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Kjflz(ﬂ’ﬁmtxon of elgenvalues and eig tors e
1s an n ><n matm then a non zero vector v in R" 1s

R

called an elgenvector of A 1f Av 15 a scalar multiple of v, that“.
is, Av = Av (1] for some scalar A. The scalar A is called an‘
exgenvalue of A and v is sald to be an eigenvector of A
~cor1cspond1ng tol / -
' Elgen isa German word meamng "Proper" or "own" | "
Dlgenvectms are also called proper | vectors, charactenshc
vectors or latent vectors and elgenvalues are called proper |
values, characteristic values or latent roots by sorne wnters
& Characteristic polynomial an.d characterlstic

equation.
To find the eigenvalue of n x n matnx A we write Av = )@j\?: as
Av = \lv, or, equivalently ( M—A)v _0 '(2).' X
The matrix Al-A, where 1 is the n x n identily ‘matrix and
) is an indeterminate, is called the characte istic matrix of A.
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104 COLLEGE LINEAR ALGEDRA

For A to be an elgonvalue of the matrix A, there must be 4
(non-ze n\suhulnn for the veetor v of the vqlmllon (2) only if

"4
the mnk ol M l-c less than its order, In which case its

"’
determinant i‘i /cm lLe IM Al=0 (3)

The determinant nf the characteristic matrix Al-A Is a
polynomial in A and Is called the characteristic polynomial
of A. Also ¢quation no (3) is called the characteristic equation
of A, the
ol A,
[ E igvnvc(‘ors and Eigenvalues can be found for linear
operators '/hs well as .matrices. ({\ scalar A is callcd an
elgenvalue of a linear operator T : V — Vuif there 1s a non-zero
veetor X in V such that TX = AX,.The vector X Js called an
elgenvector, of T corréé/pondlng to A ﬁqulvalcntlz.é_t_l_)_g_

scalars satlsfying this cquation are the eigenvalues

cigenvectors of T corresponding to A are the non-zero vegtots

e e et———

In the kcmcl of AI-T. This kernel is callcd the eigenspace of T

N retscs el
corrcsponcllm, toA.

It can be shoWwn that if V is a finite dimensional vector i

space and A is'the matrix of T with respect to any basjs B, then
(i) The eigenvalues of T are the eigenvalues of the matrix A
(1i) A vector X is an eigenvector of T cor i‘ésponding to A if

rif its co- ordlnaﬁ(. matrix [X]g' is an eigenvec(or of A
coryes ondlngloll e LR EP SEE T g e |
T eorem 9 2 Any squarc 1ﬁatrfx A and 1ts transpose
, ‘Ahave the sa ulc cigiét‘x’(ralvﬁlé‘.’ ki e
Proof : Let A = [ay i=1,2,...n
JT.I. 2, o
then A" = [ay ] 1=1, 2. '

J=12, ..

Y Jii‘f,.'n ¢

I
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THUS UAU ULEUIIVIIIULY UL LU LAUR AL s mmemom —— —— —
\)é@%: 2. Find the eigenvalues of the mattix
[-l 0 - ‘
Solution : “The eharacteristic matrix of A is

3 2

“A*[o ] [10][ ]{
[A 3 —2] N
Now the determinant of Al-Ais |
| 2| . |
S = Al—.__}‘_..sx,__;_x? 3A+2

. | Do |

Therefore, the charactetistic equation' of AisAZ-30+2=0
or, A2-2-A4+2=0i0or, {A=2J(A=-1}=0 = o
g A=1,A= 2wh1ch are the exgenvalues of A. )

Example 3. Find the eigenvalues of the matrix

: 21 0 P e
A= {3 2. o] o
. -|p o 4 ‘

Solution : The characteristic matrix of Ais -

- . 10071721 07
M-A=A0 1 0]|-]3 2 0
'oo01)J|loo0o4a]
A 0072107 [A»~2 -1 07
=oxo_320=[—3>~—2_ 0}
00 A]LlOO 4] 0 0 A4
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412 COLLEGE LINEAR ALGEDBRA

| \

Now the determinant of Al - A I8

A-2 -1 0 | ,
IM=A | =3 A=2 O la(A-A)|(A-2)?-3)
0 0 A4

Therefore, the characteristic equation of A 1s
(A-DUA~2)2-F)=0
or, (A=-4)(A?-4A+4-3)=0 Gy
or, (A=4)(A?-4x+1)=0 : )
A=4and A2 -40+1=0 ' :
Here A2 - 4A + 1 = 0 is a quadratic equmlon which can be
solved by the quadratic formula 1

3 41416 4 41{12_21\]3

or, A=2t% '\E% ;
Hence the eigenvalues of A are
A =40 =2+V3and Ay =2-V3.

