3.camscanner.com/user/download
http://www.onebyzeroedu.com

Complex Number ' 27
let Zy=X3+ly;=141(-=7)

and zp =Xg +lyg =3 + 12

Here Xy = l. x-)‘=3. y‘ =—7, y2=2

1<3=2x1<xpand=7<2 =y, <yy
A =\}x?+y'f=\]12+(—7)"'=\}50
|22 | =\’x.§+y§=\[3"-+22=\]13

It is true that V50 > V13 = |2, | > ||

Thus, |z| < |zg] is not always true under the given conditions.

|z,| < |22| means that the point z, is closer to the origin than the
point z is.

3rd Part : Given that

' n' n
sz <. |2
j=1 1 =1

= |z + 2+ + 2| £ 2] +‘|7¢| ot A

Now do as example-22,

. In
4th Part : Given that | TI z H Iljl
| 13=1 j=1
that is, |27, - 2| = Ile |22| e 3
- Now do as exaniple-22. | "‘
Exa 24.-Pro've that |z, - z5| 2 ||21|—|Z2||>|21|‘°|Zz|

[NUH—2002 (O1d), DUH—-1998. 2005]
Solution : We know that |z|2 =zzand z, +2 =2, +z;_

A |2_(Zl -2 (2 - Zz)
=(?1—Z2)(21-22J
=712 - 2120~ lez"'?/zzz
|21|2 (21Z2+Z1ZJ)+|Z2|2

PR PR LI R P LI et B

= |zl]2—-2Re(zlz))--f- |23|2 [2+ 2 - 2Re()] - ‘
= |z -2|22 |2,|2-2|2iz2] + |2]* [‘.‘:x: Re(z) < |z ]
= |21-2122 |z |2-2|21| || + |2|? St s ZT 2|

5P |z, -2|22 |z‘|2—2|.21| 1z2| + 12212 [ |2] ='|E|],

7

TN
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28 Complex Analysis

= |21 =222 (2] - 2] =] |21] - |z2| |)?

= |2-22] 2 ||| = |zl | = ()

Again, we have | |z;| - |z| | 2 |z1] - |z] = (2)

From (1) and (2) we have | |
|1 - |>||21|—|Zz||>|21|-lzz| (Proved)

Example-25. If z;, z,,-23, 24 are complex numbers then~ shm
that '

. 2 |21| ' )
(l) < , Where z |z
22+ 231 | || - |za] | |l # |z A
_ [NVUH-2001, DUH-9§
Zy +2 + L
(i) |22 < |21] + || where |z3| # |24].

23+Z4 _|IZ3I—IZ4l[, . :
: CUH-2000, DUH-2001, 2003, 2006

Solution : (i) We know that |z, - z,| > | |21] - |za] |
Replacmgzzby—zgweget Izg +2| 2] |z,| - |- 2| ]

S|z +zl2||al -zl |z|—, Z, (1)1
= S . : e |
atzl " Nalc Bl ] i e ol
Multiplying both sides by |z, | we get'f' o ' DAy
| 2] < |zl : '
2427 | |z - |zl |
(ii) We knowthat |z1 +2| < |21| + |2] .....’,(2)‘
andby(l)wehave ,Z3+Z4|>“76| 124” A
1 1 e
...... 3)

, Mk |l23| |Z4||
Combming (2) and (3) we get, o
|21+Zz| |z1] + |za] - e
L (Pm_ved)
|25+ 24 [1za] - |24 | &
Example—26. Find two complex numbers whose sum is 4 and
whose product is 8, , ~[NUH-2000, 2006 (Old)]

Solution : Let z; = x; + iy; and.z; =X, + iy2 be two cornplex
numbers. According to the question,

AVAILABLE AT:

CamScanner


https://v3.camscanner.com/user/download
http://www.onebyzeroedu.com

=2p Ty -~
b is real, since p and q are real.
Also, p?+q?=bgives,q?=b-p%>0
- 2

=>b-p2>0=>b-(—:23) >0

a2
zb—74—>0=>4b az>0 ,

=4b>a?=a%<4b
Thus, we have a, b are both real and a2 < 4b.

