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CHAPTER ONE

SYSTEMS OF LINEAR EQUATIONS

1.1 Introduction to systems of linear equations

Matrix theory is more generally known as Linear Algebra
‘which is originated in the study of .systems of linear
equations in several unknowns (or variables) and in the
attempt to find general methods for their solutions. An
equation in two or more variables (or unknowns) is linear if
it contains no terms of sccond degree or greater, that is, if it

contains no producis or powers of the variables or roots of the
variables. All variables occur only to the first power. and do
not appear as arguments for trigonometric, logarithmic, or
exponential functions. ' o
A straight line in the cartesion xy-plane can be
represented algebraically by an equation of the form
ax+by =cwherea. b and c are real constants (or numbers) and
x and y are variables. An equation of this kind is called a
linear equation in the variables x and ¥. Similarly,
ax + by + cz + d = o is a linear equation in three variables
x, y and z which represents a plane in three dimensiohal
space. In general, an equation is called linear if it is of the
form a; x, +a2x2+ ...... +a, x,=b(l)wherea,, ag, .. .- N
and b are réal numbers and X;, Xy, o« - 2 Xp ATE 1 variables
which are to be determined. : ‘
1f b = o, then (1} is called a homogeneous linear equation
and if b + o then (1) is called a non-homogeneous linear
equation. ' '
Examples of linear equations.
" (i) y-mx = o whichisa homogeneaus linear equation
representing the straight line passing through ‘the
origin. E e

AVAILABLE AT:

Linear Algebra-1


http://www.onebyzeroedu.com

(1)

(i1}

(iv)

)

(i)
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2x + 13y = 5 which is a non-homogeneous linear
equation Fépresenting a straight line not passing
throughr-the origin.
X+ 2y + 5z = 20 which is a non-homogeneous linear
equation representing a plane.

- x, - 4x3 - 2x, = 3 (Non-homogeneous)

Xp + X F e + x_ = 1 (Non-homogeneous).
Examples of non-linear equations

2x% +3y=1

X-xy=2

(i)
(ii)
(iv)

v)

2 +y? +4x+2y=4
ax? + 2hxy +by? =0
6x2 + 13xy + 6y2 -5x-5y+1=0

Equation

)
)

(1ii)

(iv)

W)

represents a parabola,

represents a hyperbola,

represents. a circle, :
represents a pair of straight lines passing through
the origin and ,
represents a pair of straight lines not passmg
through the origin.

Let IR be the set of real numbers. Then a solution of the

linear equation a;x; +ax, + .
..... , o) of elements of IR such that the equation is

(ul aaQ}

satisfied when we substitute x;

. + a x, = b is any n-tuple

=0, Xy =0, wee o , X, = o, The

set of all such solutions of this linear equation is called the
solution set. ‘
' Now we consider the following two linear equations :

a; X+ b1y=c,} o

a,x+byy=c¢,

If we interpret x, y as coordinates in the xy-plane, then’

‘rmh of the above two linear equations represents a straight

lipe and (o,p) is a solution of the above two equations if and
only if the point P with ceerdinates o,B lies on both lines.
Hence there are three possible cases" '

ot

T

SYSTEMS OF LINEAR EQUATIONS -3
Case 1 No solution if the lines are parallel
case I Drecisely one solution if they intersect
case M Infinitely many solutions if they coincide.

These cases are illustrated by the followmg examples :
X+
Example 1. The lincar system . 4 y - o} has no solution,

since the lines represented by these two linear equations are

parallel.
‘\\ /\y
\ ~J0.2)
N
>
AN N,
O\(2,0) X
@
AN
o N

Example 2. The linear system X - y - 1} has only one

solution, since the lines represented by these two equatlons
intersect at (2, 1). :

"0/(1,0) BaN X
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, x+y=3 :
Example 3. The linear system o, +y 2y = 6} has infinitely

many solutions, since the lines represented by these
equations coingcide.

1.2 Degenerate and non-degenerate linear equations.

The general linear equation a,x; +a3Xy + ... . +ax,=bis
also called non-degenerate linear equation. - 1

A linear equation is said to be degenerate if it has the form
ox; +0x) + ... .- + 0x, = b. That is, if every Coefﬁéient of the
variable is equal to zero. The solution of such a degenerate
linear equation is as follows :

- (i) If the constant b # o, then the above equaﬁon has no

solution.

(ii) If the constant b = o, then every vector u z‘(al, Oy -nes Ol
is a solution of the above equation.

1.3 Solution of a n’on-homogeneous system of linear
~eguations : . ‘
1 A system of linear equations {or a set of m simultaneous
inear € ior ial :

r equations) in n varigbles {or unknowns} x;, x;. ... ... X,

is a set of equations of the form

R

SYSTEMS OF LINEAR EQUATIONS 5 .

8y

a,,;X; ¥ apXg *e + AT b,
where the coefficients ay. i=12,...m
j=12,..1

of the variables and the free terms by, 1= 1,2, ..., mare real
numbers taken from IR, the set of real numbers. If the b, are all
zero, then the system (1) is called a homogeneous system. fat
least one by is not zero, then the system (1) is called a non-
homogeneous system. A sequence of pumbers oy, Uy, == o, is
called solution of the system of linear equations given by (1) if

Xy =0, Xy = Ogy oo oo x,=0,1sa solution of every equation in

the system (1).

A solution vector of (1}is a vector x whose components
constitute a solution of (1). If (1) is homogeneous, it has at
Jeast the trivial (or zero) solution x; =0, % =0, ... X, =0-

Ifx=(a;, 0, -+ a,) is a solution of the homogeneous
system and at least one o, # o, then it is called a non-z€ro or
non—trivial solution of the homogeneous system.

A system of linear equations is called consistent if it has
at least one solution and inconsistent if it has no solution. A
consistent system is called determinate if it has a unique
solution and indeterminate if it has more than one solution..
An indeterminate system of linear equations always has an

infinite number of solutions.
Two systems of linear ecquations are called equivalent: if
every solution of the first system is a solution of the second

and conversely (vice versa).
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[L‘:.ystcm of lmear equations

‘ Inconsistent l

. Solutlou L J

Unique [ More than

solution One solution

A straightforward method of solution, known as Gaussian
elimination involves a successive "Whitling away" of the
variables ir order to isolate their values. This method is
based on the following three elementary operations which
alter the form of the equations, but not the solutions :

(i) Interchange a pair of equations.

(ii) Multiplying an equation through by a non-zero number.

(iii) Adding a multiple of one equation to another equation
or, equivalently, if we consider a system of m linear
equations in the n unknowns x;, X, ...., X; given by (1), we can
reduce it to a simpler system as follows :

Prosess 1 '

(i) Interchange equations so that the first unknown x, has
a non-zero co-efficient in the first equation i, e, a;, # 0.

(ii} For each i>1, apply the operation |

L= -3 L, +apl
‘ That is, replace the linear equation L; by the equation

obtained by multiplying the first equation L, by - a;,, and the
ith equation L, by a;, and then adding. We then obtain the

AVAILABLE

followmg system which is cquiva alBnt to the system (1).
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)X + 810X e +a, X, =b1'
4 ”
a'yy X +tagy X at +ay,, X, Tba
e s @
’ . U
mjxj +am_] +1)S at ‘+amn)“n=bm

where a;; # O and x; denotes the first unknown with
g

a'y #0 in an equation excépt the first. Here i> 1 and so sz #X.
2

It is to be noted that the system (2) of equations excluding
t‘he first equation, form a subsystem which has fewer
equatlons and fewer unknowns than the original system (1).
Repeating the above process with each new smaller subsystem
we obtain by induction that the system (1) is either
inconsistent or is reducible to an equivalent system of the

following form which is known as echelon form :
a;;%, tapX, to. ... +ay, X, =by
a2j ,92 ,2j2+1x] aqteetayxg= b -

arjz)‘j2 +ar_|2+l 'xj +l+ +a’mxn=b’r
where 1 <; <. ﬁ and the leading co-efficients are not zero
Iz
ie a; # 0,a2]2¢0 »ay #0.
- r

Definition : In reduced echelon form the unknowns X

. which do not appear at the beginning of any equation (i # 1, j,.

.. j,) are known as free variables. We also note that
(i) if an equation 0x, +0x, + ... + Ox, = Db, bz 0 occurs, ‘then
the system is inconsistent and has no solution.

(i) if an equation Ox; + Ox, + ... + 0x, = 0 occurs, then the
equation can be deleted without affecting the solution.

Process 2 : Consider the following system of m lmear
equations (or set of m simultaneous linear equations) in n

=k
unkaowns X, X, ... X,
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a0 + a3, =b,
Q) X) + 8y X b B AR X, = b,

e LT ()

B, X, + A, X T + 8,,,%, = by,

We reduce the system (1) to a simpler system as follows :

First step Eliminations of x, from the second, third, ...,
mth équations. We may assume that the order (rule) of the
equations and the order (rule) of the unknowns in each
equation such that a,; = 0. The variable x, can then be
eliminated from the second, third,...,mth equations by
subtracting

a
52-1 times the first equation from the second equation
11

a. .
fl times the first equation from the third equation
11 : .

z‘-—“l times the first equation from the mth equation
11

This gives a new system of equations of the form
a)% + 9% F o G =Dy }
CogXy + .o+ 0 X, =Dy @

Cup X + -+ Oy = b
Any solution of the system (1) is a solution of the system
(2) and conversely.
Second step Elimination of x, from the third, fourth, ... ... ,
mth equations in the system (2). If the co-efficients €y, Co3 -1
€, In the system (2) are not all zero, we may assume that the

order (rule) of the equations and the unknowns such that

Cye # 0. Then we may eliminate x, from the third, fourth, ...,

mth equations of the systé\rvﬂLi&)E ty subtracting

!
!

|

Rl R L i i e

e A SRR o A et

e,

i e e

SYSTEMS OF LINEAR EQUATIONS 9

C. L . .

E‘ig times the second equation from the third equation
22

Ca2

c times the second equation form the fourth equation
22 v

c i ]
an times the second equation form the mth equation.
22

The further steps are now obvious. In the third step we
eliminate x;, in the fourth step we eliminate X, etc.

This process will terminate only when no equations are
left or when the co-efficients of all the unknowns in the

remaining equations are zero. We have a sysiem of the form.
a,,% + 2%ttt A = b‘1 R
CopXy + oot Con Xy =D'g

Crs X, +...+k1.n)<n=Br L 3)
o=-br+l

.........

o= bm <

where 1 < m. We see that there are three possible cases

(i) No solution if r < m and one of the numbers 61- al oo b is
not zero.

(i) Precisely one solution if r = n and f)w o Bm if present
are zero.

This solution is obtained by solving the nth equation of
the system (3) for x,, then the (n-1) th equation for x,_, and so
on up to the line.

(iii) Infinitely many solutions if r < n and b,,, . by if

present, are zero, Then any of these solutions is obtained by
choosing values at pleasure for the unknowns X., ;. .- Xy’

solving the rth equation for x, then (r-1) th equation for x,_;,
and so on up to the line.
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Thus we obtain the equivalent system (with the same

solutions as the system (1).
X+ 2x - X3 =2
} @

Xy = x3 =1

X — X3 =1

Since the second and the third equations of the new
system (2) are identical, we can disregard any one of them.

“Hence we can sxmply write.

X+ 2x% = X3 = 2} Q _—

X —X3 =

This system (3) is in echelon form and has two equations
in three unknowns and so it has 3-2 = 1 free variable which is
x, and hence it has an infinite number of solutions.

Let x3 = a (where a is arbitrary real number), then x, =1+a
and x, = - a, Thus the general solution is x; =-a, X, = 1+a,
x, = a, where a is any real number, Now.a particular solution
can be obtaincd by giving any value for a, Let a =1, then x; =~ 1,
X, = 2., = 1 or, in other words, the 3-tuple (-1, 2, 1) is a
particular solution of the given system.

~
\I\/

Example 3. Solve the following system of linear equations:

X, +5x, +2x; =6
2x; + 3% +x =0
Solution : Reduce the system to echelon form by the
elementary operations. Interchange first and second
équations. Then we obtain the equivalent system.
x; +5x, +2x;3 = 6}

3x —x +Xx =—2}

3 —x+x; =-2
2x +3x +x= O

We multiply first equation by 3 and 2 and then subtract
from the second and third equations respectively. Then we get

the equivalent system.

X+ 5x, + 2x3 = 6
_ 7X2 3x3 - IQ/AI ABLE AT:

SYSTEMS OF LINEAR EQUATIONS 13

We multiply second equation by - 16\and then add with the

third equation, Then we obtain equivalent system.
X +5x +2x= 6
- 16x, - 5x3 =-20
16" TT 4
This system is in echelon form and has three equations in
three unknowns. So the system has a unique solution. From
the third equation we have x; = 4. Putting x3 = 4 in the second
equation, we get x, = 0, Again putting x;, =0 and x; = 4 in the

first equation.\ we get x; =-2.
Thus x1 =22, x, = 0, x; = 4 or, in other words, the 3-tuple
Ehique solution of the given system.

Examp /Prove that the following system of linear
equations i>¥A¢0nsistent :

x+2x -3x; =-1

5x, +3x, - 4x3 = 2 } @®

3x, —Xg +2xq =7

Proof : Reduce the system to echelon form by elementary
operations. We multiply first equation by 5 and 3 and then
subtract from the second and third eciuations respectively.

‘Then we obtain the equivalent system.'

=7xy + 113
X, + 11x 10

e subtract second equation from the third equation.
en we get the equivalent system.

X+ 2x, - 3x3 =-1}

X+ 25 - 3x3 =—‘1}
7 .

o

~7x; +1lxy = 7
0+0 = 3
or, equivalently, x, + 2x, ~ 3x3 =1
. 7%, +1llxg = 7 }
' o *0 =3 .

-
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Thus the given system has been reduced to an echelon

form and contains an equaﬁon of the form O = 3 (which is not

true) Hence the given system is inconsistent, i. e the system

has no solution, } :
Example 5. Solve the following system of linear equations:
2x,+ 3% +5x; +x, =3
3x) + 4%, +2x; +3x, =~ 2
X +2x +8x; -x, =8 (1)
7+ 9% +x; +8x, =0

Solution : Reduce the system to echelon form by the

elementary operations. Interchange the first and third linear
equations of the system (1). Then we have the equivalent
system
X+ 2x, + 8x; ~x, =8
3x; +4x +2x; +3x, =-2
2x;+3x% +5x; +x, =3
7%+ 9%, +x; +8x, =0

@

Let us represent the four linear equations of the system (2)
by L,, L,. Ly and L, respectively. Reduce the system to echelon
form by the elementary operations. Eliminate X, ﬁfor'h the
second, third and fourth linear equations by the operations

Ly >l -3L,. Ly »Ly 2L, and L, —L, - 7L,. |
L, :3xq+4x, +2x; + 3x, ==
- 3L, : -8x - 6x, - 24x, +3x, =-24

L,-3L, : 2x -22x,+6x, =-26
L :2x + 3% + 5x; + x, =3
-2L) 1 -2x; -4x, - 16x;, +2x, =-16
Ly -2L,: =X - 11x; + 3x, =-13

i

Ly 17 +9% +x; + 8x, 0
- 7L, -7x - Moep=B6x; + 7x, =-56
Ly -7, : -Bx, 00X +,15x, 7~ ‘36

SYSTEMS OF LINEAR EQUATIONS . 15.

Thus we obtain the equivalent system
X' +2x% +8¢4 ~-x, =8 ,

-2xy - 22x53 + 6x, =-26 3
-x,~11x; +3x, =- 13
-5x,- 55x; + 15x, =-56

Divide the second linear equation of the system (3) by -2.
Then we have the equivalent system

X, +2x +8x;-x, =8

X, + 11x3 ~ 3x, =13

=Xy - 1lxg +3x, =~ 13

-5x,~ 55x; + 15x, =~ 56

Let us respresent the four linear equations of the system
(4) by L', L,, L'y and L', respectively.

Apply the operations L’y - L3 +L; and L'y - L', + 5L,

~——-f'—_—___—_.

4@

LUy:-x-11x+3x, =-13
Ly:x%+11x-3x, =13
L'3+L,:0+0+0 =0
i e. 0 =0

L, : ~5x, ~ 55%; + 15x, =-56
5L, : 5x, +55x, — 15x, =65
L'y +5L,: 0+0+0 =9
ie. 0 =9
Thus we obtain the equivalent system
x4+ 2x, +8x5 ~x, =8
x, +11x; - 3x, =13,
0= 0
0= 9
Divide the fourth equation of the system (5) by 9 and
interchange it with the third equation we get the new,’s,y?tem.

X +2x, +8x; —x, =8
X +11x-3x, =13
o=1 (@

0="0

)
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The given sys € rm and
contains an equation of the form 0 = 1 which is net-traerterice

the gw
solution. v

Theorem : Given the following system in echelon form :
;X + 8190 +a13X +... Fag X, =b;

a2J2 )ﬁg+a212+1x.‘2+1+“‘+821xn=b2

. ‘]er\ aﬂr +1ﬁr+l ’+amxn=br
where 1 <j, <...<j.anda,, #0,a, #0,...a; =0
2 r

Then the solution of the given system is as follows :

There are two cases

{i} if r = n, i. e. if there are as many equations as unknowns

. then the system has a unique solution.

(ii) if r < n i. e. if there are fewer equations than unknowns
then we can arbitrarily assign values to n-r free variables and
obtain a solution of the system.

Proof : The proof is done by induction on the number of
equations in the system. If r =1 then we get the single linear
equation a,x; +ayx, +... +a,x, =b, where a, #0.

The free variables are x,, ..., x,. Let the free variables be

assigned arbitrary values, say x, =0, X; =05, ... . X, = 0q.
Putting these values into the above equation and qclvmg
for x; we get ,
1 .
*1 73] b-a,0, -ay05 — ... —a,0,)

These values give a solution of the equation. Since putting
these values we get.

1
a4 [é.— (b~ Agllg ~ oo — &0 p)] AUy T AL, S b

or, b = b which is a true statement.
Furthermore, ifr= nmdw&hen we have ax=b where a # O

SYSTEMS OF LINEAR EQUATIONS 17

b b
It is to be noted that x = a is a solution, because a (-5) =bis

oy

true. Moreover if x = o is a solution, i. e. ao = b, then a = -

Thus the equation has a unique solution as desired.

New let us assume that r > 1 and the theorem is true for a
system of (r-1) equations. ' ‘
gy, X, tay, +lx»‘2+1 +...tay X, =b,

......

aﬂr xr.|r+a‘1r +1)§r +1 ¥ an X, =br’

as a system in the unknowns X 0o Xy

Now the system is in echelon form. By induction we can
arbitrarily assign values to the (n - jo+ 1) - (r-1) free variables
in the reduced system to obtain a solution

(say X5,= 04y seers X = Op)

As in case r = 1, these values and arbitrary values for the
additional ; -2 free variables {say x; = 0g, ..., %,-1= aﬂz")' yield
a solution of-the equation with ‘ :

x1=51; (b, — 220 ~ ... ~ap0y).

(Note that there are (n-j, + 1)-(r-1) + (i,2) = n-r free
variables). Furthermore, these values for x;, xa, ...... X, also
satisfy the other equations, since in these equations, the
co-efficients of x;, ..., X,-1are zero.

Now if r = n then j, = 2. Thus by induction we obtain a
unique solution of the subsystem and then a unique solution
of the entire system. Hence the theorem is proved.

xample 6. Express the following system of linear
equatjens in echelon form and solve it: v

X| - Xy +Xg —Xg X =1
2x; —Xo +3x3 +4X5 =2

Pfé)' /% 3x; —2x; +2x3 +Xx4 +X5 =1 M
, C,_{\}j\ X, X +2xg +x5 =0

Einear Algebra=2
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" Solutibn Let us 1epresent the four linear equations of the
' ‘1vu1 xystem (1) by Ll, Lz L3 and L4 respecuve]y Reduce the
‘systein to echelon form by ‘the elementary operations.
Eliminate x; from the ,s,_econrd,, third and fourth linear

equations by the operations :
. Lp—lo-2L;.1g— Lg=3L, and Ly — Ly- L, respectively.