Example 4. Find the eigenvalues and the corresponding

2 3
eigevectors of the matrix A= §y 41 . . 0 oo
Solution : The characteristic hmtrlx.ofA is (o)
10 2 3 A-2, o
Al-A=A [0 1] T‘[l 4]“ -1 )q-4

P L8 elyms !
Now the determinant of )«.l - A (‘\th(. characteristic

-2 V-gs = ¢
21 heatl=1A-2) (A-4) - 3.

[
[

polynomial of A) Is [AI-A |=

2 - ' ¢ b ) . | . tdd ' ITE
I'herefore, the characteristic equation of A is sohilieg

(A-2)(A-4)-3=0 oo
or, A2-6.L+8-3=0
or, A2-GA+5=0
or. (A=5)(A~1)=0 . A=5 A=)
which are the efgenvalues of A. |
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- Now by definition X = [2] is an eigenvector of A

”

corresponding to A if nnd only if X is a non-trivial solution of -
(Al - A) X =0, that is, of

[A:-il. ][ ] [ ]“’ ’

IfA =5. cqua(ion; no (1) becomes

(3 2 11z]-1
-1 Xo =
3x; -3xp =0

or, _x, +x22 } =X -Xp = 0

This system is in echelon form and consistent, Since
there are more unknowns than equation in-echelon form, the
system has an infinte number of solutions, Again, the
equation begins with x, only. the other unknowx? x2 is a free

variable. S g
Let us take xo = a (a is an_arbitrary real number)

Therefore. the ugenvectors of A, correspondmg to the

!

eigenvalue A = 5 are non- Zer0 vecfors of the form X= [ ]

In particular. let a = 1, then X = [ 1 ] is an eigenvector "

correspondin’g to the eigenvalue A = 5.
If A = 1. equation no (1) becomes s AT
R I FYI E U,

_1 : ; o %El . - }

- — = O Y sy g

_x‘_g?_ }::’xl+3& =0
2 Azl s batl v wnd

This system is in echelon form and consistent Since there

are more unknowns than’ equalion in echelon form the

syslem has an infinte number bt solullons kAEaln he

equation begins with x; only, the other unknown X is a [ree
variable. - - i At L

or,
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I ’
Let us take % = b (b is an arbitrary réal number).' x, = ~ 3b,
Therefore, the -cigen vectors of A corresponding. to the

eigenvalue A = 1 are the non-zero vectors of the form
~-3b Fol |-} .- §
X’[ b] W fol-1 i

In particular, let b = 1, thch [ ] is an cigmvcclor

corresponding to the eigenvaluc A = ] -: : ‘-i
&p Example 5. For the lincar operator,T : IR? 1R2 defined by
W T (x, y) = (8x + 3y, x + 5y), ﬁnd all ctgcnvalues and a basis of
cigenspace.. | ”7 g |
Solution : First find a mapr representation. .of T, ‘say

relative to the usual basis of IR2 [

A=I‘Tl'=41 ]J

Th'e: 'Characteristic polynomial A(2) of T is then'

3 3 &
»_=~{f e == 3ux5)3
Hence the (‘hardClCI‘lSUC equahon 1s ()\ 3) (1-5) 3 O
or, 22-8.+12=0 A s ;‘7, .
or, (A-2)(.-6)=0 . A=2A=6 | ‘{

Thus 2 and 6 are the elgcnvalues of L -.
Now we find a basis of the eigcnspace of the elgenvalue 2

. Puumg A=2 mto M -~ A to obtam ;

3 31z1-18]

, =X -3X2—0
or, _x1_3x2.— }=>x]+3.@ O_l

./a ¢ l
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The system has only one independent solution, e. g. x, = 3,
=-].

Xo
3
Thus u = [ ] is an eigenvector whi( h generates the

eigenspace Ol 2 iecus= [ ] forms a basm of eigenspace of 2,

Again, we find a basis of the eigenspace of the eigenvalue G.
putting A = 6 into A I - A {o obtain

B ][][]

. —'3.\'2 =.O

“The byqlcm has only one mdcpendent solution; ¢. g,- x; = 1.