Example-32. Solve the equation |z| -z =2 +i.
Solution : Let z = x +iy. Then |z| = Vx2 + y2
Giventhatlzl-z_zz.n |

X2 +y2-(x+iy) =2 +]

Equatmg real and imaginary parts we get,

T i L

—y=l=y=-1m @
Using (2) in (1) we get,
' \/x2.+ 1-x=2
=>VX2+1=x+2 \
=>x2+l x2+4x+4 by squaring

.=>4}: -3=>X‘ 43 N
nzs= =X+iy= _4 -i (Ans) :
Example-33 Descrlbe geometncally the region of th

following : R
|z~ 4|>|z| | s [NUH—1998 DUH—1988 1993;
4frf’ |2-1] = |2+1| [NUH-2003, 2006, DUH-1987, RUH-2004
(iii) Im(z] > 1 S - [DUH-198§
(iv) Relz-1)=2 R | & i
V) |z+3i[>4 | ' DUH-1989
(vi) |z|>4 | ', -~ [DUH-1986|
(vii) |z- 2+1] 5 . |[DUH-198Y
tiil) |22:43],>4" RPRCIE » [DUH-1988
z-3 , | {5 P :
X 1253 -3
(x) - 2+§ >3 e ol e el
%) | R < e \  [DUH-1989

|
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Complex Number 35

(xii) Re( )s [NU(Pre)-08, DUH-1988]

Nlb—' DN =

, (xdii) Re( )

z)<
(xiv) Im( )

l<|z+i] <2
1<|z+i| <2

F@ﬁqz‘—'msz ' s [DUH-1988]
~xviii) 0 <Rel(iz) < 1 s Yo [DUH-1990]

(xix) 3 <argz< g

[NUH-00, 06 (O1d), DUH- 86, 88, 90,98, 03]

(xx) -m<argz<m ‘ 3 [DUH-1986]
(xxi)  -m<argz<mzz0 | [DUH-1988]
(xxii) O<argz<2m, |z|>0 .+ |DUH-1989]
(xxiii) ,—n<arg2<ﬁ, |z] >2 i -~ [DUH-1988]
(xxiv) |z-1|+]|z+1]<8 . ' [NUH-2005, CUH-2004]
(xxv) |z+2-3i] +|z-2+3i|<10 | [DUH-1989]
(xxvi)' |z-2]| - |z+2|>3 e RN ' [DUH-1990]
foovid) Re@d) >1 S - - [DUH-1989]
(XXVlll) Im(z2) > 0 ‘ . ’ .- [DUH-1989] ',
(exix) |z+i] + |2-1] <3 - [NUH-1995, 2008]
C(xxx) |z+2i] +|z-2i| =6 - INUH-2004 (O1d)]
f) 1<|z+1+i]<2 - '~ INUH-1994]
(xxxi) Re (21_) >% sl e NUH-1994]
(oxxiii) Im(z?) > 2 . . [NUH-1994]
(x>ociv)"-|z+1+i|=|z—l+‘i| Ry . |NuH-1994
Solution : (i) Let z = x + iy. I LN AN ‘
' YA

Then |z 4| > |z| gives |
|x+iy-4| > |x +iy] »

=[x - 4)% +y? >\lx2+y
=x2-8x+16+y2>x2+y2 B e
" =>-8x+16> 0 : B GRS
 =8x<16=>x<?2 xN o ox=2
- " Tha redion ia the set ol all points (x y) such that x < 2. That .
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36 ' Complex Analysis

@ |z-i] =|z+g) - Y
=:|x+i$r—i|=|x+iy¥l| '
= |x+iy -] = |x+ily+ 1)
.=>\]x2+(y—l)2—\/x2+(y+1)2
=x2+y2-2y+1= x2+y2+2y+1
=-2y=2%

=4y =0=y =0, which is the equation of real axis (x - a;¢
‘Thus the region is the set of all pomts lie on the real axis. 3

(iii) Im(z) > l i ' y>1 -

=>,Im(_x+ iy) > 1:y> 1

>X

The region is the set of all =~ fEE &[G ,
points (x,y) such thaty > 1, that — | -~ y=1 _
is, the set of all points (x, y) lie in 3 by
the upper of the line y = 1. ' e
(iv) Re(z 1)=2

=;Re(x+1y 1) 2wherez x+iy

—*‘r

= Re(x'- iy - 1) i
s ()
=x-1=2 g
= x= 3 :

_ Which is the equatlon of a straight' ol
‘lme parallel to y-axis. Thus the region .
is the set of all pomts (3, y) where
y€ R :
(v) Letz‘-x+iy Then |z+31| >4g1ves
|x+1y+31|>4 B |
= |x+‘i(y+3)| >4.