Ly: 2x-x+3x3 R oG =2
‘,ZLl -2x) + 239 —2x3 + 234 — 2X5 =-2
Lo—2L1: X+ X3% 2Xg + 2X5 =0
"Lg :3x) —2xp +2x3 + X4 + X5 =1
‘ -3Ly:-3x+3x - 3x3 +3x4-3x =-3
L3-8L,ix X3+ 4dxg-2% ,  =-2 N
Ly-Ly 1xp+0+3x+0 =1 '

Thus we obtain the folowing equivalent - system {{with the same

solutions ag the system (1) ).

X) =Xy +X3—Xg X5 =1

CXg Xy +2x +2x 0 =0 .
)C2-x3 +4‘X4_2.’C5 =—2 "‘ ' (2) i
X o +3qg =-1 J

,Let us represent the four linear equations of the system (2)
by L, Ly, Ls’, and L,'respectively. Eliminate x, from the

third and the fourth linear equations by the operations

le —-;)Lai— Lg’a.nd LI4 - L ’4“' L ,Z ‘ oo
. LI3‘— L,QI—ZX3+2X4 -—4)(5 == 2
S LY=L - rxg -2x5 =-1

Thus the sy::tem (2) reduces to
X~ Aq+)3-x4 +x5 =1 N
Xp + X3 +2x4 - 2X5 —O} %)
avaLasBag +2xy —4X5 =
-x3ORapyzer@igde ~d)

e I
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‘Dividing the third equation of the system (3) by 2 ‘we get
~Xy +X4-2x; = - 1. which is identical with the fourth equatlon
So we can disregard one of them. \

Hence the system (3) reduces to
Xj—Xg +X3 - Xq4 +X5 =1 )
S Xp + X3 +2x4 +2x5. =0 } @
X3 +X4—2 X5 =-1
Multiplying the third equation of the system (4) by - 1
we get

Xy +X3+2x4 + 2x%5 =0
Xy xy +2x =1

Xi—Xp 493 ~X +X5-=1 )
} te)

Now ‘tfié"system is in echelon form and there are only
three equations in the five unknowns; hence the system has
an infinite number of solutions and 5 - 3 = 2 free variables.
Since the three equatlons begin with the three unknowns X1,
x, and X3 repecuvely, the other two unknowns Xy and Xg are
free variables which may have any real values desired. To
find the géneral solution let us say x, = a:-and x5 = b where a
and b are any real numbers. Putting these values in the third
equation of the system (5) we get x3= 1 + a - 2b. Putting the
values of x5, x4 and x5 in the second equation we get

X+ l‘+‘a—2b+2a+2‘b=0
or, 5= — (1 + 3a)

Again, putting the values of X, X3, X4 and x5 in the first
cquation of the system {5) we get
x+1+3a+1+a-2b-a+b=1

or, x;=-1-3a+hb.

Hence the general solutionis x; =- 1 - 3a + b, x; == (1:+3a),

Xamulotea,72by X 7 a,X5 = b where a and b are any ‘real numbers
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1.4 Solution of a system of homogenieous linear equations.
A system of linear equations is said to be homogeneous if
all the constant terms b, ., by ... by of the non-homogeneous

system are zero; that is, the system has the form.
apxy +aggXy +oe-ta; X . =0
‘agyx) +ageXg +..-ta, Xn =0

...

ag X +ameXp +.-ta ST 0

Every homegeneous systerﬁ of linear equations is consistent
Sincex; =0, =0, ... . % =0 is always a solution of the system. This
solution is called the trivial solution. If the other solutions exist,
they are called the non-trivial solutions. Thus the above
homogeneous system can always be reduced to an equivalent

homogeneous system in echelon form:
apx +aipXe + 2136 - Fankn =
aailzsz +a2j2+1342+1+-’-+ agnXn =0
2
ay, X, +a,jr+1xjr+1+...4'-am Xy =0

Hence we have the following two possibilities:

@ ifr =ni e the number of equations is equal to the
number of unknowns then the system has only the zero
solution.

(i) ifr<ni e the number of equations is less than the number of

unknowns, then the system has non-zero solution.
.. .Example 7. Find the non-trivial solution of the following system

of homogeneous linear equations:

x1+x2+2x3‘ =0
Xy +X3 =0} (n
-2x; +3x + X3 =0

Solution: Reduce'tHe-system to echelon form by the

 elementary operations: Interchange second” and “tHird
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equations of the given system (1). Then we get the equivalent

x v +2)4a =
- 2x +3x +x3 =0 )
% +x=0
lLet us represent the three linear equations of the system
(2) by L;. Lyand Ls respectively. Reduce the system to an
echelon form by the elementary operations. Eliminate Xy

system.

from the second equation by the operation. Lp— Ly + 2L,
L, 3 - 2x; +3%+ X3 =0 '
2L, 3 2x) + 220 +4X3 =0
14+214=5x2+5x3 =0
Thus we obtain the equivalent system
x4 Xp +2 x3 =0)
| @

5x +5x% =0
X + X3 =0
Dividing the second equation of the system (3) by 5. we get
the equivalent system '

x-x; ¥2x3 =0
X +X3 = 0} ()
Xy + X3 = 0
Since the second and third equations are identical we can
disregard one of them. Hence we have the equivalent system
X} +Xp +2X3 = '
Xg + X3 =

In this echelon form there are only two equations in threc

0 .
0 }which is in echelon form.

unknowns, hence the system has an infinite number of non-
zero solutions. The system has 3 - 92 = 1 free variable which is
X3. Let x3=a. Thus the general solution is x; == 2, Xy=—-a, Xz3=a
or (- a, - a, a), where a is any real number.

For particular solution, let a = 1. then x;=- 1, xg=- 1,
xamlor(-1,-11)isa particular solution of the system.
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Example 8. Find the solution of the following system of
homogeneous linear equations:

X1~ Xg — Xz ~ X =0

X +3x9 - X3 + X =0

3x; -Txp - x3-6x4 =0 8]
2X1+2X2 24\.3 =0

6x1-2xp -4 x3 —5x4 =0
Solution: Let us represent the five linear equatlons of the
system (1) by L;,L3.L3.L4, and Lg respectively. Reduce the system to
echelon form by the elementary operations. Eliminate x; from the
second, third, fourth and fifth equations by the operations
Ly »Lo -L;, Lg—L3-3L;, Ly— Ly -2L, and
Ls— Lg - 6L, respectively.

Lo ~L;: 4a+0+2x =0
La: 3x;— 7xp — x3-6x4 =0
-3L17 -3x+3x%+3x3+3x4 =0
Lz- 3L, - 4x+ 2x3- 3x =0
Lg: 2x+2x~2x3 =0

—2Li: —2x; +2x+2x3 +2x, =0
L4—2L; : 4x+0 +2x=0
Ls: 6x-2x —4x3—-5x4, =0
-BL; : —6x;+6x,+6x3+6x4 =0
Lg-6L;: 4G+ 2X3+ Xy =0
Thus we obtain the equivalent system
Xy - X3 T X4 =
4x +2x =0
—4xy +2x3~ 3x4 =0 ©
4X2 + 2)(4 =0
Axy +2x3 + x4 =0

In the system (2) the second and fourth equations are
identical we can disregard one of them. So, the system (2)

- reduces to
Xj= Xo = X3 — Xg =
4‘(2 +2X4 0
—4xp +2x3- 3x, =0
avaadidar + 23 + X =0

)
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Let us repiesent the four linear equations of the: system (3)
by L’;, L%, L3, and L,/ respectively. Eliminate x, from the
third and fourth equations by the operations L ‘e s L’g+ L'g,
and L’ 4 L’ 4= L'y »

L's+ L'g:2x-x =0
L'y ~L’g:2x;3-33=0
Thus the system (3) reduces to
—Xg =Xz ~ X4 =g
< 4x +2 =0 :
A —;: =0 @)
’ 2x; -x, =0
In the system (4) the third and fourth equations are

identical we can disregard one of themn. Thus we obtain the

équivalent system'
~Xp - X ~ % =0)
4x, +2x4 =0 L
2%, -x, =0 J
In this echelon form there are only three equations in four

unknowns, hence the sysiem has an infinite number of
solutions and 4 — 3 = 1 free variable which is x;. Let x, = a,

(5

. a a
where a is any real number. Then x3 =5. Xa= ~ g5 and x;, = a.

a
Thus the general solution is x; = a, x2 =-5 K= 5, = a

a
Or, (a- -5 §, a)

For particular sclution, let a = 2. Then x;=2, =~ 1, x3=1,
x,=2or, {2 -1, 1, 2) is a particular solution of the given
system.

Example 9. Find the solution space of the¢ following
homogeneous system of linear equations:

Xp +2x +3x +x5 =
2 +3x +3x4 + x5 =0 ,
X +Xxp +x3+2x +x5 =0 [U. P. 1987]
3% +5xp +6x3 +2x5 =0 .
2x) +3xp +2x3+5x +2x=0
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Solution : Reduce the system to echelon form by the
elementary operations. We multiply 1st equation by 2, 1, 3
and 2 and then subtract from 2nd, 3rd, 4th and 5th equations
respectively. Then we have the equivalent system

X] +2Xg + 3Xg4 +X5 =0
-X -3X4-X5 =0
-Xp +X3 -Xg =0
-Xp -3% - X5 =0

~- Xg +2X3 -X =0

We subtract 2nd equation from 3rd, 4th and 5th equations.
Then we have the equivalent system

Xj +2Xp + 3X4 + X5 =

-Xp -3X4 - X5 =0

X3 + 2X4 + X5 =0

0+0+0 =0
2X3 +2X4 + X5 =0
X +2x + 34 +X5 =
~xp - 3% -x5 =0
x3+2x +x5 =0
2x3+2% +x5 =0

=

We multiply 3rd equatmn by 2 . 2 and then subtract from 4th
equatlon Then we have the equivatent system
x;+2x +.3x +x5 =0
-x - 3% -x5 =0
X, +2x4 + X5 =0

‘

-2 - x5 =0 .

This system is in echelon form havmg four equations in
five unknowns. So the system has 5 - 4 = 1 free variable
which is x5 and it has non-zero solution.

. Let x5 = 2a where a is any real number. Putting x5 = 2a in
the 4th equation we get — 2x,—2a = 0, that is, x4 =~ a. Putting
x4 =- aand x5 = 2a in the 2nd & 3rd equations we get x; = a and
x3 = 0. Finally putting x; = a, x4 = -4 and x5 = 2a in the 1st

- equation. we get
AVAILABLE AT:
x+2a-3a+2a=01lex=<
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Hence the solution space of the given system is

W={~a a0 -a2a):a€ IR}.

Example 10 Determine the values of A so that.the
following linear system in three variables x, y and z has (i) a
unique soloution (ii) more than one solution (iii) no solution:

xX+y-2 =
2x +3y +kz =3 [D. U. H. 1987]
xX+Ay +3z =2

Solution : Reduce the system to echelon form by
elementary operations. We multiply first equation by 2 and 1
and then substract from the second angd the third equations

respectively. Then we obtain the equivalent system.
X+y-2 =1
y+@A +22 =1
(A-1y +4z =1

We multiply second equation by (A -1} and then substract from
the third equation. Then we obtain the equivalent system.

X +y-z =1
y+A+ 2z =1 }
a-0 - +2) = 2-A
X+y-Z =1
Or, . y+HA+ 2z =1 }
B-A -A2) =2-A
xX+y-z =1
Or, Cy+a+2 )z =1 }
B+ 2-MNz=2-2
' This system is in echelon form. It has a unique solution if
the coefficient of z in the thrid equation is non-zero i e. if
A #2and A # - 3. In case A =2 third equation is 0 = 0 which is

true and the system has more than one solution.
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In case A = ~ 3, the third equationis 0 =5 which is not true

and jpence the system has no solution.

fxample 11. For what values of X and. u the following
systemn of linear equations has (i) no solution

(i) more than one solution (iii) a unique solution :
xX+y+z =6
X+2y +3z =10} {D. U. H 1980; D. U. H (Stat) 1982 ]
X +2y+Aiz =y
- Solution: Reduce the given system to ééhé‘lon form by the
elementary operations. We subtract 1st equation from 2nd

and 3rd equations. Then we have the equivalent system.

X+y+z =6 '
. y+ 2z =4 }
y+A-1z =p-6
We subtract 2nd equation from 3rd equation. Then we

have the equivalent system

‘xX+y+z =6
y+ 2z =4
-3z = pu-10

(*)

) Now from the last system (%) we have the following three

cases;

H] If A=3and u# 10 then the 3rd equation of (s&f) is of the
form o = a wherea = u- 10 # 0 which implies that o is equal
to a non-zero real number which is not true. Thus we conclude

that for A =3 and p # 10, th&"BiVén system has no solution.
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(i) Ifr=3and u= ’10,‘ then the 3rd equation of (%} vanishes
& the system will be in echelon form having two equations in
three unknows. so it’has 3 - 2 = 1 free variable which is z and
hence for A = 3 and p = 10, the given syéterh will have more
than. one solution. = '

(iii) For a unique solution the coefficient of z in the 3rd
equation must be non-zero i.e A *3.and u may have any
value. Thus for A#3 and u arbitrary the given systern have a
unique solution.

Example 12. For what values of A, the foilo\x?ing linear
equations have a solution and solve them completely in each
case :

x+2y+4z =X -
x+4y+10z = Az
Solution: The given system of linear equatlons is
xX+y+z =1
X +2y +4z =\
x+4y+ 10z =)? ’
Reduce the given system to echelon form by the

elementary operations. We subtract' 1st equation from 2nd &
3rd equations respectively. Then we have the equivalent

x+y+€nz =1 }

system.

y +3z =A-1

x+y+z =1 '
y+9z =X -1

We multiply 2nd equation by 3 and then subtract from the
3rd equation. Then we have the equivalent system

x+y+z=1 ‘ x+y+z =1
y+3z =A-1 =y +3 =Ai-1 (*)
0+0 =x2 -3L+2 ) = A2-3L+2
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If A2-31+ 2 # o, the given system will be inconsistent and
"if A2 — 37 + 2 = o, the above system will be in echelon form
“having two équations in three unknowns. So the system has
3 -2 = 1 free variable which is z. So the system has non - zero
solution for A2-3A+2=0
thatis, (A~ 1) (A-2)=0
=>A=1 orA=2
Thusthegivensystemisconsistentfor)m land A = 2.
Case 1 wheni=1
The system (#) will be
x+y+z=1
y+3z=0
which is in echelon form where z is a free variable.
Let z = a where a is arbitrary real number.
y.=-—‘3a,x =1+2a
Hence the given system of linear equations has infinite
number of solutions for A =1 In particular, let a = 1, then x=3,

" y=-3,z=1.isa particular solution of the given system.

Case T Wheni=2
The system (*} will be

x+y+z=1
y+3z=1,

which'is in echelon form where z is a free variable.
s y=1-3b, x=2bh.

Hence the system has infinite number of solutions for A=2.

Let z = b where b is any real number.

In particular, let b=-1then x=4,y=-2,z=-1is a

particular solution of the' giveti system.

£ B
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. EXERCISES - 1
1. Which of the following systems of linear equations are
inconsistent : :

X +x =1
2x, +3x =1 ) ! -
M) 4x +6x, =3 S P 3}

x +3x% +2x3 7

: X+ X+ =1 2x, + X +3X3 8 |
(iii) 2x +2x.+ 21‘3:1} @ Sxi +4x +6x; =16
3x; + 3% +3x3 =2 6x; +8x, + 11x3 =20

nh

' Answers: _ ;
(i) Inconsistent, (ii) Inconsistent, (iii) Inconsistent.
(iv) Inconsistent

9. Which of the following systems of linear equations are
consistent? Find all solutions of the consistent system.

3x; - Xy + 7x3 L=

1) '3x,+2x2—2x3=_1} 2x X + 4x3

2x; - X +2x3= 8 x- X4+ X3
6x; - 4x, +10x3

0
1
2
1
3

Answers: (i) x; =1.% =2, =,4
(i) x, =-3a-3x% =-2a-3x =a
where a is any real number.

3. Express the following systems of linear equations in -
echelon form and solve them::

X - X%+2x+ X% =0 X +20+x =-1

L TX+ 3 +2x, = 2 6x+ X%+ X =—4
@ 2x + X% - x =1 (i)2x, -3%- % = O
2x, + 2%, + X3+ 3 =14 -x-Tx%-2x= 7
X=X =1.

Answers: () x; =1, =2 x5=-1,x=3/
x =1, =-2,x5=4

DAY
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4. Solve each of the following linear systems of equations :
2X1~ - 3X2 == 2} 4)('1 - 8X2 =12 }

i) 2+ x =1 i) 34 -6x= 9
3x; +2x,

1 ~2x; +4xy = -6

3% +2x - x3 =-15 .
A‘D“Q 5x; +3x +2x3 = O x+2y-3z= 6
(111) _ v iv) /2x- y+4z= 2
. 3X1 + Xp + 3X3 = 11
T1x, + 7% —_30 4x+3y-2z=14
p w” :
W‘o . ID. U. S. 1980, '83]

) @ - Answers :
: (i) Inconsxstent
(i} x; =3+ 2a, x, = a, where a is any real number
(i) x; £—4. %, =2, x3=7.
. (1v)x—2——a,y-»2+2a,z—a
where a is any real number.

5. Solve the following systems of linear equations :
2x; + X + 3x3 —0}

) (J) 3X1~2X2+X3—O
’ SXQ—2X3-—O

X1 - X +x3+x, =0

B xl’+2X2—"X3"‘X4 = 1
) 2 2x +x3~x. =0
-3x% + x3-% =-1

Answers: {i) x; =a, % =a, 3 =-2a
7. wherea is‘any real number
P S| 4 1 o
: (i) x; _§a+§ Xy =-3a+3 X3 =—Sa, x4 =a

: where ats any real number.

'6. Find the solutlon sets of the followmg systems of lineal '

equatlons I : B
X 22X+ X3+ x4 = 6 -
a0 X1 Xt X3- X =“2
(1) X +8x + X3 + Baigore e 22
2x; + Txy +2x3 +4xy £ ~LJ
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\']4’))(2 +BX3 +4-X4 =

v, + 30 +4x3 =11
(n 3x, +4x +x =2

1x, +xz .+ 2x4 =3
Answers : K ‘

+ 1
(1) x; =é (2 +b-3a), X =3 (8-2b),x3=a,x4=b

where a and b are varbit.rﬁa,ry real numbers.

9 1 1 g
1) %) =77 %2 =-1p % =717 % =71

7. Which of the following systems of linear equations are
consistent? Find all solutioiis of the consistent system : .
X3 -5 +4x3 + x4 = 3x; + 2% — X3 +4x, =6
2x, + X9 —3xz ~xg =1 ... -2x;+x% +5x3 +x, =0
(1) 35, - 43, +x3 ~ B5x, =0 (1) x - 4x, +2x3 +8x, =2

» X +x + X3t x4 =1 Bxy +x ~3x3—-2x4 =1
Answers : 4
. 64 -69 28 8
W) x) =55 X% =55 X% =55 X4 =5
94 685 30" 79

W) X =579 - % =679 : % =57 % =g7- y
8. (i) Express the following systern of lmear equatlons in
echelon form and solve it :

xX+y =-3
2x—2y z =-8
4x z=-14
x-3y-z =-5

(i) Reduce the following system of hnear equatlons to an
echelon form and find all solutions :
X) — Xg + 2X3 =5
2X] +Xg ~ Xy = 2 [D. P.. 1931]
2X1 - Xy - X3 =4 . .[D- 1981 1987]
xX; + 3% +2x5 =1 : v .