Xp = 1. Thusy = [ ] is an mgcnvector Wthh generates the

/

eigenspace 0 6 ie [ J fonns basrs of the elgenspa(e of 6.

xaypaple Fmd a]l elgenva]ueq and thc correspondmg

eigenvectors of the mainx R

o —

b Znen i b dudle A A 8 ik il
o 1 a=]0" -2 0] [D. U. P. 1891]
| 0 -5 2 o |

'S . ‘
Solution : The characteristic matrix. pf Afg:iog o
200771 2 -17 a1 -2 1
M-A={0 x O0f-10Q0 -2 0|=f 0 A+2 O
v Llooa] Lo -5 2 0 5 A-2

The characteristic polynomial of A is

')\, —2(1' -
A= li-Al=l 0 242 g 0 g
_ fo*swlv |

= (A= 1) (1+2)(A-2). ;

“Therefore, the characteristic equation of A is
(A-1)(2A+2)(A-2)=0
Sy b= 1,%-"—'-2.)\:"—2

y - °
A\
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which are the elgenvalues of A,
Xy
Now by definition X =| X, ] is an elgenvector of A
X
_corresponding to the eigenvalue A if and only if X 1s a non-
trivial solution of (Al - A) X = 0. '

[xq 2 1% rgw

i

0 A+2 0 || x
0 5 A-2lxs) LO

0 -2 1% 07

ie =

When A=1,{0 3 0| x|=®0 ~
0 5 -1]Lxs] LOJ >’
\/ Forming the linear system, we have: * :
-2Xy + X3 = 0 .' ;
3x; } Solving we gct x2 x3 =0 ' |
9% - X3 = 0 “

chcc x; is a frec variable, Let x, = a where a is any real

number. Therefore, the eigenvectors of A corresponding to the
. | | a
cigenvalue A = 1 are non-zero vectors of the form X =[ g]
' 1
In particular, let a-= 1, then X =| 0 | is an eigenvector
, 0

corresponding to the eigenvalue A=1.

3 2 17rx7 70 9
When A = -2, [ 0 _ 0 0O ] Xy (| = 0] N st
O 5 "4‘ 'X3 0

“orming the linear system, we get

3x; =2x + x5 =0
S)Q e 4X3 =O

This system is in echelon form and has one {ree variable

which is X3, Let x3 = b where b is any real number, Then from
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4b
second equation we get x, == 5b ~Putting x'="%" and x3 =b1n the
first equation. we get x; =—g. x

‘Therefore, the eigenvectors of A corresbonding to the

eigenvalue A = - 2 are the non-zero vectors of the form
o5 9
5
X=].

4b
5
b

et

Ol =

In particular, let b = 5, then X =[ }is an eigenvector

corresponding to the eigenvelue A=-2.

1 2 177 x 07
Whmx=2,[o 4 o][xz]z[_o]
O 5 0JLx] LOJ

Forming linear system, we get

-2x +x3=0) 3
ix, -0 } o 2x2 + X3 0}
5x, =0

Here x3 is a free variable. Let x3 = ¢ where c is any real
number, Therefore, the eigenvectors of A corresponding to the -

eigenvalue A = 2 are non-zero vectors of the form.

[ —C
X= ] In partxcular. let c=1, then
L c
% 17 isan eigenvector corresponding to the
| | |eigenvalued =2.. v
9.4 Diagonalization -

A square matrix A is called diagonalizable if there exists
an invertible matrix P such that P-! AP is dlagonal the
matrix P is said to diangonalize A.

: l,i'hear Algebra-'/27 . Tﬂm-m/
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dependent. Hemde we cam choose scallars @, 9. - - @& 3, D
dlmosxch e, e+ _saX+auX,=0MD
MWaltpivimg both sades of (1) on the k=it by A we gt
AN s8N+ & X ;=0
or. AKX, s o AN ¢+ s AX =0
o BN RN W Xa=0 8
sooe AN =4 X
\‘utmrubrthtsﬂil..‘ om the keft and then
saboarony Fom 3 we gt "
2 (g -aIXs +q1&_~l@;)& ssa B An:lX. 08 -
But by our assumption X;. Xz. - X; are linearly
mdependent and X, Ry, . & . &, =ve 2]l distinct. therefore,
mﬂ"tﬁﬁ-ﬂl=-—-¢,-0‘} 4 e
Pl @y === = Ohﬂl-egt -
2 X =0=e = Osinmx,..aa 1
mmmmnﬁsunlaga&amaa‘,-o
MMWWM&W
@;. G, — G Gy dic Dot allzere. | >
}knttmiﬁ!nlmnnptmxsm\nhandﬂr\m
X.. \,-..-.X,mhmhhdepmdmt.&nlhemm A has

n Lnearly mdependtnl _ugenwclots therefore. it s
dn.gxnahnbk.
w'l mdtbtnnutx!'ﬂatwmcmm