'=§\]x2+(yr+3)2>4

=X+ +32>42
s 'X2+(v+3)2=421sthe
equation of a circle. whose centre
is (0 3) and radius is 4. :

‘ - Thus, the region is the set of all extemal pomts of the mrcle
w hose centre 1s 0. - 3) and racllus is4.

/-
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10 | Complex Analysis

it
= Im (x+ iY) (X"iY) <2

X -1 1
= {3 <3
Loy i
REET R

=:>—2y~<.x2+y2
=>x2+y2+2y>0

'=~x2+(y+ 12> 1

This represents the set of all external polnts of the cin

whose centre is (- 1, 0) and radius is 1.

(xv) Let z =x +1iy. Given that 1<|z +i| <2

=1< |x+iy+i|.$.2
=1<|x+iy+1)| <2
' .:'~1<\fx_2+_(y—+T)2$2
=1<x2+(y+ 1)l2_<_22
S1<x2+(y+1)2

and x2 +(y + 12< 22

3

x2 +(y + 1)2 >°1 represents all points external.to the cird
‘whose centre is (0, - 1) and radius is 1. Also, x2 + iy + 1)2 <3
represents all points internal and boundary of the circle whos
centre is (0, - 1) and radius is 2. Thus the region is the set of a
common points of external points of the circle x2 +(y+ 1)2 = 1 ani
internal points' of the .circle x2 + Lv + 1)2 = 22 including its

boundary points.

(xvi) As example 33(xv), 1 < |z + i| < 2 represents the commor
points ‘of the external of the circle X2+ (y+ 1)‘2,= 1 and internal of
the circle x2 + (y + 1)2 = 22, Thus the region is the set of all common
points of external points of the circle x2 + (y - 2)2 = 1 and internal

-points of the circle x2 +'(y -2)2= 22 including its boundary points.
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Complex Number 41
k(ljet = x + ly. Given that 1 < |z 21 | <2

=1<x+ly-2i| <2 i
= 1< |x+iy-2)| <2
= 1<\Vx2+(y-2)2<2
=1<x2+(y-2)2<22
=>1<x2+y-22
Cand x2 + (y - 2)2< 22

1 < x2 + (y - 2)2 represents all. points external to the circle
whose centre is (Q, 2) and radius is 1. Also, x2 + (y - 2)2 < 22
represents all points internal and boundary:. of the circle whose
centre is (0, 2) and radius is 2. Thus the region is the set of all -
common points of external points of the circle x2 + {y — 2)2 =1 and
internal points of the circle x2 + (y - 2)2 = 22 including ‘its
boundary points.

(xviii) Let z = x+iy Then0<Re(1z)<1becomes
O<Re(ix+izy)< 1 AAER.C
— 0 < Relix - -y<1-. '
S 0<iyS T 7
=0<- y'and'y<'1
=:»O>yandy> I i
=>y<0andy> U T fgis
' Thus the region hes between the hnesy 0 andy =-1.
(xix) Let z = x+1y- ' :

1 ¥

’I‘henargz 0= tan‘ g
leenthats_ ng§ pEie
T us
=3g* 9<§,
YA

0=n/2

AVAILABLE AT:


https://v3.camscanner.com/user/download
http://www.onebyzeroedu.com

. . bz (
which is the equation of a circle whose centre is ( o 0) and

radius is % | ,
Thus the region is the set of boundary points of the circle
whose centre is (:3{-3 O) and radius = g
/E"//(mple—SB Draw the sketch of the following region :
1< |z- 21| <2 X : [NUH-1998]
Solution : Let z = x + iy.
Given that 1 < |z -2i| <2
= 1< |x+1iy-2i| <2
=1<Vx2+ (y-2)2<2
=1<x2+(y-22<2?2
=1<x2+(y-2)?
andx2+ (y-2)2<22

.