. - 2-
Answers:(i)x:%(a—lél),y: 4ai,z=a

where a is a;)y real number.
(i) x; =2, ==l =1
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9. (i) Reduce the system of linear equations

5x1 + 2X2 7X3 =1
7x, — Xp +2x3 = 0} [D. U. S. 1982}
2x; +5x - X3 =5 .

into echelon form and hence solve it.

(i) Use echelon method to solve the following system of

linear equations :

X +x+3 =0
S 2x - 2xy —x3 +8=0 :
4x, -x3+14 =0 . [D.U.S. 1984}

X -3x%-x3+5 =0

228 2698 29
Answers : () xi =5575: X2 =3679° *8 141’

- 14 2-a
(if) x =———5— g="g X3 =42 where a is any real number.

10. {i) Solve the following linear equations :
X; +Xp +2xX3 +X4 = 5
3x; +2x — X3 +3% =
4x; +3xp + X3 +4X = 11
2x, + X — 3x3 +2x = 1
; (if) Find all rational solutions of the followmg system of
linear equations

X +x —X -x =-1
3x; +4X — X3 —2x4 = 3}
x; +2x +X3 = &

Answers : (i) x, =5a-b-4,% =-7a+9, 5 =2, x=b
where a and b are arbitrary real numbers.
(i) x, =3a+2b-7,%=-2a-b+86,%5 =2, x, =b
where a and b are arbitrary real numbers.
MDetermme whether each system has a non-zerc
solution. If exists, find the non-zero solutions.

: X +X +x3=0 3x +2x% + X3 =0
() x1—-X+X3 =0 (i) 7x -x +21% —0}
xg+x —x3=0F x; +12xp —37x3 =0

AVAILABLE AT:

Answeys : (i) x; =0, % =0, = o
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(i1) x; ——‘;3 a, X -??, a,x3=2a where a 1s any real number.

ind the non -zero solutions of the following systems
of lmear homogeneous equations :

x; +3x. +2x3 =0 o _

9% - %, +3% =0 - 3% ~ 2% =0

1) 3x, -5x +43 =0 (i) 2x1+x2 +3x =0

X1+17XQ"%4)€3=Q, 3x; - 2x; +x3 j-O
2x;, + Xg + X3 — 5xg = T2x - X x3 +x4 -o
(i) xl +x2 +x3- 4% =0; (i) x1+2xz 3xs + 3% =0,
-Xxp — X3 +2x,=0 X +2x3 —2x4 =0

11 a B
Answers: () x =-7aX%=-7X=3
~ where a is any real number.
) X =-axp=-a,x=a
where a is an arbitrary real number
(i) bxg——a+3b x=ax=b
o where a and b are arbitrary real numbers.
(iv] xp=a-bxp=a-bxg=ax= =b
where a and b are arbitrary real numbers.
In particular, leta =2, b=1thenx =1,%= Lxs=2,%=1
is @ payti ular solution of the system.
Find the non- trivial ‘solutions of the’ following
systems of linear homogeneous equations :
2x; +35 - x3 =0 - Xt X3 x4 =0
(i) X - X+ X3 = }(ii) 26+ %= X3 +2xq =O}
x +9x -5x3=0) 2x;+3x3 x =0}
-2% +3x3 + x3 =0
X+ x-36-X% = 0{
i) 26 - X%+ X3 X =0
2x) +2x — 5X3 ~ 3-"4 0

3a
ers: (1) x =——§.X2='5‘,x3=a

where a is any real pumber..

=
1
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L P 1 S 1
(i) x =-3a X% =-aX5=3 a.x=a
whefe ais ahy real number. B
4a 8a ;
(i) x=3.%=3- %672 Xy =a
where a is any real number.
14. Solve the following homogeneous systems of linear
equations :
o x1—2x2+2x3=0
“) 2x1 + Xo — 2)(3 =0}
" 3x; +4x -6x3 =0
3x; +d6 Tt 2x4 +3x5 =
Bx; + 7% + X3 +3% + 4x5

. =0
(1) 4x, +5x +2x3 + X +5% =0 [ o

7x; + 1006 + X3 + 6x4 + 5x5 =0
x) +2x5 +2x3 — - x5 + 3% ()l
(lii) x; + 2X2 + 3JC3 +x4 + X5 O
3x1 6x2 + 8X3 + X3 + 5x5
X +2x —2x3 + 2x4 + X5 =
) X +2x% - X+ 3%, -2x5 =0
"2xl+4x2—7x3+ x4+ X = 0
2a
ANSwers (i)xl 5 , Xp = 5,x3_a

where a is any real number.
() x =-3a- 5b, % =2a+3b, 3 =a,x = Ox5 b.
where a and b are arbitrary real numbers.

{ill) x; =-2a+5b-7¢c, x = a,x3=—‘2b+2c,x4‘-—'-b,x5 =c-

where- a, band c are arbitrary real numbers.
(1v)x1-—2a 4b, x5 =a, X3 = _—bx4 =b, X% = 0
wherga and b are arbxtrary real numbers
7 (i) Find a general solution and a partlcular solution of
. the following system of homogeneous linear equatlons

Xy 3X2 G +X4 =0 s H FA T 102
2X1 ) + 3x: 3 o }
3X1 - 17Xj @“3 Mf&gﬁ

[D.U.H 1986]

[D.U. H. 1988]
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Answers :

a 2a ‘
General solution : x; =0, =3. X3 ="g" X4 =a

‘where a Is any real number.
Particular solution : x; =0, = =3, =2, x4 9
(1) Solve the following homogeneous system~eof. linear

cquations :
—-3x; P43 - X4 =0
3x,+ Xy +2x3 +4x3 = =0
2x) - 4x3 +6x3 + X4 =0

2x, + 2% +2x, =0
4x1 - 4X2 + 8X3 =0
Answer: x; =-2,3 =X =2%=0 ) B

where a is an arbitrary real number.
(118) Solve the following system of linear equaiti‘oﬁs :

X+ Xy +2x3 % x4 5
2x; + 3% + X3~ =16
X +2x —4xz % x4— 2
X + X +3x3 — 2x4-12

Answer : x; =2, ;@-3 =1, x;--z

g

\MReduce the followmg system of hnear equations to
an echelon form and solve it : =~

x+2y-3z=
x+3y+ 2—11
x+ sy 4Z e 13 "{D. U.S. 1980]
2x + 6y+%z 22 ).+ :
(i1) Solve the following system of Hnear equations
2;‘f2y+2§_ % L 17 ip.u.s. 19801
y “ (lmprovement]
4x + 3y - 2z = 14 D o pEERE

using echeion form or otherWlse
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(iii) Solve the following linear equations by using echelon
form : R

[D.U.S. 1983]

- Answers :,
Hx=1y=32z=1 ,
{i}) x'= 2-ay= 2a + 2, z = awhere a,' is any real number.

{iif) x =2.y=1,z=—1.‘l

[}

17. Find the general solution and also a particular

solution of the following system of lnear equations : ‘
2x; - Xp — Xz + Bk =1
4x, ~2xp = X3 + % =9
Bx, -3 - X3 -~ X =9
2x) ~ X +2x3 -12x, - =10

fD.U. S. 19891

xl-:%a+b+2'
Answers : General solution: }xz =2
"lx; =5b+3
X4 =b

where a and b are any two real numbers.
Particular solution : x; =2, =2, X3 = -2, x =~ L.

18 Solvethe following systém of linear equations :

X + Xz +2x; + 3x5 = 5
2x; + 4 - X3 + 95X +4x; =-1
Xi + 3x3 4 Bxy + 2% =-3
3x; + 7 -3x3 + 9x, +2x; =-14}
By, '+ 8y ~ 4xg +2X + 7% =-10}

| Anwer: x =2.% = 3% 21620572

o f%“fr“*“‘-f;:C :
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19. Solve the following system of linear equations L
T x+2y+32 =-1 S ‘
2x-y-2z =5
3x+3y+z =-2
4x+3y+4z =3
—4x+2y+4z =-10

Answer: x=2,y=-3,z=1.
20. Solve the following systems of linear equations :
rDO‘y X +2x =1 c)!i’,?g,Z')c+3y—-2‘z =5
/(_ X + X =O} i) x—-2y+ 3z =2}[D.U.P. 1991]
2x; +4x; =3 4x-y+4z =1
X+t X3 = 3 s
B x|~ X2 +2x3 =-3
(lli) 3x; — Xy + 5x3 =-2
2x) — Xg — X3 = 4
Answers : (i) Inconsistent (ii) Inconsistent (iii) Inconsistent.
21. Find all solutions of the following system of linear
equations : :

x + x2-2x3+ Xy +3x% =1
} [D.U.H. 1989]

2x; — Xp +2x3 +2x, +6x5=2
3x; + 2x - 4x3 ~ 3x4 - 9x5 =3
Answer:x, = 1,0 =2a3=aX =-3b, x5 =b
where a and b are arbitrary real numbers.
292. Solve the following lir’xear‘equations :
x| +2x% - 3x3 + 4x, =1
2x; + Bxp — Bxg + 6x4 =3
x; +4X. - X3 . =3
2x, +3x ~ 7X3 +10x5=1 4
Answer : x; =- 1 +5a-8b,x = 1—a+2tj.x3 =a,x=b
where a and b are arbitrary real humbers.
23. Find all solutions of the following homogeneous
sysiems of linear equations :
x+2y-32=0 }

{D. U. H. 19871

() 2x+By+2z=0 [P.U.H. 1986
Brsdu ypedz = 0
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X +y4x2'+ 5x3 + 3xy =Ol

2x;, +3x +5x3 +x; =0 [D.U.P, 1985]

(i) 3x, +2x +5x3 - X4 =OJ
4x, +x +5x3 - 3xy =0
Xi- Xp- Xz~ X =0
Xy +3x - X3t x3=0 :
(iii) 3x - 7% — Xg -6x3 =0 {D.U.P. 1988]
2x, +2x3 - 2x3 =0 y
6x) - 2xy — 4x3 -5x,=0
2x) +2x9 — X3 +x; =0
—xy - X +2x3 - 3X +x5 =0}
oA X, +X -2x3 -x5=0[

X3 ¥ X +x5=0"
Amswers : (i) x=y =z = 0, No non-zero solution.
(ii) x, =b-a,x =-{a+b),xg zaandxy = b
where a and b are arbitrary real numbers.
{il) %, =28, % =-ax3=aX =22
where a is arbitrary real number.
(iv) x; =-a-b,x=2a.x =-b,x, =0. % =b
where a and b are arbitrary real numbers.
" 94. Reduce the following system of linear equations to
echelon form and solve it :
Xy + X+ X3 +2x4 +3x5 =1
—9x) - 2Xy + X3 — 3%y — 4% = 5(
3)() +2X2 + X +SX5 =10]
Xy + Xp +2X3 - X +9x; =18
Answer : x; = B-a,x=2ax=1lLx=0%=- 1.
o where a is any real number.
25..Solve the following system of linear equations :
x; +2x +3x3 +4X = 57
2, + X +4x Xy =2
le +4X2 + Xz + SX4 =‘6
2x1 + 3X2 + 5X3 + 2)(4 =3

. 15 avALeear: 10 83
Answer : X, = 71 % = 71 - UGy XTO7

[

SYSTEMS OF LINEAR EQUATIONS -39

26. Find a general solution and also a particular solution
‘of the following system of linear equations : -

2x; + 3xp — X3 + 5xy ~ 2x; = 4
X+ 2% + X3+ 3x3- x5 =-1
2x; + X —6x5 +TX + 3% = 1
5x; + 11xp +7x3 +12x, -10x; = 4

Answers : X = - 64-21a - 24b, x, =39 + 11a + 15b,
x3 =~ 15-4a-5b, %, =a, X =b.
where a and b are arbitrary real numbers.
In particular x; = - 85, x3 = 50, 5=~ 19, % =1, =0
27. Reduce the following system of linear equations into
echelon form and solve it : '
X +2x6 + 3x3 + 4y + 5x5
2x, +3x% + 4x3 + Bxy + 6x;
3x; +5x + 6x3 + Txy + Ax;5
-4x, + Txy + 10x3 +13x4 + 165
5x; +8xy + 9xg + 10x, + 3x5
Answer:x; =-7-4b, xp =7+a+ 10b, x3 =~ 2 — 2a - 7b,
x4 =a, x5 = b where a and b are arbitrary real numbers.
}8aReduce the following system of linear equations into
echelon form and solve it :
4x, +2x +5x3 +7X4 + X5
xg + xt 3+ Xq + 5X5
2x; +3x +4x3 +5xq + 6x5
3x; +90 +7x + X + 8x5
_5x1 + X + x3 +6x4 + x5 =0

LR TR T
Wl -

WonouoH
O = = N

Answer: x; =1, =0, = 1.x34=-1x=0
29. Determine the values of A such that the following
system in unknowns X, y and z has :
(i) a unique solution, (i) no solution, (iii) more than one
solution : :
Ax+y+z=1 1) ‘
X+ Ay + z=l} [R.U.H1985]
x+ y+rz=1

Ahswers : () A= 1and Az-2, ()A=-2 ) A=1
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QQ ' Determme the values of A such that the following
system in unknowns x, y and z has (i) a unique solution, (ii) no

solution (iii) more than one solution :

x -3z=-3

2x+ Ay~ z=-2 }
x+2y+iz= 1
: (i) A#2and A#-5, (i) A=-5, (i) A=2.
31. Determine the values of A such that the following

system of linear equatlons in unknowns X,y and z has (i) a
unique solution (ii} no solution (111) more than one solution :

x+ y+iz=1
X+Ay+ z= A}
AX+y+ z=22

Answers : (i} A#-2, latl(h) A——2(ﬁi) A=1
32. Tind out the condltions on a, 8 and Y SO that the
following systems of non- homogeneous linear equatlons has

a solution : - ‘
B x+ 2y- 3z= «a X+ 2y- 3z= a
(i) 3x- y+ 2z= B} (i) 2x+6y-1lz= B}
2x - 10y + 16z = 2y 2x—-4y +14z=2+y

Answer: (i) 20=B-y - (i) 5a =2B+y.
33. Find out the conditions on a, b and c so that the
following system of non- homogeneous linear equatlons is

consistent and also solve the system fora=1,b=1 and c=- -2:

-2x+y+ z=a
xX-2y+ 2= b}
X+ y=2z=c¢:

Answer : Condition for consistentisa+b+c=0 and
. #Hegenertll solution is x=oa - 1,y=a-1l.z=a
where o is arbitrary rédt¥athber.
partlcular soiutn.n is X = dey e ddz ® 2
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3.1 Introduction

J. J. Sylvester was the first man who introduced the word
“matrix’ in 1850 and later on in 1858 Arthur Cayley developed
the theory of matrices in a systematic way. Matrix is a
powerful tool of modern mathematics whji:h is originated in
the study of linear equations, and it has wide applications in
every branch of science and especially in Physics, Chemistry,
Mathematics, Statistics, Economics, and Engineerlngs.

3.2 Definition of matrix

A matrix is a rectangular array of numbers (real or
complex) enclosed by a pair of brackets {or double vertical
rolls) and the numbers in the array are called the entries or
the elements of the matrix. that i, a rectangular array of (real
or complex) numbers of the form

ajy - aj92 e cas Ain
Qg aga . .. ee Asn
g S| ame .- @mn
is called a matrix. The numbers - PRTR: EP TR , @mn are

called the entries or the elements of the matrix. The above
matrix has m rows and n columns and is called an (m xn)
matrix (read "m by n matrix"). The matrix of m rows and n

columns is said to be of order "m by n" or m x n. The above

i=1.2,...,
matrix is also denoted by | aul, j=1.2 H;l

The m horizontal n-tuples (a,;, a;a, ..., a;5). {ag;, g, ...,
Qn), «ov vos (@1 @mgs ooes Amyp) are the m rows of the matrix and

the n vertical m-tuples

AVAILABLE AT: ; -
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"311 T aie 7 {4
agy a2z Agps | -
Ay amg Amn ’ N

are its n columns. The element ay;, called the ij—éntri or

ij-component, appears in the i th row and j th column.

A matrix consisting of a single row is called a row matrix

(or row vector) and a matrix consisting of a single column is
called a column matrix (or column vertor).

Matrices are generally denoted by capital letters A, B, X, Y ‘

etc. Square brackets [ ], or, curved brackets ( ), or, ’Pwo pairs
of parallel lines || || are used for the mathematical notations
of matrices. In this book we will use the notation | ]

Examples of matnces

Example 1. A = [2 ‘3 _?] is a matrix of order 2 x3 over

the real field IR and also over the complex field C.-
The rows of A are (1; 0, - 5) and (2, =3, 7) and its coclumns

e () (3 ()

2 0 i
Example 2. B =[ -1 1 ”4:| is a matrix of*order 3 x 3

e By e o

1+ —5’ »3_

over, t,he complex field C.

The rows of B are (2, O, 1) (—1, 1,4) and (1 + i, =5, 3) and:its: - -

: 2 : ] 1 .
coluinns are | -i || 1 |and{4 | =
I+i)\-5 ‘ 3 ~

Two matrices A = [ a; | and B = [ by ] are equal if and only if
they are identical i.e if and only if they contain the same
number of rows and the same number of columns and a; = by

AVAILABLE AT:

for all values of i and j.
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3.3 Addition and scalar multiplication of matrices :

Addltion of matrices is defined only for the matrices
having same number of rows and the same number of
columns. Let A and B be the two matrices having m rows and n

columns.

fTan ag .. . an
i eA=lgl=| 220 222 % dgnq
Ami  2m2 Amn
by b .. byn
Beipl=| 02 2w
Dm buz . b
Then the sum of A and B is
a+by ap+by a; + by
A+B=| 22 by; asy + by agy + by
a~ml + bml am2 + Do amn + bryn

The multiplication of mairix by numbers (scalars) is -
defined as follows : The product of an (m x n) matrix A by a
number k is denoted by KA or Ak and is the ( m x n} matrix
obtained by multiplying every element of A by k, that is,

ka;; kajp ... kap.
ka=| 2 Kam o T
kKan; Kkaps .. Kkapg

We also define-A=(- 1)Aand A-B=A+(-B).
If the matrices A, B, C are conformable for addition and if
k is any scalar, then we can state that ’
(i) A+B= B+A (Commutative law)
(ii) (A+B)+C=A4+ (B +C) (Associative law)
. (iil]) A+0=0+A=A. « Apr
(iv) k(A+B)=kA+kB={A +BJk :
. where O is the zero matrix of the same;order: s st v
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Eorw ifA = [é "§ },andB: [_§ 1 ]

a i 142 (247 ' 3 5}
ﬂ@,“?;[au—s) 5+4 I=l-2 9}

21 2620} |2 4
A=193 2. 5.}*?[6 10
1-2 2-7} [-1 -
nd A~ ___[3 1 9
A-B=|3_¢5 5»—4]=[ 8 1}'-
3.4 Matrix Multiplication
. Two matrk;es A and B are conformable for mulﬁplication
if the number of columns in A is equal to the number of rows
- in B. )
by )
IptAztél'az .‘..a,,]andB:lf'2 oo
bnl

. - In
The AB&= [%1131 +agbg ... + apby) =|:iz laib, ]

Again, l&¢ the m x p matrix A = [ay] and the p xn matrix
B=[b,,l.thenABi&ﬂ:emxnmatq’xC:[:cﬁ]where

P
cij=311b11 +‘aab2,+... + =Y, ag b -
y + - +ap by k’:lbu )

i=12,....m .
‘ {‘-’-‘- l‘ 2.....1’1 ' \\

If the matrices A, B, C are conformable for the indicated
sums and products, we-have the following properties :

() (AB)C = A(BC) {Associative law)

(ii) A(B+C)=AB +AC

(i) (A+B)C=AC+ BC} (Distributive laws)

(iv) k(AB) = (kA)B = A(kB) wheré.k is any scalar.