\-[ ]andalsn LAP.
a 1 W f :

i\
Solution : ‘lhtdnntclu\stitmmofAs

s s 1 A-1 -4
w-a-afo §1-[6 11173 34
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420
Now the chxii'ac't'crlet'ic’polynomlal of A Is
INIKETLANE | 1N i o SR
(A=A l=[" _g aiqp|= 0O 12-36

Therefore, the characteristic equation of A is ( A-1)2 -36=0
or, A2-2A+1-36=0
or, A2-2A-35=0,
or, (A+H(A-7=0
R 7 18 % Y
which are the eigenvalues of the matrix A.

‘\,l

| Now by deﬁnition X [ ] is an eigenvector of A
Tcorrf:Sponding to A if and onl if Xis a non-trivial solution of

(M -A)X =0, that s, of [}‘9 )‘_1][ ] [ ] (1)

“When A = - 5 equation '(1) b"eco‘mes

e | b ][]

- =6xy - 4X2 = ok aEshe 3x1 + 2)C2 0
or, - -gxl 6x2 O AR ¢ ) 3 3xl + 2x2 0O p
| - or 35c1 + 2x2 0 @ .
Now it is clear th?.t X = %) and rg = - 3 is a solution of

P B ¥ !’\

quatlon (2).
Therefore, Xl [ ] is an elgeﬁvector correspondmg to

the elgenvalue A=- 5

Priiet 7y 8 o
N W RS B B S

When A = 7 equatlon (1) becomes
[ ] [ ] [ ! "6‘x1 4x2-0}
-9 6 —9x1 + 6x, =
.OIE' ngl e 2x2 = O
or, 3%, - 2% =0 (3)
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Now it is clear.that x; = 2, x, = 3 is a solution of the

(M ] AR

equation given by (3). Therefore, X, =[ ] is an cigcnvector

Corrcsponding to the eigenvalue A’ 7 1oy /f

Suppose that P is the matrix which has the above two
eigenvectors as columns.’ = * "

']‘henp_—_ [ 2 = b2 A0 40 4 oh AgY - L

; ity il ks L 3 __2
One can casily find t_hat the tnverse of PisP‘ .-12[

wourise <5 [3 31 (34 23]
=L[ ] [—10 ‘14. 1 600} f i wols
12 15 21 .12 0 &
._.-,*.u.-’;___::.[—?) g j iyl haege o
which is_the dlagona.l matrt;( of the elgenvalues: :o(f t‘he
matrix A. el 2‘- .6 ; i |

VLo : 35e%t2
X

Hecnce P = [ _g % " s thel' requred matrix that

14 ferisisn 353 4= -t
dlagonahzes the given matrix A= [ ] ! - ]
- - G

\E{ample 8. Find the elgenvalues and eigenvectors of the
4 6 6
matrix A =| 1 3 2:] LR T R B
-1 4 -3 G r wtl o5 4 A= .70
Also find the matnx P that dlagonahzes A and determine
3t 1y i YIS 1 \
P-l AP g Vo T Eeierif } . , "} e
iRl Jer o ANVALL L20REEN 4116
Solution : The characteristic matnx, qt;A),s B b [ -od o
Al-A=A] 0 1 O~ 1 3 2 |, -1 A-3 2
0 01 -1 4 -3} '.,..‘5_1“ 4 A+3
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" Let X3 z-— 1, then x; = 1.
!

(l) is an eigenvector corresponding
Therefore, X = -1 to the eigenvalue A = 1.

' *!