Thus the region is the set of all coxﬁ_tn'on points of ektefrtal'
points-of the circle x2 + (y = 2)2 = 1 and internal points of the circle
2+ (y-2)2= . “ | ki
’ Example—-39 Prove that the set, of complex numbers form an
_abehan group. - . : . [RUH—2002]

Solution : Let C be the set of complex numbers and '

_ = {z: z is a complex number (x y)}

Let z, = (x;, y1) 2y = (. yo) and z3 = (x3, ya) € C .

(i) Closure law : 51 + 25 = (X1, Y1) + (X2, Yo ;
N L =K tX Y1 +y)eC o
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Proof : Let the function f(z) is differentiable at Zo.

{ fl
Now, lim [f2) - flzg)] = Hm (’) (’0)( ~20)
Z—'Zo Z—-’?O
fl

= lim f(z) - f{zy) = lim (7) ,,( %) «lim (2 - z)
Z—vZ ZZy 0z

= lim f(z) = f(z) '

‘ Z—’Zo .

Hence f(z) is continuous at Zo- Thus every differentiable
function is contmuous
2.5. Analytlc (or regular or holomorphlc) functions :‘
[NUH-2000, 03, 06 (Phy), 05, 05 (Old), 06 (Old), 06, DUH-05]
The concept of analytic function i$ the core heart of complex

_analysis. First we give the definition of an analytic function at a
_point and in a domain (region). | B

; /,6/eﬁniti‘on A Coniplex function f(z) is said to be analytic at a
point z, if its derivative exists. not only at zy but also at each point
z in some nelghbourhood of Zg.

The above definition follows that if f(z) is analytic at z,, 1t is
actually analytic at each point in a nelghbourhood of zg.

Definition : A function f(z) is said'to be analytic in a domain D
(or reglon R) if it is analytic at each po1nt of D (or R). -

The terms holomorphlc and regular are used with 1dent1cal
‘meaning in the literature.

-‘Entire functlon A complex function f(z) is sald to be entlre if
it is analytic in the whole complex plane. '

_ﬁrmgular point or Smgulanty : [JUH,(Phy}-ZO'OO, 2003, 3005]

If a function f(z) fails to be, arjalytic at a"point zo but in every
neighbourhood of z, there exist at least one point where the
function is analytic, then z, is said to be a singular point or

singularitv of flz).
Complex Analysis-5 -
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66 Compléx Analysis

Cauchy-Riemann Partial Differential Equations :
[JUH (Phy)-2000, 200‘

A heorem-4. Necessary conditions for f(z) to be analytic
nccessaxy condition for w = f(z) = u(x, y) + iv(x, y) to be analyt(c at‘

point z = x + iy of its domain is that the four partial derivativh

- gt: 33 gi and gy should exist and satisfy the Cauchy-Rjernan,1

partial differential equations
" ’ du _ov du_ v
ox ~ay ad 59 ="5x - ,
[NUH-98, 2000, 02, 05 (Old), 06 (O1d), 07, DUH—O3 05
Proof : Given that f(z) = u(x, y) + iv(x, y) is analyty
(differentiable) at any point z = x + iy of its domain. " |
f(z +Az) - f(z)

- f'(z) = lim 2 5 |
: Az—»O o A 1
498 <1 culx + A, y + Ay)‘+ iv(x Zfo ]3&;- Ay) - lu(x y) + iv(x y)] - ()
Ax—0
Ay—0

Since f(z). is analytlc so f (z) ex1sts fimte and unique
independent of the path. along which Az —» 0 ¢ G L3

Now thete aré two cases : : Y

Case-1. Along real axis (x-axis) we have Ay 0 and Ax —» 0

so from (1) we have :
u(x + Ax, y) +iv(x + Ax y) -ulx, y) - iv(x, y)

f(z) = lim
AX_'O ZEH " Ax | .
i u(x + AXA}Z ‘ u(x y) it v(x f+ Ax,Ay) - vix, y) f
AX-0 ;s T T - Ax-0 SN s ‘

g 3 . | '
=>f'(7) 8 +1& ------ @ | Y ot
provided the partial derivatives exist.