Remarks : In the malirix product AB, the matrix A is called
the pre-multiplier (AQ}\‘IL/&;E-%:-factor) and B is called the
postmultiplier (or post-factor)
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1 3 5 1 -1
. Forexamples, let A=]9 0 -1 and B = —% 4(1)

1 1+03) (2+53 1-()+(3)-4+50

thenAB= | 5140 (2) +(1)3 2 (N+0 4+ 0
1+6+15 -1-12+0 [22—13
=ls+0.-3 -2+0+0171-1 -2

1 "‘1 . [l
on |2 3 [2 3 1
3 O

1F1+1)-2 1-(-3)+ -1)0 1- 5+ -1 -1 :

={ -2)-1+42 -2) -3)+4- O 25+ 4 -1) }
3-1+0-2 33)+0-0 3 51+ 0. -

®

-1 3 6
={ 6 6 -14 | .. AB#BA
39 15 '

3.5 Transpose of a matrix
If A is an m X n matrix over the real field IR , then the

n x m matrix obtained from the matrix A by writing its rows

as columns and its columns as rows is called the transpose of

A and is denoted by the symbol AT. That is, if A={ga;]isan
mxnmatrixthenAT. = [g4]isann x m matrix. -

1 2

1 5 -7 0o 3

For examples, let A=1{ 9 g -1 6],’thenAT= 5 -1
-7 6

3.6 Complex conjtigate (or conjugate) of a matrix

The cbnjugét-e of a complex number z = X + iy is the
complex number Z =x-iy. fAisanmxn matrix over the '
complex field, then we say that the conjugate of a matrix A is
+he matrix A whose elements are respectively the conjugates
ol the elements of A. That is. ifA=1ay;l, then A = a1 .

Uiear Algebra—7
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o

& 1 i 1+
| j

For examples, if A=| -i 2 2+3i
' 5 1+2i -5

_ 1 -~ 1-i
-~ then A=[i 2 - 2-3i ]
_‘_-‘;f‘51—2i—5
f,/ﬁ:ﬁnit_ion Real mét;b_: :
A matrix A is called real provided it satisfies the relation
A=A i
# Definition _Imaginary matrix
A matrix A is called imaginary Provided it satisfies the
relation A = - A
3.7 Conjugate transpose of a complex matrix
The conjugate of the transpose of a given complex matrix
A is said to be the conjugate transpose of A and is generally
denoted by the symbol A*. That is, :
if A=[aylisa complex matrix, then
# ar = (A7) = 7).
1

i 1+
For exayﬁes, if A= -1 2 2+3i
5 1+2i -5 '
/ 1 i 5
then A*=|: -i 2 1-2i
1 2-3i -5
- 5+7i -3 2-511] \
J/andif B= 4i 1+6i 3+2i]
5-7i —41“

/fhen B*:li 3 1-6i |
2+5 3-2i |

‘:}S’Special types of matrices with examples
Special types of matrices W}

Square matrix : A matrix with the same number of rows and

columns is called a square matrix.
- 2 -3

1
For examples [ 5 g]ang,{lu&gég g

“

are square matrices.
3, o]

E

MATRIX ALGEBRA ‘99

Rectangular matrix : The number of rows and columns ofa

matrix need not be equal
When w__/_mthemlmber of rows and columns of the

arraWual then the matrix is known as_the
rectangular matrix - ‘

1 -1 27 1-1i 2i 3
_/ﬁ)r examples, [_2 350 and i 2 05 "lefq

are rectangular matrices.
Diagonal matrix : A square matrix whose elements a; =0
Diago: Bt hatonhiins Bt i} Y

when i # j is called a diagonal matrix. .
00

For examples , [ 02 ]and \: 0 -3 0] are diagonal matrices.
0 01

| A diagonal matrix whose diagonal elements are all equal
tis called a scalar matrix. /
Identity mattix (or Unit matrix) :
A square matrix whose elements - a; =0 0,if i#jand +
»—’—‘"—_-’
ay = 1 1f i=j is called the identity matrix or x or unit matrix.

. - 1 000
YR 1 0.0 :
\/\ 0100 s R
orexamples, | 0 1 O landl 9 g 1 0 |2r€ identity
- Loo b 0001 s

matrices of order 3 and 4 respectively.
Zero matrix or null matnx A mig_w which _exery

element is zero is called a ngll_matnx or a zero matrix.
J ——

000 000
For examples, [O 0 O] and[o 0 O:Iare zero matrices.
000

Upper and lower triangalar matrices :
A square matrix whose elements ay = 0 for i>j is called an
upper triangular matrix and a square matrix whose elements

ay =0 for i<j is called a lower triangular matrix.
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23 5 1 123

4 0-1i 5

Forexamples, | 01-2 | and| 5 o 3-2
00 7 0 007

are upper triangular matrices.
100 00
i 2 0 O !are lower triangular

.7 500
and[-—é g ?]and -25 -1 0 matrices. -
37 -i 6

Symmetric matrix : A matrix equal to its transpose ie a
square matrix such that a; =ay for 1 <i,j=<n is said to be
symmetric. In short we can say a square matrix A will be
symmetric if AT =A.

a hg 1 2 -3
For examples, A=[ hbf ]andB:[ 2 5 7:|
: g fc -3 7 3

are symmetric matrices.

AA and AB are also symmetric if A is a scalar.

Skew-symmetric matrix : A matrix equal to the negative
of its transpose. i,e a square matrix such that a = - ay and in
which therefore, a; = 0 is said to be skew-symmetric.

0 hg 0 1 -2
For examples, A=[-h 0 fjland B=‘i—1 0 3]
, 1-g -f O 2-3 0O

“are skew-symmetric matrices. .

Hermitian matrix : If A = [ a;; | is a square matrix over the
complex field and A* = (AT)=A ie ay= 8y fori.j=1,2, e TV
then A is called a Hermitian matrix.

2 2--3i 3
For examples, A= 2+3i 5 1+ ‘Iand
L3 0]

G

&/ Idempotent matrix : A square matrix A is called an
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In this case diagonal elements of the matrices will be real

numbers.
' Skew-Hermitian matrix : If A = [ a; ] is a square matrix
over the complex field, and A* = ( AT)=-A ie ay=- ajfor

ij=1.2, .. nthen Ais called a skew-Hermitian matrix.

2i 2-3i 3
For examples, A =|-2-3i 5i 1+ ] and
o -3 -1 O

i .14 5

B=|-1-1 2i i ] are skew-Hermitian matrices.
-5 i O

In this case diagonal elements of the matrix will be either

zero or wholly complex number.
Mogonal matrix : A rf_a_l_sgli’/amgi’x,é is said to be
orthogonal if AAT =ATA=L
thatis, if AT =A"! (the inverse of the matrix A)

| 1.8 4
/ ‘ 9 9 9
For examples, A = % —% —% and
|8 1 4
9 9 9
12 2 /
‘33 3 '
21 2 .
B=| 33 -3 |are orthogonal matrices.
22 1 |
"33 73

idempotent matrix if A2 = A, <

_ -1 3 5 2 -2 -4
For examples, [ 1 -3 -5 |and|-1 3 4
-1 3 5 1 -2 -3

are¢ idempotent matrices.
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~ Nilpotent matrix : A square matrix A is called a nilpotent
matrix of order n if A" = 0 and A™! # O where n is a positive
integer and O is the null matrix.

o 1 1 2 3
For examples, A = [Q 0 ] and B={1 2 3
S i -1 -2 -3
are nilpotent matrices of order 2.
Periodic matrix : A square matrix A is called periodic if
Am+l = A where m is a positive integer.
If m is the least positive integer for which A™+! = A, then A

is said to be of period m.

1 2 6
For example, A = [—3 2 9} is a periodic matrix of
. 2 0 -3 : o

period 2.

nvolutory matrix : A square matrix A is called an.

volutory matrix if A% =1

For example, A = [ 5 _4 ] is an 1nvolutory matrix.

Unitary matrix : Let Abe a complex square matrix, then A
is called a unitary matrix if AA* = A*A =1 or equivalently

A* = A~1-where A* = (A )T = @A7).
i

| 2 V2
For example, \/: _\{— isa umtary matrix /\

V2 \2
Normal matrix : Let A be a complex square matrix, then A
is called a normal matrix if A*A = AA* where A* is the

conjugate transpose of A.

2+3i 1 . ,
For example, A= 1+2i] is a normal matrix.

AVAILAB{E AT:
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3.9 Theorems on transpose matrix -

Theorem 1 If A and B are comparable matrices and AT and
BT are the transpose matrices of A and B respectively.

then (i) (AT)T = A (ii) (A + B)T =AT +B".

(iii) (AB)T =BTAT (iv) (0A)T = o AT. where o is a scalar.

=1,2,.
Proof : (1)LetA—[aD]J - 112

then by definition AT =[ay [T =[a;]
Now (AT )T = [351] T=] aij] =A ~@ANT=A
i=12,...m
(i) Let A=[ayland B =[Dby] wherej =12 ...n
then C=A +Bisdefinedand [cy]= [ay]+[by]
Now.by the definition of the transpose of C
we ha\)é*(Ai‘B_)T =Cl = [ =[gl= [ay]+ [by]
C=tag e+ lby T = AT + BT
~ (A+BT=AT +BT.
(i) LetA=[a;li=1,2,..m; j=1, 2,...n
andB=[by]j=12..n k=12,..,p
Then AT =[ay " = [ a;] is an n x m matrix ‘
BT =[by IF = [by ] is a p x n matrix.
Thus AB is a m x p matrix so that {(AB)T is a p x m matrix.
Also BTAT is a p x m matrix. Therefore, (AB)' and BTAT have

same dimensions.
Now AB = [ ¢y ] where (i, k) th element of AB is

th
where L2, .
2

Il II

C|k=2 a, bk
=1 1 Bl p
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" Therefore, the (k.ijth ‘element of (AB)T

n n
=Z aybik =.2 ay;" by
S

n .1
=j£1 by a;
= (k.i)th element of BTAT
Hence (AB)T = BTAT
(v LetA=lay] -~ AT=layl =la]
Now (@A) = [ozy)T = [ oy ] = & [ay] = oA
- (0A)T = aAT. '

3.10 Theorems on complex conjugate of a matrix
Theorem 1. If A =[a;]isany m x n complex matrix, then

A=A :

Proof : By definition of complex conjugate of a complex
matrix, we have A=[ay]foral 1<i<m, 1 <j<nand ay is the
complex conjugate of a; i.e ay is the entry in the i th row and

jthcolumnofZ\.AgainA—_=[§ijlforallISiSm. 1<j<nand

ayis the complex conjugate of au. ie ;:@ = ay (the entry in the i
th row and j th column of the matrix A). Therefore, the entries

of the complex conjugate of A = the corresponding entries of A.

Also A and A are matrices of the same order. Hence A=A
Theorem 2. If A and B are two complex matrices
conformable to addition, then A+B=A + B.
Proof : Let A = [a; ] and B = [by} be any two matrices of order
m xn. Then we have A + B = a; + byj forall 1 <i<m, 1 <j<n.
" Also by definition, we have A =3 and B= [by
. A+B=Hhy + byl =1a+by] (1)

EAT:

for all 1 KinhmeloHEmn
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since z, +Zg = Z; + 2, where z, and z, are any two complex
numbers.
Agail:l A+ B = complex conjugate of [a; + by}
| = complex conjugate of ¢; where ¢ = ay + by
~gj=lay7B, Jforan1 si <m.1<j<n.
Therefore, m=[ ay + by ] forall1<i<m, 1<j<n. (2)

Since the corresponding entries of A +Band A+B are
equal and also both A + Band A+ B are matrices of order
m xn, from (1) and (2), we conclude that A+ B=A +B.

Theorem 3. betA:[aij]beanymxnmatrixandB=[bjk]be
any n xp matrix over the complex field i.e A and B are
conformable to the product AB, then AB=A B . :

Proof : Since A and B are conformable to the product AB,
so AB = [ay] x [ byl = [ e ] where ¢y = ay by for all 1 si=sm,
1<k <pand 1<j<n. :

Also A=[agforalll€i<m,1<j =n
and B=[by Jforall 15j<n, 1< k<<p.
Now A B is defined and we have AB= [aij] x[ﬁjk]=[<—11k] (1)
where am=_55/%};*forﬂaﬂ\fgim, I<k<<pand 15j<n
Again AB = complex conjugate of AB ’
or, AB = [cy ) where ¢y =ay by
=[x ] =12y by

= [a,k] (2) since z; Zp =Z122

for any two complex nﬁmbers’ z, and Zy .
Since dy =ay; by forall 1<ism, 1 <k<<pand 1 <j<n.
Combining (1) & (2) we conclude that AB=AB.
Theorem 4. Let A = [a;] be any m xn complex matrix, then

iAeA A, A being any complex number.
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Proof : By definition of the conjugate of a matrix, we have

A = ‘[zjlij] forall 1<i<m, 1<j<nand a; isthe complex
conjugate of ay.

Also A =[ Aay]=(%a) (Yforall 1<ism, 1 <jsn.

since z; zp = z 1 52 where z, and z, are any two complex
numbers.

Again A = [Bijlwhere by = —}\é:j forall1<i<m, 1<j<n.

={ haylforall'l<i<m, 1<jsn (2)

Thus from (1) & (2}, we conclude that the corresponding

entries of AAand A A are equal and they are of same order.
Hence M= A A.

3.11 Theorems on the conjugate transpose of a complex
matrix. ‘

. Theorem 1. Let A*and B* be the conjugate transpose of A
and B respectively, then
* ¥
i A) =A .
*
(i) A+B) =A + B, A and B being conformable for
addition
(iii) (AB)* =B"A*, A and B being conformable for

multiplication.
(iv) (kA)* = kA", k being a complex number.

Proof : i) Let A*= B, then B = (AT) = (&)

ana 7= (A7) =&

Again (B) =@B)=A=4

Therefore, B =A, sincg@:;@(: _B-)T = (é?‘)

" Hence (A*)* = A, since B= A*.

MATRIX ALGEBRA 107

(ii) By definition, W€ have .
A+B" = (A&B) = (A +B)
=(A)T + (TB)T since (C +D)T=Cr +DT.

- T
=A%+ B*, since AT =(A) .

— =T
(i) (AB)* = (AB) = (AB)

&"(A)" since (CDJT =D'CT.

* %k

B A . ;
J— - =T %
&A) =k &) =kA

(v) (<A)= (<A) -

Corollary : For any complex matrix A, (AA) =2A

where A is a scalar. |

3.12 Theorems on symmetric and skew-symmetric
matrices. .

Theorem 1. Every square matrix can be uniquely
expressed as the sum of a symmetric matrix and a skew-
symmetric matrix.

Proof : Let A be a squarc matrix, and AT be its transpose.
Then we have

=%(A+AT)+%(A;AT)=B +C (say) S
»whereB:%(A%—AT)andC:%(A-—AT) (2
" Now BT =5 (A + AT =3 (AT + T

=%(AT+ =B
and CT .__% (a-ATT =% (AT - (AT)T)

S AT-A)
=-%(A-AT)=’-C;-
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Thus B is a symmetric matrix and C is a skew-symmetric
matrix. Hence from (1) we conclude that a square matrix can
be expressed as the sum of a symmetric matrix and a skew-
symmetric matrix.

To prove the uniqueness of the representation of (1), let if
possible A=P +Q 3)

where P is a symmetric matrix and Q is a skew-symmetric
matrix so that PT =Pand QT =-Q '

Then AT =P +QJF =P+ g'=P-Q 4

Adding (3) and (4) we get

A+AT=2P .. P=% (AT + A)

Again subtracting (4) from (3), we get A - AT =2Q

- Q =-21- (A-AT)

This establishes the uniqueness of (1).

Hence the theorem is proved.

Theorem 2. If A is a square matrix, then A + AT is
symmetric and A - AT is skew-symmetric.

Proof : First portion

If A is a square matrix, then
(A+ AT)T=AT + (AT)T=AT + A=A+ AT

Hence by definition A + AT is symmetric.

Second portion

(A - AT)T = AT — (AT)T = AT - (AT)T = -(A-AT)

Hence by definition A - AT is skew-symmetnc.

Theorem 3. If A is a skew-symmetric matrix then
AAT = ATA and A? is syminetric. '

Proof : First portion

Since A is skew-symmetric, AT =-A

o AAT = A (-A) = - A? i)
and ATA = (-A) A2 K2 (i)
From (i) and (ii), we get AAT.= AT.A,
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Second portion
(AAT)T = (AT)T AT = AAT Since (AT)T = A.
and (ATA)T = AT (AT)T = ATA
: AAT and AT A are both symmetric matrices. Therefore,
—A? is a symmetric matrix. Again since -1 is a scalar,

A2 is a symmetric matrix. '

Note : If A is a symmetric matrix, than kA is also a
symmetric matrix’ where k is any scalar.

Theorem 4. If A and B are both skew-symmetric matrices
of same order such that AB = BA, then AB is symmetric.

Proof : If A and B are both skew-symmetric matrices, then
AT =-Aand BT =-B

ie A=-AT and B=-BT
Also given AB = BA = (-BT) (-AT) = BTAT = (AB)T
- (AB)T'= AB.

Thus AB is a symmetric matrix.

Theorem 5. If A and B are n- square symmetric matrices,
then AB is symmetric if and only if A and B commute
(i.e AB = BA).

Proof : Since A and B are symmetric, AT =Aand B' =B

‘Now (AB)T = (BA)T = ATBT '
- (AB)T =

= (AB)T =BTAT= BA
BT=Band AT = A
Hence A and B comumnute.

Remark : The malrix BTAR is synmunetric of show-

Conversely, 4

Sinet

symmelric according as A is symunetric or skew-symmetric.


http://www.onebyzeroedu.com

110 COLLEGE LINEAR ALGEBRA

3.13 Theorems on Hermitian and skew-Hermitian

matrices

Theorem 1. In a complex field every square matrix can be
expressed uniquely as the sum of a Hermitian matrix and a
skew-Hermitian matrix.

Proof : Let A be a square matrix of order n and A" be the

conjugate transpose of A. Then we can write

1 1
—sa+AT 5 A-A)=P+Q () (1)

1
whereP:i(A+A*) andQ:% A —A*)

* 1 *% 1
NowP =5 (B +A) =3 A" + AN

=%(A*+A)=P
g -la-an =zt -@h)
=%(A*—A)
- 2B-A)=-Q

Thus P is a Hermitian and Q is a skew-Hermitian rhatrix.
Hence from (1) we see that a square matrix A can be expressed
as thie sum of a Hermitian matrix P and a skew-Hermitian
matrix Q. ‘

To prove the uniqueness of representation (1) leic, if

- possible, A be also expressible in the form A = R+ S (2) where

Ris Hermiiian and S is skew-Hermitian such that
_ R =RandS*‘=-S,
£
Now A¥=(R+S) =R"+S=R-S 3

Adding (2) and (3), we get R= —é A+A)=P

Subtracting (3) from (2). we get S = % B-A"=Q.

AVAILABLE AT:

which establishes the uniqueness,of {1).
Hence the theoremnisoproved:
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Theorem 2. If A and B are Hermitian matrices then
AB + BA is Hermitian and AB - BAis skew-Hermitian.

Proof : Since A and B are Hermitian ma»trices,fvve have
A¥=Aand B*= B where A" and B are the complex. conjugate

transposes of A and B respectively.
Now (AB + BA)® = (AB)* + (BA)
% K k__*k
=BA +AB
-BA+AB=AB+ BA.
Hence AB + BA is a Hermitian matrix.
*
Again (AB - BA)'= (AB) - (BA)
E I % ¥
=BA-AB
= BA-AB
=- (AB ~- BA)
Hence AB — BA isa skew-Hermitian matrix.
Theorem 3. If A and B are Hermitian, then AB is

. Hermitian if and only if A and B commute.