If A= -1, equation (1) becomes

. -5 =6 -67x%7 [0 i odddntir sl 6oz
-1 -4 -2 [Xg = 0:, \ '
g o0 2yylxg ] L0 Aok

-5x, - 6xy - 6X3 =0
or, - x; —4xp - 2x3 =0

Xy +4x2+2x3=0 .
A 5". P =N\ 1:

Reduce the system to eche]on form by, elementary
transformations. we add 3rd eé;n with 2nd eqn Also we

mulhply 1st equation hy - 1

Then we have the equivalent. system 5x, + 6x2 + 6x3 0}
) ,X] ‘i' 4x2 + 2JC3 =

cor, 5x +6x +6x; -0} or, 5x1 + 6 + 6x3 = }

- -14x2 4x3=0 7% +2x3=0

Smce in echelon form there are. two equatmns in. three
unknowns, the system has a non-zero solution. Here ‘x3 is a
free variable, o . - |

Let x3 =~ 7, then x; =2 and x; =6..

[ 6 ] is an eigenvector corresponding to

Therefore, X = g the eigenvalue A = -1.

s 0 6 |
LetustakeP=| 1 1. 2
-1 -1 -7] o

" S 1[-5 -6 -6
Now one can easily find that - Pl = <aEl 5 -15. 0 |»
o .3..3
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y[-5 -6 -6 4 6 67 3 0 6
P-! AP=-y¢ 5 -15 0 1 3 2 1 1 2]
O 3 3./]L-1 -4 -3 ]|-1-1-7
1 [ 20 -24 -249r 3 0 6°
=-3g 5=-15 . 0 1 1 2
i O -8 -3f[-1 -1 -7
1 [~ 60 0o 017 1r4 0 O
..—_—i‘g 0 —15 O]: 0 1 0 =D
0 O 15] [0 0 -1

which is the diagonal matrix of the eigenvalues of the

matrix A. HenC}P is the required matrix that diagonalizes the

@ CamScanner
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3 \

!
Iyt

2 34 ° %700 o
3 4 o O 1 8 0 O
= | g -6 0 0 -6
2 3 -3 -% 8 40 3
S ]
EREE]
1 0 0 O | ,
O 4 0 O | =D which is the diagonal matrix of
=l 0 0 0 O |the eigenvalues of the matrix A.
O 0 O

Iy square matrix satisfies its ‘own,:character}stic :
equation i. e. if the characteristic equation of the, nth order

matx*ixAiSf(k)—%+a1 A"—1+az'k"-2*+ +aln_1)»+an O then

. \- ] H

Cayley- -Hamilton theorem stqtes that

f(A)=A" +a; Ar-1 +a, AP2 4, +an_1 A+a,,I—Owhe1e

Iis the ntf'l' orqer umt matrix a_nd O is the nth order zero
matrix. ¥ R \} S I Y AR R XY : el

Proof : The characterlstlc equatlon for the matrlx Alis |

[A1-A |=1 0 which can be written as

A+ al'?;“-"v]‘.+ ag A2 + .., +‘an_, A+a,=0 (1)

Whire é, i;l 9, ..., 1 are scalars. |

This is a scalar equatlon ané can be muluphed bv any

veclor X say, to give A X+ a, At X 4.+ ay AX+ a,,h U‘ )
‘Now if X is the eig ulveclor correbponqu to the elgenvaluc

A which satisfics the equation (1;, then by deﬁnmon we-ecan
WI'ltCAX X N ) : ‘ Tl
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A? X = AAX = AAX = AMAX = A2 X
A3X = AAZX = AA2X = A2AX = A3X

An X - lnx‘

'Usin.g these aboye“‘pelations we can re-write the'equgtion
(2) as An X + al'{g‘;\%’}(; e + A A?(+-anD(= o 3 ., |

This will be true for all eigen\;ectors But since they are of __
order n, are hnearly independent__a_r;d are n in numbers any

other n-order vector can be expressed as  a- linear

combmatlon Therefore equatlon (3) holds for all n- order

-

vectors and so is true in general o

-

Hence A" + aI.-A‘?‘lz +..+an) Ata, I = O i e. A satisfies its

R : il

own characteristic equation /

‘..

| Cayley Hamllton theorem can be apphed to ﬁnd the

i ,-'.'

inverse of a non- smgular matrlx When A 1s non- smgulal

then A~1 ex15ts and in the expansmn of IM p lithe constant

~ <« . RCR- ]_’

term aj, is dlfferent from zero Hence we can multlply the
Caylev—Hamllton equatlon A“ +. al An‘1 + - e an_ A+ anI =0

by A'] and we get Al + a;. A", 2 h + a,, 1 1+ anA = Q.