Case-2. Along imaginary axis (y- ax1s) we have Ax = 0 and
Ay — 0, so from (1) we have '

ulx, y + Ay) + iv(x, y ,+ Ay) - u(x, y) 1v(x. y)

f'(z) = lim o
Ay—0 -, iAy . _
el HRYEElouy), o vy s &) - vl )

’ _la_u aV _au av
:>f(Z)—lay 8y _15374-'5....'..(2)
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/\nnlyllc Functions 71

1
= -= (sinZO + €0s20) 3() = (sin?0 + ¢ 0._,2()) )

_1du_ v
=7ro0 or
ou Y
= é—(-)—- 1 (:)-—i. ------ (8)
ou_1loav v 1 du
Thus, 37 =1 % and 9 T I:- 5 are the required polar form of

C-R equations.

. Harmo‘nic Functions : [NUH—93, 94, 01, 04, NU(Pre)-08]
Any real valued function of x and y is said to be harmonic in a

‘domain of the xy plane if throughout the domain it has

contmuous partial derivatives of the first and seconcl order and
satisfy the Laplace equation. ' - [DUH-2005]

/I;Ia/rmomc conjugate : [NUH-1993, 1994, 2004, DUH-2005]

The function v is said to be a harmonic conjugate of u if u and
v are harmonic and u, v satisfy the C-R equations.

If f{z) = ulx, y) + iv(x, y), then u, v are the component functions
of f. For component functions we shall prove the following
results. 378 i i :

Theorem?B If a function f(z) = u(x, y) + iv(x; y) is analytic in
a domain D, then its component functions u and v ‘are harmonic
in D.. | [NUH—2001]

Or, The real and 1mag1nary parts of an. analyti¢ function ore
harmonic function i 2L [NUH—2001]

Proof : Since f is analytic in D, so 1ts component functions u

 and-v satisfy, the Cauchy -Riemann equatlons throughout D.

du_odv du_ v \
"9x =gy &0 and =— T ax ...... (1)
leferentlating partially w. r. to x both sides of (1) we get,
Fu Ry gl 92y L .
0x2 ~ 0x 0y and 5. dy  ox2 @
Again, differentiating partially w. r. 'to y both sides of (1)
we get .
Pu v . *u d2y
dy ox ~ay2 and3yz =~ 5y ox
By calculas, the continuity of the partlal derivatives ensures
that ,

2u _ d%u o%v _ 0%
x dy ~ay ox ad 553y Ty ox
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Analytic Functions . 79 -

After making one complete circuit about the origin in the
ositive or counterclockwise direction, on returning to z; we find
r=r;, 0=0; +2nsothat

i Inz, =Inr, +i(0, + 2n)
Thus we have another branch of ﬂz) andsoz=01isa branch

point

D 4 ,
. Example-3. For the function f(z) = z _281;\;2(3;32)2, locate and

name all the singularities in the finite z-plane and also
determine where f(z) is analytic.

28 +2% 49 .

@z W
In the finite z- plane the smgularltles will be obtained by
solvmg the equation :

 (z-1)8Bz+2)2= :
=(z-18=0 6r(32+2)2'— ‘ e Y

A -2 -2
=z=111 orz—3 3

Solution : Givén that'f(z) e

. The singularities in the ﬁmte z- plane are z = 1 of order

3 and z —§2~ of order 2.

In 'the finite z—plane-f(z) is analytic 'e\‘lerywhere excepts .the

pomtsz—landz 3

Example—4 Determine the singular pomts of the function

_ M2 =z 2?55@ 3) |
Solutlon The singular pomts are obtamed by, solvmg the
equatlon '
(2-22+2) z-3)=0
|2 —2-8=00rP=2+250

2+\V4-8 2+2i

=z=30rz= 5 =75 =1+1i, 1-i

e vy,

L,

’i‘hus__the singular points are z = 8,z= 1+ i,z=1-1i
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