Proof : Since A and B are Hermitian,

A*-AandB'=B (1) ; :
Now (AB)® = B*A" = BA = AB. since AB= BA. : \

Thus by definition, AB is Hermitian.
Again conversely, AB = (AB)* = B?A*= BA
Since A and B are Hermitian o

Thus Aand B commute. » _
Theorem 4. Every square matrix can be uniquely

expressed as P + iQ where p and Q are Hermitian.
Proof : Let A be the square matrix of order n and A" be its

conjugate transpose.
Then we can write

] ]
A=—12—(A+A*)+§(A—A*)=-1Q(A+A*)+i.ﬁ(A-A*)
=P +iQ (say) m WhereP:-lé (A+A*) andQ=—;-i(A - A*)

Now P* = 5 (A + A" =3 NN
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-latm=gasa =P
* 1 «\F 1 * * %
Q ={§;(A—A )} =z & - A)}
RENTARYY
=5 a-A"=9
" Therefore, P and Q are Hermitian matrices. Thus from (1),
we see that A can be expressed in the form P + iQ where P and Q
are Hermitian matrices. V) '
To prove the uniqueness of the representation (1) let if
possible A=R +15(2) where R and S are Hermitian, that is,
R =Rand S S

Now A" (R+1S) *_is*=R-iS 3)
2) + (3) glves,A+A =2R

R=-21-(A+A*)=p
(2) - (3) gives A—A* =92iS
~S=g;(A-A"=Q

which establishes the uniqueness of (1). Hence the

theorem is proved.

Remarks (1) If A is any n-square complex matrix then
A + A" is Hermitian and A - A* is skew-Hermitian.

(2) If A is any n-square complex matrix then AA* and A A
are both Hermitian.

(3) If A is Hermitian matrix, then i A is a skew-Hermitian
matrix. ‘ :

(4) If A is a skew-Hermitian matrix, then i A is a
Hermitian matrix. ' ‘

) Ais Hermitian if and only if A is Hermitian.

(6) A is skew- Hepades if andg only i A ie skew
Hermitian.
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3.14 Memonidempotent matrices
empotent matrices then ABis

Theorem 1 : If Aand B are id
idempotent if AB = BA.
" Pproof: Since A and B are idempotent matrices
. AZ = Aand B? = B, Also given AB = BA.
Now U"‘B)2 =AB (AB) = A (BA)B = =A(AB)B
=(AA) BB)=A? B = = AB.
Hence AB is an idempotent matrix. ‘
Theorem 2 : If A and B are idempotent matrices, then A +B
will be idempotent if and only if AB = BA=0,
Priyef ; Since A and B are idempotent matrices
' . A? =Aand B2 =B.

NowlfAB BA= 0then(A+B)2 {A+B){A+B)
A2+AB+BA+32

= A? +‘B2_smce,A,B B\A 0
=A+Bsince A2 =A. B =B.

Hence A+ Bisan idempotent matrix. ‘
Again if (A + B) is an idempotent. matrix, then ;o
(A+BR=A+B .
or, A? +AB+BA+B?, A+B .
or, A+AB+BA.+B=A+B -
or, AB+BA=Q .. .~ . or Tl Py
_or, AB=-BA (1) G e
. AISQ,AB=A2B=AAB=A(~BA)‘—(AB)A
AB*BA (2) L8 I Y
Mding(l)andm) wegetAB+AB~—gA+BAfO
1e2AB==0 ~AB=0=BA. % :
Hence A + Biis¢ idempotent if and only i AB = B
Theorem 3. If Ais an idempotent matrix, then B-=T-A i

idempotent and AB =0=BA.. .

s

D>w“

LinearAlgebra-8
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Proof : We knowdhat Al = JA=A - . .
:1Also since A is idempotent, A2 = A :
Again since I and A are square matrices, So I - A is also a
Square matrix.
Now (I- A)?2 = (I1- A) (I-A) =1 - IA - Al + A2
=]~ A A+A=1-A
So by definition I-A is an idempotent matrix.
AgainAB=A (IF-A) = Al-A2=A-A=0
~AB=0 _
=(1-A)A=]A-A%2=A-A=0
. BA=0. ‘ ,
Theorem 4. If A and B are square matrices of order n such
that AB = A and BA = B, then A and B are idempotent.
Proof ; ABA = (AB) A = AA = A2 (1) since AB = A
Also ABA = A (BA) = AB = A (2) since BA =B & AB =A.
- From (1) & (2, we get A2 =A - Ais idempotent
Similarly, we have . .
BAB =B (AB) =BA = B (S)SinceAB =A&BA=B
‘Also BAB = (BA)B = BB = B2 (4) since BA =B
From (3) and (4) we get B2 =B.
. Bis idempotent. ,:
3.15 Singular and non-sing‘ular mttﬁcec
Let D be the determinant of the square matrix A, then if
D = 0, the matrix A is: called: thes!ngnlarmtﬂxandifD#O
‘the matrix A is called the non-singular matrix.
As for examples : T
- 12y ‘[l 287"~ 12 3
A= [2 4],B=[ 2 4 5}3116(2:[4 5 6]
_ -1 -1 7 789
are singular matrices,

since D, = lAl-O D, =B |=0andD; = IC [=0.
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‘ -1
2 13 3 4
i = -1 0 B= 1 0 3
AgamA‘—h -2 1] {2 -1 4
are non-singular matrices,
since D) = lAl——6¢0andD2—lB|—18¢O |
161nversematrlx R s
2 square matrix A is said to be invertlble if there exists a

B such that AB = BA =1 where 1 is the unit

unique matrix generany

matrix. We call such a matrix B the inverse of A &is o
denoted by A Here we have to note that if B is the invers
ent

" A, then A is the inverse of B.

_Example 1. Let A= [3 2] and B= [_g -2]

" —]['zsﬂi] E
=l6-6 -3+41=lo 12 o
BA = _3 —2] ] [-g+g —3+4] [0

Therefore, A and B are invertible and are inverses of eaeh

other. That is, A B a\r;d(B1 _113;. : s 15}
A -15 6 -
Example2.LetA [g i g}and B*—-[ > ‘—2 2

2 0 -17[ 3 -1 1]
- -15 6 -5
ThenA8=\8 ] g][ 5 2 2 )
-6+ 0- 5 -2+0+2 2+0-
= lgt15+ 0 5+6+0 '5-5*2
“|0-15+15 0+6-6 0-5+

"1 0 O
=0 1 0|=I
0 0 1

3 -1 1 7[2 0-1
={- 6 -5 51 0
BA—[ l55 2 2 ][o 1 3]
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| 6-5+0 O-1+1 ~3+0+ 37100
={-30+30+0 0+6-5 15+0-15 |={0 10 |=
10-10+0 0-2+2 -5+0+ 6 |- {001
Therefore, A and B are mvertlble and are inverses of each
other. Thatxs.A BandB =A.

3.17 Adjoint or adjugate matrix

ap #g-. A
c . e A1 B2 ... Agn
Let A=| ... .

3ny 1 qnz e Ann -
LetD be the determmant of the mattix A,
1? - B %
§27 an raig e A |
Ay agg .3 A2pn
ssa ..t. Xy

then D= |A |=
i By e @m|
LctA,(g:l?S{, ,nandj=123 . nf
‘be the cofactors of the determinant D.

'Form the matrix [A,,] Then the transpose of the matrix

{Ay] is called the adjoint or the adjugate matrix of the matrix
A and is generally denoted by, Adj A

Ay Ay Ay
21 A2y . Ang
Aus. Auz .

As for examples

172" 3 e B {; _,;; - iy
let A=]1 3 —lJthen roa ;

21 0 (=g 91O
R S LA ¥ O
1 -2 -5 T_‘ 18,117 .
Adja=| 3 -6 3|={-2"-6. 4|,
-11 4 1 “V'f— < IE B )
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38.18 Processofﬂndingtheinveueof a square matrix
a;; a2 - 8m
- agy Ad22 - agn
Let the matrix A=} ==~ .
a,,; ang . - ann , -

Let D be the determinant of the matrix A. Evaluate the -

determinant D; if D =0, ‘the matrix Ais singular gnd-it has no
-1

inverse, if D # O the matrix A ls non-singular and A exists.

Find the adjoint matrix Adj A of the matrix A; then
.1 dA'—Ad. -
wpasa=
A Ay Am
Rl
A, A22 n2
Al Wl - Al

S Al=

A]n AZn H Ann

‘_—"'"‘_[...

3.19 Theorems on inverse matrix

Theorem 1 : if A} is the inverse of the n-sguare matrix A,
then AA-!= A-1A =1, where I is the unit matrix of the same

order.

Proof : Let A=1layli.j=1, 2, .1y thenA’1 -v-'é”—l whereDis‘
the determinant of the matnx A (D # O) and A,j are the
co-factors of D. ' .

AA-Y = lay) x5 1A = Fagd 1A

a;;.a;2 ~ m ([An 221 ﬁn-l f.
agy agg - d2n sz a2, n2 |

"
Ol

an; 8n2 -+ @mn Aln A2n ... Amn
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: D O wes O O : 1 ?8 s 8

_1]0 D .. O 0 _Dfo

=B e e e o [FD e e |7
°9 0D 90 1

Similarly, we can show that A-! A=1

Thus AA T =A1 A=

‘Theorem 2. If A and B are non-singular matrices,

(AB)! =B Al Also (A™')! =Aand (A™1)T = (AT)1.

Proof : Since, (AB) (B! A"!)=A (BB!) Al = AlA-l= AA! =]

and (B'A-1) (AB) = B! (A"l AAB=B1IB=B'B=1

Thus B! A™! is the inverse of AB i.e (AB)-! =B A-l

If A and B are two matrices such that AB =1, then A = B!
and B= AL, )

Therefore, A =Bt = (A1)! - A=(A1)!.

AT (A )T = (A71A)T = ()T = I shows that (A™1)T = (AT)1.

Corollary : If A; A,, ..., A, are hon—singular matrices of the
same order, their product is non-singular and

(AjAg ... A) Tt =AT AL AL,

Theorem 3. A matrix has an inverse if and only if it is
non-singular. A non-singular matrix has only one inverse.
~ Proof : Suppose that A is of the type (m, n} and that m <n. If
A has an inverse A-! the products AA-! and A-! A are both
defined and hence A-! must be of the form (n, m). It follows
that A-! A =I,,. If A has rank r, then we have r <m <n <r, since
the rank of I, is n and the rank of the product of two matrices
is less than or equal to the rank of either factor. Hence m = n
=r and A is non-singular. If n <m the result follows similarly,
using A Al =1,

VAJLABLE AT

Now suppose that A = [2\6] is nén-singular

A
k8
iE
i 4
iy
ks
kK
Tad
'
P
%
¥

5
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A
Since |A |#0, we can letby = 5]

(. j=1,2, .., n), where A, are the co-factors of ayin A.
Let B be the matrix [by]. Then : '

n

vese B, Yo 51
luc.acq =1

Hence B is an inverse of A and every non-singular matrix

A has an inverse. , . ;
Finally, we have te show that the inverse of a non-

singular matrix is unigue. Suppose that A is non-singular and
A-1 is its inverse. If B is another inverses of A, then we have
AB = I Multiply each side of this equation on the left by A™!,
then we A™! (AB) = A™! I=A"l.
or, (A"1A)B=A"
or, IB=A"!
or, B=A1l o
Hence A has only one inverse A’l . .
[The rank of a matrix A is the maximum number of
linearly independent row (or column) vectors of A.]
. 8.20 Theorems on orthogonal matrices. |
Theorem 1. If A and B are orthogonal matrices, each of
order n then the matrices AB and BA are also Qrthqgona}. .
Proof : Since A and B are n-rowed orthogonal matrices
ATA=AAT=I,and BT B=BB =1, (1) L
The matrix product AB is also a square matrix sz; orger n

-
=

' and (ABI(AB} = (BT AT) (AB)

= BT (ATA)B
=BT I,B
=BTB =1,
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Thus AB is an orthogonal matrix of order n.
Slmxlarly,' BA (BA)T = (BA) (ATBT) = B (AAT)BT
" =BL,BT=BBT =1,. '

Hence BA is an orthogonal matrix of order n.

Theorem 2. If A is an orthogonal matrix, then A is also

orthogonal.
Proof : If A is orthogonal, we have
A'r A=1 where I is the identity matrix.
or (AAT) = (ATA) =1

or, (ATJ' A=A QAT =I

or, ' ( A—lﬁ K'= A &)Y =1 since (a7 =a7Y

. Hence A7lis orthogonal by definition. That is, inverse of
an“’orthogonal matrix is also orthogonal.

- Theorem 3. Transpose of an orthogonal matrix is also
orthogonal.

Proof : Here we have to show that if A is an orthogonal
matrix, then AT is also orthogonal. By definition if A is an
orthogonal matrix, then we have AAT =ATA=1.

. or, (AATIT=(AT AT =T"=]
or, (ATJTAT =AT (AT)T=]
- Hence AT fs’ orthogonal by definition.
Remark : For any square matrix A. we have if AAT =, then

ATI-‘I =L
321 Theorems on unitary matrlces

Theorem 1. IfA and B are unitary matrices then AB is also .

a.unitary matrix.
Proof : If A and B are unitary matnces then by deﬁnition
we have

AA® = A"A 5 0o (1)
and BB =B*B=1 )
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‘.Now (AB) (AB) ‘. (AB) (B*A")

..A(BB)A
= A"
=AA* =1

Similarly, we have
(AB)"(AB) = (B°A") (AB)
=B'A'A B
=B'IB
=B*B=1
Hence AB is a unitary matrix.
Theorem 2. If A is an unitary matrix, then [\l is also unitary .
Proof : By definition if A is an unitary matrix, thgn’ we
have AA* =A"A =L -
A% =@t = T =l
or, (A% A1=a1 @AY =1
or., (AY* A'= A" (A)*=1 Since@a’y'=@a""
- A is an unitary matrix by definition. |
Theorem 3. Transpose of an unita,ry\matrix is also

I

*

_ unitary.

Proof : By definition if A is an unitary matrix then .

AA* = A'A =1 where 1 is the unit matrix.: o
(AAYT =@ AT =T =1
“or, (AT AT =AT (A")T =1
' *
or, (AT)*AT =AT(AT)* =1 Since (A')7= (AT)
Hence by definition AT is an unitary matrix.
. ’ * *
Remark : For any square matrix A,if AA =1, then A A= 1.
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3.22 Theorems on involutory matrix. o
Theorem 1. A matrix A is involutory if and only if

I-AJ(I+A)=0.
Proof:let(I-A)I+A)j=0=1-A2=0
= A2 =]

= A is involutory

Conversely, Let A be involutory. Then by definition,
we have A2 =]
~S{I-AI+A)=1-A2=]-1=0.
Hence the theorem is proved.
Theorem 2. If A is an involutory matrix,

Then% I+A and% (1 — A) are idempotent.
Proof : {2 (1+A)}2=5102+2A+A2)
=4l(l+2A+I), since A2 =1 &2 =1
=% I+ A) ’I‘hus§1 (I + A) is idempotent.
Again {% a- A)}2=% (12 - 2A + A?)
=;11-(I—2A+I)sinceA2=I&I2=I

=% ([~ A) . Thus % (I-A) is idempotent.
Hence the theorem is proved.
3.23 Solution of linéar equations by applying matrices
(i) When the linear system has n linear equations in n
unknowns. :
' anx, +a;0X +...+aX, =
Let ag)Xj +geXp + ... + Agn X = Iy (1)

AnX) tapnaXg + ... + @ S lfﬂ

The above linear €quations can be written in
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matrix-form as

a;; app ... am | [N L1
el ) ol I
a,; Az - Qnn Xn I
Suppose that
a;; a2 .. am Xy L
Ao|B21 822 - 320 | 4:‘2 andL= 1:2
a, 8p2 -~ am Xp Ly

Then equation no (2) reduces to AX=L (3)
Let D be the determinant of the matrix A. Evaluate the

determinant, if D = O, A is singular, so A-! does not exist and
hence the system has no solution. f D # 0, A is non-singular
So A-! exists ahd hence the system has a solution. Now
multiply both sides of (3) by A™!, then we have

A-1AX = AT1L

ince A1A=1
or. X =A" L {0

or, X=AL 8 :
x| |y fa Ay liy] (m
‘That is, ' Xz =%ﬁ A—{Kz% % . = o (say)
Al Tal~ Tal|lWl |[™a
Then x; = M, X =My ...., X, = My is a solution of the given

system of n linear equations.

it is to be noted that the solution of the system of

equations can also be found by reducing the augmented
matrix of the given system to reduced row echelon form.
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(ii) When the system has m linear Aequations in n
unknowns and m < n. '
Consider the following system of m linear equations in n

. uUnknowns Xj, X, -... X,
a3 + a6 +...+8pXg =h
ag1X; + ageXxg + ... + am)% = 12 (1)

Xy +ameXe ¥ o F Amg = Iy
in whichm<nandagand. }.i=1,2,...m
j=1,2, ..., nare constants (scalars).
The given system (1) can be written in matrix-form as

[a;; a2 - am | [% in

azy Aagy .- a2n X2 2

=) 2)
L3mi Am2 - amn Xn : lm
Now the augmented matrix of the system is
a;; aj2 ... Qn .: l]

Qg; Qg2 ... Agp ¢ 12
l am; amz Y WS

We shall apply the elementary row transformations on
the above augmented matrix to reduce it to the reduced row
echelon form.

The reduced form of the augmented matrix will either give
a solution of the given system or will indicate that the system
is inconsistent.

Theorem 3.12 If A is an invertible n x n matrix, the system
of linear equations Ax = b has a unique solution given by
x=A"b.

Proof : Since A (A71b) = (AA—‘) b=Ib=b,

- x=A"'b is a solution.

X1

Xy
;l is a solution,

AVAI ABLE A

Conversely, suppose x

Xn I
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Xy

sothatA | 2 |=b.

Xn , ,
Multiplying both sides of this equation by A™! on the left
- %, ‘
weget A1 Al 72 |=ATD
L Xn
[ Xy ] .
or, | 2 |= A'bsince AlA=1
) L xn .4
Hence x = A"!b is the unique solution of the given system of

linear equations Ax = b.

; Worked out examples

1 2 3
Findthematrices2A.A+BandA B e

1-2 3 23 5

212(—2) ] [2—4 6
2A=125 21 2.(4) 10 2 8

.,
e

1-2 3
A+B= [5 1‘—4] [1 4- 2

[1+2(—2)+3 8+5- 3 1 8
5+11+4 (-4)+(—2) 5 —6

“r1-2 31 .f-2-3 -8]
A-B= [5 1- ] -1-4 2§ . ,

1+(-2)(-2)+(-3)3+(-5)] {1 5 2]
5+(—1)1+(—4)(—4;+2 4- 3 b

Example 2. LetAw [0 5] aﬁdg,[
Compute the matrix products AB and BA L
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126 COLLEGE LINEAR ALGEBI?A b -8 38 57 -
1 0][5 0] [5+00+0 - = 38 49 -114
Solution : AB = [0 5] [2 1] =[o+'100+5] [10 5 W | -19 -38 30 |
BA_[s o] [1 o] [5+o 0+o] [5 0 ﬁ A3 +A2 21 A- 45 _
=12 1l lo sll2+0 0+5 | ' -8 38 -57 ] [11 4 -6
So we see that AB # BA. = 38 49 -114 +[ 4 17 —12]
1921 3 , |-19 -38 30 ] |-2 -4 15
) ' 123 : .
Example tA=[2 35 mdB:[l 3 2 5] -2 2 -3 100
21-1 3 _21[2 1 —6:'—45[0 1 0}
Calculate the product AB. . ' -1-2 0 001
123 12 -1 3 ) -8 38 -57 11 4 -6
AB._.[2 3113 25 =| 38 49 -114 +[ 4 17 —12}
3 21-1 3 | 19 -38 30 | |-2 -4 15
_[1+2+6 2+6+3 -1+4-3 3+10+9 ] (42 42 63 7145 0 O
“12+3+10 4+9+5 2+6-5 6+15+15 - 3% _Z% —1026 - ,g 48 42,
9 11 0 22} - - e - .
15 18 -1 26 r8+11+42-45 38+4-42-0 -57-6+ 63-0
=| 38+4-42-0 49+17-21-45-114-12+126-0
It is to be noted tlfxatzthe p;c?dugt BA 19? pot qefmed |-10-2421-0 -38-4+42-0 30+15-0-45 }
aKA=2 1 -6 o ~ 00 0 '
-1 -2 0 o o ={0 0 O0|=0.Hence A3 +A2-21A-451=0.
Prove that A3 + A2 21A -541=0 f o oo
where 1is the identity matrix of order 3.x 3. ‘ 12 3 -1 5 3
-2 2 -3 ’ o ExampleS. IfA = -2 5 —l andB=] 7 -2 11
Proof:A=| 2 1 -6 2 0 -3
-1 2 0 R

, 1 T = BTAT,
2 2 87r-2 ‘2 -81 .t . then prove that (AB) BTA
A2 =AA= 2 1 -6 . 2 1 - 1. 2 3 ‘1 -72 27

-1 -2 0J{-1 -2 o0 j Proof : Given A={ -2 5 -1/, . AT= g 5 3.