-_ N .- \ -

J and V'er-ify Cayley..-Hamilton ,_theorem, flor"i.t.

3
1
1.
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- Solution : The characteristic matrix of A is
1 00 1 2 3 “"A~1 2 -3
Al-A= A 01 0 |- 2 -1 1 |= -2 A+l -1
0 0O 3 11 -3 -1 A-1

‘I‘he determinant of the matrix M -A is

-1 -2 -3
IAT-A |=| -2 A+1 - -1, )
. -3 -1 A-1

=(A=-1)(A2-1- 1)+2(—2).+2 3)-3(2+3\+3)
C=(A-1)(A2-2)-4A-2-9A-15
=A% - 20- A2 + 2 —10A~= 17
_A3-)3-15A-15.
Thereforé, the characteristic equation of A is '
2‘3_;?—15%-15;:0./ | o | |
Now in order to verify Cayley-Hamilton theorem we have

to show that A3 — A2 — 15A - 15[ =0.
1 23 12 331 2 3 143 87
A=2—11]A2= 2 -1 11{ 2-1 1:\[36 6]
3 11 3 11381 1 86 11
143 8771 23 44 33 53
A3=A2A=| 36 6||2-11 [33 6 21
861113 11 53 21 41

A3 —A2-15A- 15 =
44 33 53 14 3 8 123 100
[33 6 21 |-| 36 6|-15/2 -11]15010
53 21 41 8 6 11 00 1.

44-14-15-15 33-3-30- 0 53- 8-45- 0
33- 3-30- 0 6-6+15-15 21- 6-15- o]
53- 8-45- 0 21-6-15- 0 41-11-15-15
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0 0O —_—

e
—

000 | 0 |
=[03 0 0]:0 le.A®-A2-15A-15(=0." "

_ Hencc*the Cayley Hamilto‘ri tﬁcorcm is verified.

Example “1. Using Cayley-Hami]ton theorem ﬂnd the

- ¥ 1 2:2
inverse of the matrixA={ 3 ‘1 0 0
- pas 1 11 Y
Sdiiltion : The characteristic n_ia‘t_rix cf AJS NS U S K/ |
) 100W122"A—~-2 -2
AM-A=A{010|-{3 10 -3 A1 0
PSSR O S R £ A (R KR S T R S B et
"Now the determinant of the matrix AL-A is |
"llI—-A'l.j: it —3 A-1" “OA ’ s
—_— —1 A A.— \
= (A 1P 4+2{=3(A=-1}-2@+A~-1)
=(A=1PB-6A+6-4~21" "
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Therefore the characteristic equation of A is
A3 _-3}».2-57\.+l—0, _ '
e % ' TS
Now hsing 'Cayley—Hamilton, theorem we get
3A2 BA+1=0 g Tae Pl L an g

! d________;_—-————-&——_.
Multiplymd the above Cayley Hamllton equation on both

sides by AV we have A?-3A-5]+ A“l -0

or, Al -3A+ 51 AZ.
Linear Algébra-28 | A :
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1 2 2 1 2 2901227964
111 11 1L 11 5 4 3
1 227 [100 ?sgé
A'=83A+51-A2=313 1 0 +5l:0 1 0}— .
[1111 001 [543
3+5-9 6+0-6 6+0-4 -1 0 2
=[9+0—6 3+5-7 0+0-61|=.3 1 -6
3+0-5 3+0-4 3+5-3 -2 -1 5

-1 0 2 P st
Hence A-1 =[ 3 1 -6 ] ’ /
: -2 -1 5 - ;

9.6 Minimal ( minimum ) Polynomial of a matrix.

Let A be an n- square matnx over a ﬁeld F. By Cayley-
Hamilton theorem we know that every square matrix-
satisfies its own characteristic equation. So there are non-
zero polynomials f (A) for which f (A) = 0; for example, the
characteristic polynomial of A. Among these polynomials we

take the lowest degree.polynomials and from tidem we select

the monic polyrfomial which is called the miqim'al-
f A or the minimum polynomial of A.

Exay ple 12. Find the minimmum polynomial m (A ) of the

2100
. 0200
matrixA={ 0 0 3 0
0005
Solutioh : The characteristic polynomial of A {s
1000 2100
! 0100 0200
A(l):ill-/\l:l)\ 00 1:0]7{002 0
{ 0 001 00 005
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