44443 4+2+6 ° 6-12+0 11 4 -6 234 -1. 4
=[—4+2+6 4+1+12 -6-6+0 ]:{ 4 17 —-12]

=[-8+34+12 8+ 17494212102+ 0
4-8-15 -4-4-30 6+24 +0

, . , R -1 5 3 1 727 -
2-4+40 -2-2+0 341240 ] |-2 -4 15 _~ Gmr;g:[ 7 -2 1], m:[ 5 -2 o}

1 4 -67[-2 2 -3 | S 2 0 -3 '3 1 -3
A3=A2A=| 4 17 -12]] 2 1 -6 ,. | - R
[-2 -4 15”—1 -2 o] L [L7o27rr 227
NowBTAT=| 5 -2 o0f]2 5 3|

L3 1 -3]J{3-1 1

[T“22+8+6 22+4+12 -33-24 +O‘P
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(D 1+72+42-3 EDCA+7 ALK )0
=5 2 N ‘5+2 1) MATRIX ALGEBRA 129
—[g'i:(ﬁ;.it‘;:j SEAv A ses LY 12 4 16 3
24633 39+ 15463 FY Solution : Given A= |8 8 .-.AT{z 8 5\

R 35 7 417

52 + (-2)}'3 + 04
3-2+1-3+(-3) 4

_[—1“4156 2352 —2+21+8]l

1
_ TheSymmetricpartofA=§(A+AT)

(L2 8 163
_1(lg 8 1|+|2 83
2l{3 5 7] L& 17

(-1)2+73 +2:4 ]

5-4+0 -10-10+0 10
-6
3+2-9 -6+5+3 6+3-1+20

' 1472
_1? 3250 27 : 11-1712+64~\—3 1287 )
g D () =—6+28+81+5=§8166= 483
- 234 . 2{34+4 5+1 7+7 7 614] | L a7
12 31r-1 5 ’
AgamAB{—g g-:][7 -2 31} X Theskew-syrnmemcpartofA=§(A—AT)
, y o -
mearena | rsiBEReSE Y HEERE)
SRR G A FN ser M ,
. i ’ . 25+3¢2)+40 02 7
: o ,[i-1 5-6 4-37 1[0 4 1
: =5 6-2 8-8 1-5i=3 a 0 -4l=| 202
113+21+3 69 3-4 5-1 7-7 1 4 0l {320
L : (5;2:; 3 :; ? +1 ; ((—31)) ’ (_'3)] %imple 7. Prove tha the matrix -
JHEY g0 41303 RS
80 =& —1U- +0 6+5 Voo e 1 - E
2+21+8 10~-6+0 ;6+-3i?2] : A..Sg 11 é__? isorthogonal.

Wwww B

19 1 -4 g
¥ 3 ERS
27 4 31 Proof : Given A=g 1 1 -5
19 36 27 " 1 5 1
' -4 2 -3 4 : 3
e rrered RS
ple 6. FE)?_%{(& Zymmetﬁc ,aWtﬁc parts 3 1 -6 1
°m‘°‘¥’amx,_é_f{6 81| | 3 3 8 373 3 33
: 3 5 Apfasieat ‘T 1 3 -8 1 1 3 -5 1 i
Now AAT=3g |3 1 1 -5 3 1 1-5
‘ 3 1 -5 1 3 1 -5 1

st Liniear Algebra~d -
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9+9+g+9 9-15+34+3 94+43+3-15 9+3-15+3
_1 9-15+3+39+25+1+1 9-5+1~ 5 9-5- 5+
“36|9+3+3-159-5+1-5 9+1%+14+25 9 4+1=
94+3-15+39-5- 5+1 9+1-5- 5 9+1+25+1
36 0 0 o
_1]/0 36 0 o
3610 0 36 0O
0 0 0 36
10:0:0
{01 00 T
= 0010 FI..'.AA =I.v
0.0,0-1]
... . [3.3 3 37[3 3.3
Similarly, ATA=—31§ g ~? i -_é g ~? i
3 1 -5 1 3 1:-5
- 1000 |
; 0100
001 0|=L
: 0001,
i’I‘herefore__;A_A’T__éT_A_;J
Hence A is orthogonal
1+1

/W Example 8. IfA = [2 3i

then prove that A+B =A .+ B.

Y 1 1-i 2+i ~i
‘Proof.A= [2+31

‘ ]andB 1-5i" - 3
SCH e w
snaen - [32,0 103]
N

Thus from {1) and (2] we get :

@

,,,,, — - AVAILABLE AT:

f-/\+B = A+B,

— 1 - W

]andB [1+51 3]

!
X
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ﬁo 9  2-81 3+5i ]
Examp . ove t_hat A=I2+ 3i 3 i
w9 - [3—'51 -1 5 '

is Hermitian.

2 2+3i 3-5i
Proof: A={2-3i 3 -
3+ 51 i 5

92  2-3 3+571
: .A*§= A—T= =[2+~3;i .3, i l=A. RTUS AT

13-5i -i 5

t.. A¥ Z'A. Hence A is Hermitian.

. 1 -
" Ezample 10. Prové that the matrix A = —\[-_5 4 - 1]
.is unitary.
. 1 1 i ] -
Proof:G1venA=—\/:2 - ;—1 ‘_ /ﬁz

*_ l
PO (Y _1]

1 i]
Now AA* =5 | 3 )
1 f1+1 1-i]_1 [2 o]_[10]=i*" :
=5 lLi+i 141172 10 2)7101

Similarly, A*A = 1.

vy PR B p 3;'3-;»
Thus AA* = ATA=1 |
Hence A is‘an unitary mattix.

st s 4 [5B 80
example 1. Show it thematrixA=| 33 0

P X . A
5 -8 07 -5 -8 O
Froof:A2=AxA=[3 5 Q}x[S"S‘ o ,
112 1 2
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~15 +15+0 -24+25+0 0+0+0
-5+ 6-1 -8+10 -2 0+0+1

100 :
—..:{0 1 0]:1 .'.A2=I :
0 01

Hence the given matrix A is involutory.

\)mlz(ﬂ.ﬁndthemverseofthematﬂxA= [:13 i]

[25 -24+0 40 -40+0 O+O+0ﬁ]

- C Solution : Let D be the determinant of the matrix; then

D= 3 '4\ =4-6=-2#0.So the matrix A is non-singular and
hence A~} exists.
Now the cofactors of D are
-Ap =4 Ajp=-3
Ap=-2, Ap=1l

ThenAdjA= |5 ‘?]T= a 'ﬂ

1 1 [4 -2 1[4 2} ,
~ Al =g Adj8="5 |-3 1]=§[3—1- | s

Exam (b). Find the inverse of the matrix

2 -1 3
A=[4 0 -11{
3 3 21

Solution : Let D be the determinant of the matrix;

2 -1 3 =2(0+3)+ 1(8+3)+3(12—0)
thenD = 4 0 -1 ) _
3 3 2 =6+11+36=53#0. 

So the matrix A is non-singular and A-! exists. Now the

cofactorsofDareA,,:‘g .é =3,

M 41 VAILABLE AT: 4 N |
A12= (-'1) \3 2 \ == 11, A:gz‘ls %; = 12‘

™ |

-
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-1 3 23 A
A21=(~1)\ 3 2\=11'A”=\3 2\"'5'
2 -1 -1 31
A23=(-1)\3 3\=-9.A31=\ 0 -1\—1-~

2 3 2 -1
A32=(—1)\4 _1\=14’.A33=\4 0\:4—,

. rg-11 127 [3 151 %4}
= 11 - 5 ~ 9 = -11 - '
Therefore, Adj A { 1 14 4 ]I 12 9 4

1 1 3 11 1
L Al==AdjA=%E3 -11 -5 14}
A =p "9 53{ 12 -9 4

25
&am‘p’l/\@ Find the inverse of the matrix A= ]1 3

-~
»

£ ' by using row canonical form.

25 :.10 Interchange first and
Solution : [Al,)= [1 3 : 0 1 )second rows.

13: 01 : We multiply first row by 2 and
- [2 5 : 10 then subtract from the second row.

1 3:0 1 ] We multiply second row by 3
1 -2

~10 -1 ¢ and then add with the first row.
~ %) _(1) : ? :g ]We multiply second row .by 1.

: -5
1 0: | :i 5 =[12 A—l]

;015

3 -
Hence A is invertible and A} = [_1 2].
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-1 2 -3
Example 14.fA=| 2 1 O |and
. 4 -2 5

21 -1
=0 2 l]ﬁndA‘lB. :

.U.P.1
5 2 -3 D 985]

‘ -1 2 -3
Solution : GivenA=| 2 1 0]

4 2 5]
-1 2 -83/=-15+0)-2(10-0)-3(-4-4
LetD= Al= 10 A ( )
4 -2 5|=-5-20+24=-1=20

So A is non-singular and hence A-! exists. : -

10

Cofactors of - 1 ='A11>= '_2 5 |=5

. e oL 2 0
2=A12=(—1)!4 5f=—10

”' ”» ) 2 1
] —-3=A13= 4 _zl=_8
7 T 2=A5=(]) l_z 5‘ -4
" " -1 -3 .
w - om -1
0=Ap=(1)| 4 _22I=6
- . 2 -3
4=A31—‘ 1 O|=3
” " 1 3
“’2=A32=(—1)I 2 ol|=-6
" " -1 2
5=A33=| 2 1 =-5.
5 -10 -8 5 4 3
~AdjA=|-4 7 6:'T= -10 7 -6]
3 __6 -5 jupey: 6 -5 ‘
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L[5 4 37([5 4 -3
AdJA"T -10 7 -6 |=| 10 -7 6
-8 6 -5 8 -6 5
' -5 4 =372 1 -1
Thus A-! B=| 10 -7 6] 02 1
8 -6 5|52 -3

20+0+30 10-14+12 -10-7-18

-10+0-15 -5+8-6 5+4+ 9
[ 16+0+25 8-12+10 -8-6-15 ]

-25 -3 18
=[ 5¢ 8 -35 ]
41 6 -29
Example 15, Find the inverse of the following matrix by

3 4 -19
using row canonical form : A = 1.0 3]

2 5 -4
Solution :
_ “‘;’ 3 —:13 (1) (1) g Interchange first and
[Alz]= 2 4 00 1 second rows.
10 3:010 We multiply f rst row by 3 and
~{34-1:10 0] 2 and then subtract from the
1254 :001 second and third rows respectively.
wrof10 3 0 1 O 7Tgybtract third row from
~|0 4 -10 : 1 -3 0 l4ye second row.
|05-10 : 0-2 1
1 0 3 :010 o
~ g -é (1)0 : (l) ‘—21 —i ]Multiply the second row by (-1).
_ —é ? ‘3 __? 11 ? We mul)lply second row by 5 and
05-10: 0-21 then subtract from the third row.
10 3 : 010 R 1
~ Lg (1) (1)0 —é ; 1 ]We multiply third row by (— ﬁ)
W
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103; 910 103; 910
-1 1 1 -11 1
~010:,5 7 4 [~]1010: 1 7 2
001 ;: - -~ =5 001 : -5 55 =
‘10 10 10 2 10 5
We multiply third row by 3 and then subtract from the
first row.
3 11 6
100: 2-10"8
~1010:-~-1 1 1 =l A1)
001 :.1 7 2
72 10 B
3_11 6
: 310 75
Hence A is invertible and A~} =| -1 1 ;
1 7 '
"2 10 5

Example 16. Find the inverse of the matrix

1-1 0 O
1 2 0 O |by using only row transformations
A=l_6 0 1 -2 |[toreduceAtol.

8§ 1-2 1
1-1 6 0:1000
: 1 2 0°0:01 00
Solution : [ALL]=| g o 1-2: 0010
8 1-2 1:00 01

We subtract first row from second row. We multiply first
row by 6 and then add with the third row. Also we multiply
first row by 8 and then subtract from the fourth row.

‘ 1-1 0 0: 1000
0 3 0 0 :-1100
~“10 -6 1 -2 : 6 010

0 9-2 1 :-8001

We multiply second row by 2 and add with the third row.
We also multiply second row by 3 and then subtract from the
ﬁourth TOW. . AVAILABLE AT:

I’-‘O.O Og-

th the fourth row.

MATRD(ADGEBRA
T -1 0 O 1 00O
0 3 0 0:-1 100
~ljo 0 1 -2 : 4 210
0 02 1 :-5 -3 01
We multiply second row by ;1—3
1 -1 0 0: 1 00O
{0 1 003300
0 0 1 -2: 4 2 10
10 0 -2 1:-5-3 01
We add second row with the first row.
' 1 0 0 0: 21 00
v :_1 4 00
_ 0 1 0 O -5 3
0 0 1-2: 4 2 1o
0O 0 -2 1:-5-3 0 1]
We multiply third row by 2 and then add
2 1.0
1 o 0o O 3 ?
~l0 1 0 O SRS, o
o 0o 1 -2: 4 2 1
(o] 0O 0 -3: 3 1 2
We multiply fourth row by (- 13) .
B : 21 4]
1 0 0 O 5 3;_ o
|01 0o 0:_ 1 300}
o O 1 -2 4 21 é (l)
0 0 0 1:-1-373 3]
We multiply fourth row by 2 and then add with the third row.
1 0 0 0: 21 0 o
, 3 3
L1 0o
0O 1 0 O 3 3 .o
“f0 0 1 0. 2 %-3——3‘
1 1
0 0 0 1:a-5-2-1

137
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Hence A is invertible and

|
g -

Examp;e*17 Solve the following linear equations with the
help of matrices : ,_ 9y =3 (1) («'g

Solution : First Process : The system of linear equatiqns

can be written in matrix —form as
2 11E-B] @
LetA= [% ,_é ] X= [;] L= [:13] then from

(2) we get AX =L 3
Let D be the determinant of the matrix A, then

=-4-1=-5#0.

2 1
D=\ 1 -2
So the matrix A is non-singular and hence Al exists.
Now the cofactors of D are.

An=-2, App=-1
Ag=-1,  Ax=

-2 -1}r_[-2 —1]
Therefore, Ade=[_1 2] =[_ and

1
A—l———ade 5[2 '2]\ ,‘;’l

AVAILABLE AT:

We multiply both sides of equ ation {3 bE AL

(o118 )

[
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A"1AX = ATIL

or, IX=A"'L fSince A'1A=1
or, X=A1L tand X=X

o[} 3] B3 - 11
o B[] 22}

/ ;i”he augmented matrix of the given system “of linear

[

: ;ﬁyatmns is
“ 2 1 1 _
<" [ALl=}; o 3 Interchange first and second rows.

(1 2 : 3] We multiply first row by 2 and then

~12 1 subtract from the second row.

~ (1) 5 5] We multiply second row by 5
1 2 ]

~l0 1 : -1

.Now the system is in row canonical form.
Then forming linear system we havey =~ 1 and x- 2y = 8.
x=2y+3=-2+3=1L
Thus the required solution of the system is x =1 andy =~ 1.
Examplé\%;:ve the following linear equations with the
3x+5y-7z2=13 }

help of matrices : 4x+y-12z= 6
2x+9y-3z2=20

Solution : First Process : The given linear equations can
be written in matrix-form as

35 -777x] [13 R
2 9 -31lz] 20 | )

[D. U. P. 1984]
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3 5 -7 X 13
SupposethatA=[4 1 —12]X= yiandL=| 6 |
4 12 9 -3%F z 20

then the equation given by (1) reduces to AX=L (2)
Let D be the determinant of the matrix A, then

o 2 ? :1; = 3(-3 + 108) - 5(- 12 + 24) - 7(36 -2)
=13 § _'3|=315-60-238=17%0.

So the matrix A is non-singular and hence A-! exists.

We multiply both sides of equation no (2) by A on the left,

Then we get A1 AX = A1L

or, X=AlL ' :
“IA =
or, X=AL @ Since é\( =1;( Iand
Now the cofactors of D are
1-12 4-12 '

All: 9-3 l=105.A12=(—1) .2 3!=—12,
Ai=|g gl =34,

A21=(—1)‘g_ "-481\22 |2 3‘—5

Ags = (-1) '2 9' =-17.

5~ 7 3-7
Ag = ‘1 12I=—53A32—(—1]l4_12’=8-.'
35 '
A33= 4 1!=—17.
Therefore,
105 -12 34 105 —48 -53
Ad_]A—{:— 48 5 —17]:'[— 12 5 8
53 8 AFajeat| 34 =17 -17

=

MATRIX ALGEBRA 14l
L [ 105 48 537
A—n--Ad =Ll-12 5
and ! 17[ 34 -17 -17

Now from equation no (3) we get

x1 | [ 105 —48 -53 713
yl=t|-12 5 8] 6
21 17 34 17 -17 || 20

| [ 1365 -288 -10607 1365 -1348°
Ll.156 +30 +160 |=75{-156 +190 |
442 - 442

x1 1T 1Y x=;}
, =-={341=|2 |Hence ¥= .
* H ‘7{0] [o z=0 ]

ﬁ.'cond process : The augmented matrix of the given linear

‘equations is

We subtract third row from the
3 5 -7 : 137 first row. Also we multiply - .
AL ={4 1 -12 : 6 | 4hyd row by 2 and then subtract
2 9 -3 120 ] from the second row.

r1 -4 -4 : -7 Wemultiplyﬁrstrowby2and
~10 =17 -6 : =34 | nen subtract from the third row.
L2 9 -3 : 20

-1 -4 4 : - 77 .
~10 <17 -6 : -34 We add second row with third row..
|0 17 5 : 341

1-4-4:-7 | )
~ 10 -17 -6 ; -34 We multiply second row by (—- T’f)
uo 0 -1 i 0 d
‘ : and third row by {1},
Y 4 4 -7
| [
~“{o 1 1w 2
{0 0 )
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Now the system is in row canonical form, Then forming
the linear system, we have z = 0,

6.
Y+152=2,x-4y-4z=-7
or,z=0,y=2,x=8-7=1.
Thus x= 1, y = 2, z = 0 is a solution of the given equations.
EXERCISES 3

1034 6125

find the matnces 3A,A+B,A-B, 3A 2B.
30912 -1
Answers : [15 60 '3] [6 2 -3 5

] 9213 27 _\
423-3]ad}136 654 1

(b) Show that the six matrices

=[5 9] 4- [é:—?]B?z V3 %
SRS R
e2[

V3 -1 ] satisfy the relations

‘A2 =B%= C2—IAB D,AC= BA E

’I‘hen show that () A (B +C) = AB+AC o

1 (i) (A+B) C=AC + BC. [R.U. S. 1971]

R T 1 -2 1 | )
3. (@IfA=| 4 -2 5 |andB=|2 3 -1{ -
6 N 1 —3 'AILABLE AT: 5 2 1 : .

find the matrices AB and BA. i

ey
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(b) Constfuc the products AB and BA.
0110 0110
1001 -1 00 1
whereA= |1 0 01{B=|-1 0 0 1
0110 0-1-1 0
and also show that
100 O
' 000 O
AB—BA=-—4C,where C= 000 0
000 -1
15 15 - 2°737-8 8 5;1 7
Answers: {a)| 256 - 4 11 || 4 =1 2
™ ”[4 -15 2 )] 9 12 17 |
=290 052 2 0 0 27
0 00O 0.0.0 0 .
®AB=| o 0 0.0 =1 0 00.0
-2 0 0 2 -2 0,0 -2 |
..r1 -1 13 .- .. 123
4.1fA=|-3 2 -l{andB=|2 4.6 |
2 1 0 1 23
then show that AB # BA. : EK.U.P. 1974]
2-3-57 [-1 3 5
5 fA=l-1 4 5 |B=| 1 -3 -5 |and
1 -3 -4 -1 3 5.
2 -2 -4
C={-1 3 4}th¢n show'that
» 1‘*2 -3 ' N T
AB = BA= 0,-AC = A and CA =C.

[R U. S 1973]

6. IfA= [1 O]Provethat*A2 3A+21_0

+[4 6 6 o '
7. 1fA"_=[ 1 3 2 |Prove that A3 4A2 A4 = 0.
-1 -4 -3 '
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i -4 -1 -4

2 0 5 -4
8IfA=|_] | -2 3

-1 4-~-1 6
Prove that A% — A3 + 9A2 - 7A + 2I=0.
© 9, Verify that (AB)T =B" AT where

111 01 -1
A=[2 2 3]andB={-—3 2 4
12 49 11 0

1 -1 1
10.IfA =[2 -1 O |then show that
1 00

A3 =A2 .A=A. A" =1and hence find A-l.
: [D. U. H. 1986; R. U. S. 1987]
: 0 01 '
Answer: Al =0 -1 2]
1 -1 1

11.|Find the adjoint matrices and the inverse matrices of
ea the following matrices :

1 01
@ a=|2 5](11)5{(1){(1)]

1 -1 N
(1i) ACUB: o 0 -2 ,B—l.-.-i[OA 0 ]
1 1 1 -1

[1+1 0 O 10 9
(i) Agc={0 1-1 o],crt=== -1
_o QAlLABLE’Al(: »
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12. ) Find the inverse of the matrix
2 -1

-1
A=[l -2 li\ W. U. H. 1975]
L1 -1 2
(i) Find the inverse of the matrix ,
5 6 4 :
A=[7 4 —3} [D. U. P. 1979]
42 1 6

(1R
|
Ot | =~

Answers : (i) Al =

1
M= Ml
DO st DO} 4= DO =

Ol Ot ==

27 40 2
1

0 Al=aic|-48 22 43]

) 419{ 1 -7 62

' 1 -3 2 2 1 5
A= 4 1 -1 landB=|-1 -2 -2
aun 3 AL 2 3

Find the matrices AB, BA, A-1, B!, (AB)"!. Check your
results by verifying the relations. :
(

AB)! =BT A, ANl =1 B1B=1

11 9 15 - % 28

Apswers: AB=| 4 1 16(,BA=|-3 -3 -10},

swers {7 2 -9 1 4 15
7 19 1
Al =a]-17 11 -9],
8-0[ 11 7 13
([2 3 8
Bl=—u|-4 -11 -1]
17[5 1 -3

23 51 12535 |
AB)! =<mas| 148 204 -11€
(ABF 1360[ 15 85 -25

101 01 1
14. fA=|1 1 O}andB:[l \ 1}
011 1 11

Show that A3 - A2 +A-2B=0. [C.U.P. 1976]
Linear-Algebrar1y
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2347 7 r123
15. f A= [4 3 2}andB=[23 4]

16.

17.

18.

19.

Ll

4 3 341

Show that (A + B)? # A2 + 2AB + B?.
{D. U. H. 1976, C. U. H. 1977]

12 37 111
IfA=\:1 3 5}@3{1 2 3]

1 5 12 1 49
Find the values of A-! B and AB"} [D. U. P. 1976]
7 —
-1 3 0 10
Answers: A1B={ 0 1 2 {aBi=|1 % §
2 072 2_|
o O 3 —
fA=!11 0:\Find§ (A‘1 + A). ID. U. P. 1977]
1-:0 1] :
10 O
Answer: 5 (A—1 +A) 0 1 Oil
| ; loo1
ir3 -3 4 S
IfA=|2 -3 4 |Provethat AS=A". .
0o -1 1 S Q\
" Find the inverse of the matrix E '
1 0 1 2 ' :
-1 1 2 1 oo :
A=l1 0 1 1 S
3 1 0.2 il N ‘
S £ Lo, : S ¥
I S GRS S P (¥ .
less *’% §' &
delyp ol 1o
Answer:Al=|+ 2 12, i bR SR
: [T | 7 d
AV_A.IQABLEA%B 6 —6
PRIRY 1000 o Qfmhmrganiie

PR,
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30. Find the inverse of each of the following matrices ‘by
using only the elementary row operatlons {row equivalent

canonical matrix) :

2 3 4 1 g gureh
](u’[ 2 3}(111) [3 -1 6]

L 9 g [L-1 217 2 523
. 3 0 22 12 33 4
|2 1 0|ty 1 -1 1|0M|3 6 32
4 -2 5} 17 o0 11] |4 1270 8
Answers rris
, -11
77 R
(1) [_3 2](11)[ 10 10 —IOJ(m] -3
5
FEENERER
{iv) 10 -7 6?‘(‘7) -1 1 -1° Y
L 8 -6 5 1 -2 1 ‘
- 3 5 7 .
, 5 15
b T2 T4 48
(Vi} vl f?" l 13
1 12 "1 78 . 9
L 11
_O 4’ ‘_Z?« 16-; ;; 3 0l
a5 . e d ‘ o
1. 3 27 T Yo SEFES N
: thenifind A3 = 2A2 - 4A - 2l and
21 IfA:[% kO 3€Jhence find At & P
; SCIEE IS TR P A
: ¢ @ ! ¢
; ‘ oD [D'UH ity

-3 -5 9% =
1;”1 l; _
12" 4 -6 = -

Se s q..e
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12 3
22. Find the inverse of the matrix A = l} (5) g ]

-40 16 9

Answer:A'l={ 13 -5 —3].

5 -2 -1
23. Show that the matrix
cosf sin@ O
A=[—sin6 cos0 0]
0 0 1

is invertible for all values of 8 and find Al

¢os@ -sin6 O
Answer : A7l =[sin6 cos 0 0]
0 0 1
1 2 3 1 11
24. IfA=[1 3 5]ands=[;.z 3]
[1 5 12 1 45

are two matrices, then find A B and A B.
' ) ID. U. H. T. 1981, 1967]

3 83 -117 |, 470 20
o 3 10,AB=§[—2 4 0
10 0 -2 -12 17-3
111 2 5 3
25. HA=[1' 2 3]andB=[3 1 2}
1 49 1 21

[SS T

Answers: A B=

then prove that (AB)! = B. A
'26. Prove that the following matrices are orthogonal :

cos® -sin® | . cos§ -sin® O

O lsine coso ] [sz)n 0 cgse (1)
12 27 12 2
333 80

1 2 .

(iii) :23 -3 3 (iv) 3 3 3
2 2 1 2 2 1

3 3 73 3 3 3

AVAILABLE AT:

[D. U. K. T. 1963, 1967]

v

27.

29.

30.
31.
32.

33.

34.

thé %seip

(1)
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1 1

&
5

2 1

Gl-ogil-
5
%

10

EY
Py

31 -1
IfA= [0 1 2‘] then show that
AAT and ATA are both symmetric matrices.

. Show that the matrix |

1 1 1 1
1 -1 1

1 _
‘ A=§ 1 1 -1 _i is orthogonal.

1 -1 -1 -1
Prove that the matrix
As 1 [1 o1 +i
= \/_é. 1-i -1 is unitary.
2 -1 1
Show that the matrix A = [-—2 3 -2 ] is idempotent.
4 4 -3 '

4 -1 -4
Show that the matrix A = [3 0 -4 J is involutory.
3 -1 -3

.
ro 4 3
Show thatifA=| 1 -3 -3 J then A2 =1.
| -1 4 4
-1 1 -1
ShowthatifA=] 3 -3 3]thenA2=A.
5 -5 5

then A4 =0, but A3 20,

DO
QO =0
O~OO

0
Prove that if A = 8
K

Solve the following systems of linear equgﬁons with-

of matrices :

x+y=5 xX+y+z=6
= (il) x-y+z=2

2x+ 3y =13 +y-z=1

[D. U. P. 1977]
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3x+2y - z=20
(iii) 2x+3y-3z= 7 } [C. U. P. 1977]
x-y+6z=41
3x-y+ z=-2 x+2y+ 2= 2 ,
J(iv)  x+ 5y +2z =6 } (v) 2x- y+2z=- 1
) 2x+3y+z=0 ‘ 3x‘—4_y—32‘=—16

Answers: (i) x=2:y=3,
(i) x=5.y=6.2=7, [¥) x=-2y=0,2=4

v) x=-2,y=12=2
36. Solve the following systems of linear equations with

(i) x= l=y=2,2z=3.

the help of matrices :

(1) Bx+4y-5z= 10

5x - 6y + 4z =15 ——
(i) Tx+4y-3z=19 } [D. U. P. 1979, J. U. H. 1980}
2x+ y+6z=46 .

Answer:x=3,y=4,z=6.

- 2x-3y+4z= 1
} [D. U. P. 1966.J. U. H. 1978]
5x-7y +2z= 3

Answer:x=2, y=1, z=0,

L3

x+ y+z= 9
(iii) 2x+ 5y+7z=52} [C. U.P. 1984]
2x+ y- z= 0
Answer:x=1,y=3,2z=5.
x+2y- z=-1
iv) 3x+ 8y+22=28} [D. U. H. 1976}
/ 4x+9y—- z=14 .
Answer : x=-26,y=13,z=1.
x; + 3x +2x3 =5 ' ~
) 2x ¢ xz+3xs=1} [D. U. H. 1978]
3x, +20 + X3 =4

AVAILABLE AT'A

2 17
Answer : x; =g, X2 =g X3 =gt

e i ATl d
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x+ y+z=1 _
(vi) 2x+5y+5z 2} « [D. U. P. 1975)
4x+9y +12z=3

noh

1 1
Answer:x= 1,y=3.2=-3

2x- 'y- z=6}

vil)  x+3y+2z=1 [D. U. P. 1985]
3x- y-5z -1 ; .
Apswer:x=3,y=—2.z=2.
x+ y+ z=3 N
(viii) x+2y+22=4} [D. U. H. 1983]
xX+4y +9z=6
Answer: x=2,y=1,2=0.
2x+ y+ z=3
(ix) 3x-2y+2z= 9} ‘
_4x+3y—z=—1
Answer:x=1,y=-1,2=2.
S x+2y+3z+ 4 =0
(x) 2x+4y+5z+ 7 =0 [D. U. P. 1986]
3x+5y+62+10=0 '

Answer : x=-3,y=1lz=-1

37. Solve the following systems of linear equations by

using row equivalent carionical matrix (by elementary row

transformations) :

2x- y+ z= 17 AP
(i) x+4y—32=—2} (ii) 2§t3§7/:222:13

8x+2y- z= 0 2x+4y +22=4

x+2y+3z+t=3"

x+ y+ z-t=5

x+ y- z+t=4

x- y+ z+t=2

Answets:(l)x=0,y=1,z=»2,(ii)x=1-,y‘=0,z"=1,
@) x=1,y=-1lz=2t=-2.

(iii)


http://www.onebyzeroedu.com

152 COLLEGE LINEAR ALGEBRA

x+ y+ z+ t=5
1

2x+ y+3z- t=14
V) 3x43y-2z+2t=1
4x-2y+ z2-3t=6

Answer: x=1,y=2,z=3,t

1 -1 2 1
38. Find the inverse of A ={g ? _% % [C. U. P. 1976]
1 0 11
0O 1 0 -2
aq {-2 1 -1 1
Answer = _1 1 __1 o
1 -2 1 3
1 21 2 3
2 31 0 1
39. Find the inverse of the matrix A = 2.21 0 O
, 1 111 1
02 0 2 -2

by using only the elementary row operations (row
equivalent canonical matrix). '

Answer :

2 4 5 -3_1

2

-1 - 1

B 3 -3 1 5

A =12 2 -3 4 (1)

0 1 -1 0 %

1 2 2-1 3

40. If A and B are two symmetric matrices of the same
order, then show that a necessary and sufficient condition for
the matrix AB to be symmetric is that AB = BA.

41. Show that every non-singular idempotent matrix is
an identity matrix. -

42. If A is an idempotent matrix and A + B =1, then prove
that B is an idempotent matrix and AB = BA = 0.

43. If A and B are n-rowed unitary matrices, then prove

BLE AT:

that BA is also unitary matrix.
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CHAPTER SIX

VECTOR SPACES

6.1 Binary operation (or composition) on a set

It is a rule by which two elements can be combined
together to give a new element. Such a rule may be addition,
subtraction, multiplication and so on. The most fundamental
concept for studying algebraic structures is that of binary
operation on a set.

Definition : Let S be a non-empty set. Then

SxS={@a b):a €S,beS}. Abinary operationonasetSisa :
function (or mapping) from S xS into S; i. e if f: S xS -8, then

fis said to be a binary operation on the set S.
Often we use the symbols x, 0, + , X, ... etc to denote the»

. binary operations on set. Thus '’ will be a binary operation
on S if and only if a *b € S for every a, b €S and a*b is unique.

A binary operation on a set S is also sometimes called a
_binary composition in the set S. If asb € S for everya, b e S
then we also say that S is closed with respect to the
composition denoted by '+'.

A set having one or more binary operations is known as -
algebraic structure. :

Now we will define some algebraic structures such as
Groups, Rings, Fields and Vector Spaces using binary
operations -

W with examples

A group G is a non-empty set of elements for which a
binary operation * is defined. This operation satisfigs the

following axioms :
(i) Closure, If a, b € G implies that a * b eG.

e —————
(1) Associativity. If a, b, c € G implies that
a*b)*c=2a%(h*

AVAILABLE AT:
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i) Identity. There exists a unique element e € G (called the
identxty element) such thata*e =e*a=a for a%

(iv) Inverse. For every a € G there exists an element a’ € G
(called the inverse of a) suchthata*a’ =a'*a=e.

When the binary operation is addition G is called an
additive group and when the binary operation is
multiplication G is called a multiplicative group|

A group G is called abelian (or commutative) if for every
a,beGa*b=Db *a,

Example 1 The set {1, - 1} is a group with respect to the
binary operatlon of rnultlphcation

Example 2. The set {1 -1, 1, — i} where i = V-11is a group
with respect to the binary operation of multiplicatlon

Example 3. ’I‘he set of all integers, i, e. {..., -3, -2, -2, -1, 0

L 1, 2, 3, ...} is a group Wlth respect to the binary operation of

addition.

6.3 Definition of ring with les .
A ring R is an additive abelian group with the following

additional properties :
(i) The group R is closed with respect to the bmary

operation multiplication. i.e 8, beR = abeR
(ii) Multiplication is associative i. e.
| L' - Jabc=albc) foralla, b. ceR
(iif) Multiplication is distributive with respect to addition
on both the left and the right, that is,

a(b+c)=ab+ac}
(b+cla=ba+ca for all a, b, ceR.

Example 1. Theset Z=1{0, £ 1,2,

binary operations of ordinary addition and multiplication.

AVAILABLE

...} is a ring under the

MR ke
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Example 2. Consider thesetZ={0, 1, 2, 3, 4, 5}.

Z is ring under the binary operations of addition and
multiplication modulo 6.

6.4 Definition of field with examples

A field i5a gommutative ring with unit element in which
€very non-zero element has a multiplicative inverse.

Examples of fields are the ring of rational numbers, the -

" ring of reai numbers and the ring of complex numbers.

6.5 Field erties of real numbers

For every pair of real numbers a and b there corresponds a
real number called their sum and is denoted by a + b. The
addition composition has the following properties : ' ‘

Al)a+b=b+aforeverya,b in R (commutative).

Al (a+b)+c=a+(b+c) forevery a, b, c in R (Associative)

A (3) There exists a real number, viz 0 such that

a + 0 = 0 + a = a (existense of additive identity)
___(A) To each real number a, there corresponds a real :

number, viz (-a) such that (-a) +a=a + (-a) =

_ (existence of additive inverse)

Also for every pair of real numbers a and b there
corresponds a real number called their product and is denoted
by ab. The multiplication composition has the following
properties : '

M. (1) ab = ba for every a, b in R (Commutative)

M (2) (ab) ¢ = a (bc) for every a, b, ¢ in R (Associative)

M (3) There exists a real humber, viz 1 such that for every

acR la = al = a. (existence of multiplicative identity)

M (4) To each real number a # 0, there corresponds

' o1 L) D £3
| another, viz a such that (a) a=a (a) =1

{existence of multiplicative inverse)
AM(l) alb + ¢)=ab + ac forevery a, b, cin R
{Distributive law)


http://www.onebyzeroedu.com

216 ‘ COLLEGE LINEAR ALGEBRA .
Dy tDeﬁnitionofavectorspace(orlig_earspace)

A vector space over an arbitrary field F is a non-empty set
'V, whose elements are called vectors for which two operations
are: prescribed. The first operation, called vector addition,
assigns to each pair of vectors u and v in V a vector denoted by
u + v, called their sum. The second operation, called scalar
multiplication assings to each vector v in V and each scalar «
in F a vector denoted by o v which is in V. ‘The two operations
are required to satisfy the following axioms :
A (1) Addition is commutative.
For all vectorsu,ve V,u+v=v+u.
_A (2) Addition is associative
For all vectors u, v, W eV, U+ V) + w=u+ (v + W)
A (3) Existence of O (zero vector).
There exists a vector O €V such that for allveV
v+0 =0+v=v,
A (4) Exisience of negative.
For each v € V there is a vector
~-veVforwhichv+(v)=V)+v=0
‘M (1) For any scalar a. € F and any s
" vectorsu,ve V,ou+v)=ou+ov
MI(2) For any scalars a,p € F and any
vector v eV, (o + B)v = ov + fv.
M (3) For any scalars .8 € F and any
“vectorve V, (0ff) v = affv),
M M (4) Foreachv eV, lv=v
where 1 is the unit scalarand 1 € F.
For some applications it is necessary to consider vector

spaces where the scalars are complex numbers rather than the
real numbers. Such vector spaces are called complex vector

spaces. ‘ .
Vector spaces are alsosometimes called linear spaces.

US4
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6.7 Examples of vector space

Example 1. R= {@,b) {a, beIR }is a vector space over the
field F = IR with respect to the operations of vector addition in
IRZanci,scalar multiplication on R’

I_Rzrepresents the set of all points in the plane.

Example 2. IR’ ={(a, b, ¢la, b, ce IR} is a vector spacé over
the field F = IR with respect to the operations of vector
addition in IR® and scalar multiplication on i:3 '

R3 represents the set of all points in space.

Example 3. Let V be any plane through the origin in R3
Then the pomts in V form a vector space under the standard
addition and scalar multiplication operations for vectors in
B, | _. o

Example 4. For any arbitrary field F and any integer n, the
set of all n-tuples (u;, ug, ..., u,) of elements of F is a vector
space over F under vector addition and scalar multipiicatidn
» w Up +Vy)

given by (u;, ug; ..., Uy) + (V1,Va, ..., Vo) = (Ug +Vy, Ug+va, .

afuy, g, ..., up) = (o, oy, ..., 0y) where uy, v;, o €F.
This vector space is genérally denote‘ﬁ by F». The zero
vector in F7 is the n-tuple of zeroi. €. 0 = (0, 0, ..., 0). '
Example 5. Let M be the set of all m xn matrlces with
entries from an arbitrary field F. Then M is a vector space
over F vmth respect to the operations of matrix addition and

scalar muitiplication given by

fa;; ajg ... an "b11  bis bin-
ag) Az -+ Az | bg; bay ... bon
4mi Qm2 - Amn {bmi bme .- bmn
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+

an by aig + bz .. an + b
ag; + b21 Agg ‘ + b22 Aoy + b2n
Am1 + bmi amz + brmo Amn t bmn

a;; aj .. am | [0an Cdi2 - 0ay

a a e & oa oa .08y
~anda| 2t T 2n | _| G421 22 2n

an1 8m2 - @mn 0dy; Odme - O@mn

where ay, byand o€ F.
Example 6. Let V be the set of all continuous real valued
~ functions defined on the closed interval [0, 1]. Forany f. g€ V
and ae IR , define f + g and af by ({ + 8 W=fd+gd .
" (o) (09 = of (1 for every xin [0, 1].
Under these operations V becomes a vector space over IR .
(since the sum of continuous functions and scalar multiple of
any continuous function are continuous) '

Example 7. Let V be the set of all polynomials
ag X+a; X leag X2+ . +ayy X+ Ay with co-efficients a;
. from ap arbitrary field F. Then V is a vector space over F with
' respect to the usual operations of addition of polynomials and
multiplication by a constant. ' v
Example 8. Let S denote the set of all pairs of positive real
numbers. u = (U, W), v = V1, va), -

Define u + v = (u; vy, ug Vo) and ou = % u® (o is any scalar)

- where U1V-1 and uyv, are the usual products of real numbers
and u;® and u,® are the ath powers. S together with this
prescription for addition and scalar multiplication is a vector
space which we denote by M2. ‘ . .

Example 9. Let IR, be the set of all positive real numbers
_and define for x, y € IR, a vector sum by x +y = xy where the
product on the right is the usual product of numbers, If ais
any number and xe IR, define a x = »@, that is, the number x
raised to the a power. '

AVAILABLE AT: .
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We claim that with these definitions of vector addition
and scalar multiplication IR , becomes a vector space.

Example 10. The set of all continuous functions

y =M, —=<x < + oo satisfying the differential e‘quat;on
y -y -2y = 0 is a vector space. (In fact any solution of this

y s -
differential equation is a linear combination of y = € x and

y = €29, A - . "
Theorem 6.1 Let V be a vector space over an arbitrary tield .

F. Then,
(i) For any scalar o eFand O eV, a0=0.
(ii) For o €F and any vector v €V, 0V = 0
(iii) For aeF andvevV, (-0} v= af-v) = - av.
i) If v = 0, where aeF and v eV, thena=00rv= 0.
Proof : (i) a0 = 6 (0 + 0) = 00 +a0
- Adding - 00 to both sides, we get
A (~00) + 00 = (~aQ) + (00 + o0)
(a0 +a0)+a0=0+00
or,0=0+0a0 =00 ~o0=0.
@O=ov+ (~ov) = o+ 0) V + (~oV)
=(ov+ov) + (~ov)
=(ov4;(ov+—ov)=ov+0=9v
. ov=0. -
(i) 0 = 60 = afv + (V) )= av + ol=V)
Adding — ov 10 both sides, we get
—ozv+0=—ocv+(ow+oc(—v)]
= oav+av)+aly)
=0+ 0oV
or, - ov = of-v) . & (V) =-av

Agam,0=ov=(a+(—a))v=(xv+(—-a)v
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Adding - av to both sides, we get
—av+0=-0v+ (v + {-0) V)
=(oav+av)+(-av
={-ag+av+ov
' =ov+(—ocv)=0+(—a)v-
or,-av=(aoyv . (ov=-~av.
(iv) Suppose that ov = 0 and o# o, then, there exists a scalar
o-1eF such that orla= 1, hence
v=1v=(or! gjv=al (ov) = o} (0) = 0.
Definition of Cartesian or Euclidean space
Let n be a positive integer. The cartesian n-space denoted

by IR" is the set of all sequences (u;, Uy, ..., Uy) of n real
numbers together with two operations
(1, Ug, ..., Uy + (v, Vg, oy V) = () + vy, Ug + Vg, .oy Up + V)

and « (u,, uy, ..., Uy) = (o, g, ..., Cuy),

In particular, IR! = IR is the set of all real numbers with
iion and multiplication.
.2 For each positive integer n, Euclidean space

: We shall have to show that IR" satisfies all axioms
- of a vector space.

i . . n
@) Letu = (u;, ug, ..., uy)and v = (v;, vz, ..., vy) be in IR"then
u+v=y,ug, ..., Uy + vy, Vo, ..., V)
=(u; +V;, Ug + Vg, «.., Uy + V)

= (v; +Uy, Vg + Uy, ..., V + Up) =V + u. So axiom A (1).is true.
" (i) Let u = (u;, ug, ..., Uy), v = (v, va, ..., vy) and
= (W}, Wg, ..., W) be in IR". Then .
fu+v)+w=(U; +Vy,Up + Vo, ..., Up + V) + (wy, W, ..., Wy)
L =(uy +V W, Ug + Vg +Wa, U, + Vy + W)
= (u;, ug, ..., Uy + vy W) Vo d W, Vi, + W)

LEAT:

= u + (v + w). So axiom A (2) holds:

VECTOR SPACES ' - 221

(iii) Let O = {0, 0,..., 0) be in IR". Then for any’
u = (uy, Ug, ..., Uy in IR" we will have -
"u+0=(u;, Uy, ..., uy) +(0,0,...,0)
=@ +0,uz +0, ... Un + 0)
.='(u1.u,2. e U= ‘
Moreover, if v = (v, Vg, ..., Vn) is any vector in R" such
that u +v =u, then (u, +v1>. Ug + Vg, ..., Up + V) = [0y, ug, - u,)

 Therefore, u, +v; = = u, implies v; =0
gz + Vg = u2 implies v2 =0

un + vn = Uy, implles vn —O v
i e v =0, 0,..,0 =0, Thus O is the unit vector with
property thatu +0 = u and so the axiom A (3) holds.
(iv) Letu ={uj,uy, .. u,,) and set
-u =y, -ug, ..., ~uy), Then

Cu+ ) =y, ug e Uy F UG - Uz, - U
=(ug ~uy, Ug — U, - U, — Uy
, ={0,0,....0=0. _
' Moreover, if w = (wW; ,Wg, ... wn) is any vector in IR such -
that u + w =0, then (u; + Wy, U + Wy, ..., Up +Wp) =(o. 0, ..,o)and

‘therefore, u; +w, =0 implies w; =-1u,

Uy +wp = O implies wy =-up

Uy, + w,=0 xmphes W, = - url
i,e.w=-u.Thus-uis the umque vector with the property
that u + (~u) =0 and so axmm_A (4) holds. ‘
(v) Let o be a real number (scalar) and u = (u;, 1y, ..., ugyand

"N E vy, V8, . Vi) be vectors in IR", Then
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afu+v)=ofu +vy,Ug +Va, .o Uy + V)

= (afu; +v,), alug + Vo), .., auy + V)
= (o, + avy, Oug + 0Vg, ..., CUp + ovy)
= (o1, , Cg, ..., Oy) + (o), QVg, ..., ovy)

= ofu,, Ug, .» Up) ‘+’oc(v,,vl2, ves V) = 0L+ QV,
So that axiom M(l) holds.
(vi) Let ., B be the real numbers (scalars) and
U= {ug, Ugs ..o, ug bein IR", Then
o+ B) u= (e + P u;, o+ 0 ug, ... -(a+zﬂ) uy) v
(aul + Bul, aug + By, ..., i+ fuy) ,
(aulv 0“12, wees OUIY) + (ﬁl_llf puy, ..., Bug)
=oc(u1,u2, u,,)+B(i11,u2,'..., uy) -+ '
=ou + Bu So axiom M (2) is saﬁsﬁed
(vii) Let a, B be real numbers (scalars) ‘and u = {u,, }u2-, e Uy
be in IR". Then (of) u = 0B (U}, Ug, .., Uy) = OBy, ..., 0Buy).
= affu;, Bug, ..., Pug) - ‘ -
- =a (B, ug, - u) =0 BU)
. So axiom M (3) holds. o « .
L (viii) Let 1 be the unit scalar and s '
u = (uy, ug, ..., Uy bein IR". Then A
lu=1lu,, 1,{2, o Ug) = (11, lug,_ Lo gy
={uy,,ug, ., Uy =1 ‘
So axiom M (4) is satisfied. ,
“Therefore, IR" is a vector space. o
Theorem 6.3 Let V be the set’of all. functions from a non-
empty set S into an arbltrary field F. For any functions f, geV
and any scalar ocF let f + g and a T be the functions inV
defined by (f + g ) () = f( + g(x) and (af) () = of (x) for every

AVAILABLE AT:
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xe S.
'Prove that V is a~ectorspace.over F.
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Proof : Since S is non-empty, V is also non-empty. Now we
have to show that all the axioms of a vector space hold.

(i) Let f, geV, Then

(f+8 09 =19 +g9= gl + 0
= (g + 1} () for every xe S.

Thusf+ g=g +{. So axiom A (1) holds. _

(ii) Let f, g, heV, To show that (f +g + h=f +(g+ h), It is
required to show that function (f + g} + h and thé function
f + (g + h)) both assign the same value to each x €S. Now

f+g+h) (¥=0E+g (+hK={flx)+ghd)+h K.

TErE@+h) 0 =f0+(g+h) (4=19+ (g(x)+h(x)1

for every xe S.

But f (), g(x) and h (x) are scalars in the field F where

- addition of scalars is associative.

Hence (f( + g() + h(x = (9 + (g[4 + h(x)
Accordingly, f+ g+ h=f+(g + h).
So axiom A (2) is satisfied.
(iii) Let O denote the zero function.
0(x = O for every x€S. '
‘Then for any function f eV
f+0) (W =f+009= f()d+0 f()d
for every x€S.
Thus f+ 0 = f and O is the zero v_ectQIm V.
So axiom A (3) holds.
“(iv) For any functlon fe v, let f be the function deﬁned
by - x=~f(2.
Then {f + (-1) (x) fY+(-H = -fld=0=0(9
for every xe S. Hence f+ (-f) =0
Seraxiom A (4) is satisfied.
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) LetacFandf ge V. N
Then (odf + ) W = (f+8 O =+ g()d)
= of( + ag¥ '
= (of) (3 + (0 (9 = |
{Since a., f(x), g (x) are scalars in the
multiplication is.distﬁbugive over addition]
" Hencea(+g=of+0g
So axiom M (1) is satisfied. -
(vi) Let o, B €F and feV. . ‘
Then((G-'-B)ﬂ W=0+pHfN =of (¥ +
= (od) (Jd +BO W '
= (af + B ()Q for every %3S.
He_n_ce(o.+ﬂ)f=af+ﬂf., A
So axiom M (2) holds.

. (vil) Let o, BeF andfe V.
Then ((@8)f) 2 = (0f) 1 = o (BFY)
= o (B9 (0 = (@ (BD) (9 for every XeS.
" Hence (af)f = a(Bf) So axiom M (3) holds. . -
(vitf) Let f eV, then for the unit scalar 1eF
(104 = 1£ (4 = flx for every xes.
' Hence 1f = f, So-axiom M (4} is satisfied
Since all the axioms are satisfied, so V is

over

(of + 0g) (X for every X€ S. o
’ field F where

B

a vector space

Wofamtorw

Let W be a non-empty subset of a vector space V over the

field F, We call W a subspace of V if and only f Wis a vecto;
space over the field F under the laws of vector add_iti(:;x ?a
scalar multiplication deﬁned on V, or equivalentlyi. 1that
subspace of V WheneA\{'gg;Ewl, wy € W, .a. peF 1mp 1§s

oW +,();W2 eW.
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6.9 Examples of subspacés ‘ ,
- Example 1. Let V be any vector space over the field F. Then
"the set {0} consisting of the zero vector alone and also the

entire space V are subspaces of V.

Example 2. Consider the vector space IR={(a,b)la,be IR}.
Then W, ={@a 0) lacIR}, Wy ={(0,b) |[beIR} and -
W; = {@, b) la=band a, be IR} are subspaces of R,

W, and W, represent the sets ofall points on the x-axis and’
on the y-axis respectively. o o

- Also W3 represents the set of all points dr_x the line y = x.

Example 3. Consider the vector space
IR% ={@ b, o la,b,ce R} ‘

Then W, ={(a b, 0) |a, be IR}, W, ={0,b. ¢ |b, ceIR}

‘and W; = {(@a, o, ¢) |a, c e IR} are subspaces of IR . wW,, W,
and W represent the sets of all points in the X-Y, Y-Z and z-X
planes respectively. '

Example 4. Consider the vector space

R ={ab, o labce B}

Then W, = {@a, 0,0) laeIR}, Wy ={(0,b,0) |belR} - -
~ and W3 = {(0,0,0) | c € IR} are subspaces of IR® . W,, W, and
W3 represent the se_té of all points on the x-axis, y¥axis and
'z -axis respectively. '

, Eiampie 5. Let My, be the vector sp#ace of all square 2 x 2
matrices. Then the set W of all 2 x-2 matrices having zeroes on
the main dia_gqhal isa szspace of the vector space My;.

» Ethpie 6. Let V be the vector space of all square n xn

matrices. Then the-set consisting of those matrices A = [ay] for

which ay = a;; called symmetric matrices s a subspace of V.
"Litiear Algebra<1s R

o, PR
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Example 7. Let V be the vector space of all functions of a

. real variable x and let W be the set of all functions: fev for

which f{5) = 0. Suppose that f,geWandleth="1+g Then ﬂ5)
g(5) = 0 and so h(3) = f5) +g(5) =0+0=0. 4
It follows that he W and so W is closed under addition
Again let k = of where @ is any scalar. k(5) = af(5) = a0 =0
whence ke W. Clearly, W is closed under scalar multiplication.

Thus W is a subspace of V.
Example 8. The set of all continuous functions is a

subspace of the vector space of all real valued functions.
Example 9. Let C be the set of all complex numbers. Then C
is a vector space over the real field IR. :
Let W = {ib |b R, i = V-1)}. Then W is a subspace of C.
Theorem 6.4 W is a subspace of V if and only if

(i) W is non-empty
(ii) W is closed under vector addition i, e, v,w € W implies

that v + we W. ;
(iif) W is colsed under scalar multiplication 1, e, v )e A\

implies that a v € W for every o F.
Proof : Suppose that the given three COI‘ldlthI’le (i) (ll) (i)
'hold in W; ‘then W is non- empty and closed under vector
add1tlon and scalar multrphcatlon Since the vectors in W
belong to V axioms A(1), A(2), M(1), M(2). M(3) and M(4) hold in
W. Hence we have only to show that A(3) A(4) hold in W By
condltlon (1) W is non- ernpfy say ueWw, then by conditlon (iii)
=0eW and v+0=v for every ve W. Hence A(3) holds nw.
ain, 1fveW then (1) v=-veWand v + ~v) =
Hence A(4) holds in W. Thus Wis a subspace of V.

- Conversely, if W is a,subspace of V then clearly the given
conditions (1) (i), (ili) hold in W-Henee the dheorteruis proved\

VECTOR SPACES ' -

_Theorem 6.5 A non-empty subset W of a vector space V over
-the field F is a subspace of V if and only if |
Du,veW=u-ve Wi oe F, ueW==>ocueW
Proof : The conditions are necessary ' e
If W is a subspace of V, then W is an abehan group wrth
respect to vector addition.
ie uveW= u,. -veW
=u+(-)ew
=u-vew.
v Also W must be closed under scalar multrphcatmn i, e
aeF, ue W = aueW. Thus conditions (i) and (11) are necessary.
The conditions are sufficient

Let w be a non-empty subset of V satlsfying the two given
conditions, From condition (i), we have

ueW=>u ueW= OeW.

Thus zero vector of V belongs to W and it wﬂl also be the
zero vector of W. :

NowOe W, ueW= O~ ueW=>—ueW

Thus additive inverse of each elemept of Wis also m W

Again ueW, ve Waue W, ~-ve W

(V) eW -
Su+ veW

Hence W is closed with respect to vector additien.

Since the elements of W are also the element‘“s\of vV,
therefore vector addition will be commutatlvc as well as
associative in W.

‘ Hence W is an abelian group under vector addition. Also
febm condition (ii) W is closed under scalar multibllcation.

The remaining postulates of a vector space will hold in W
since they hold in V of which W is a subset. Thus W is a-t
subspace of V.

AHV.0NE R
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' Theorem 6.6 A non-empty subset W,aof a vector space V over
the field F is a subspace of V if and only if
o, BeF and u, ve W=au + fveW.
Proof : The condition is necessary |
‘If W is a subspace of V, then W must be closed under vector
additlon and scalar multiplication Therefore, ‘
ae IR, and ueW= quew
BeF and veW = fveW. : )
Now cueW and BveW =0u + SveW.
Thus the condition 1s necessary
The condition is sufficient L I
. Suppose that W is a nqn—empty subset of V satisfying the
given condition, i.e o, peFand u, veW = ou + fveW. :
Leta =B =1, then leFandu veW = 1u + lveW
: ' ie u+ veWw
[since ueWw =ueV and lu ueV}
Thus W is closed under vecter addition,
Nowtakmga—— 1.8=o0, weseethat1fueW
| then 1) u + o ueW = - (lu) + 0 EW=s - uew.

Therefore, the additive inverse of each element of W i&also

inw. o B - ST
| Now ueW and - uéW. ' -
LU+ (—u) eW:O-eW : A .
Thus zero vector of V bekmgs to W and it will alSo be the
'zero vector of W,
Since the elements of ‘W are also' ‘the elements of V,
therefore, vector addition will be associatlve as well as
commutative in W, Therefore. W is an abelian group WIth

respect to vector addition, AvarasLeAT:
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Now taking v = O we see that if a, Be F and ueW then
au+BOeWieom+0eW = oqueW. ; ,

Thus w is closed under scalar multlphcation' The
remaining postulates of a vector space will hold jn W since
they hold in V of which W is a subset Hence W is a subspace of
V.

Deﬁnition : Let S and T be two sets. By S N T we mean the
interesection of S and T, the set of all elements common to S.
and T, By S U T we mean the union of S and T, the set of all
elements which are in‘ at least one of S and T.

Theorem 6.7 The intersection of two subspaces S and T of a
vector space V is also a subspace of V.

Proof : Since S and T are subspaces of V, they are non-
empty and clearly 0 € S and OeT. Therefore, 06 S N T and
hence SNT = @.

Nowletu veS NTthenu,ve Sandu, veT. SmceSandT
are subspaces of V, u, v € S implies that qu + Bv €S where
o, B €F. Similarly, u, v €T implies that qu + Bv eT where
o, B eF.

Hence u, veS N Tlmplies that(xu + Bve SN Tfora BeF..

Therefore S NTis subspace of the veetor space V. | ’

It is to be Toted that the union of S and T is not a subspace a
ofVunlessSCTorTCS N :

[the symbol "C" Tneans contained in] o

Theorem 5.8 The intersection of any family of subspaees
of a vector space isa subspace. '

Proof : Let {S, |icl} be any family of subspaces of.'a vector

space V over the field F. Let S =N S,.
‘ iel
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~

.- Since 0 eSi for every i e I, we have OeS. Hence S is a non-
empty subset of V. Now u, veS and o Be Fimplies that u €S;,

v e S1 foreveryie lasS= NS, and hence ou + Bv €S, for every
tel

i I, since each S; is a subspace of V.
.ou+fveS.
Therefore, S is a subspace of V.

; . WORKED OUT EXAMPLES o
~ LBM 1. Show that S fla,0,c):a,ce IR}isa subspace
of the vector space IR3.

Proof : For 0 €IR3, 0= (0, 0,0) es
Since the second component of 0 is o,
Hence S is non-empty. -
For any vectors u= (s. o,c)and v = (a’, 0,c) in S and any'
scalars (real numbers) o, B, we have '
o + fv =0 (a, 0, 0 + Bl@, o, ¢)
= (04, o, ac) +\(6a’, o, fc)
= (0a + Ba’, 0, oc + Bc)
;Since second component is zero.
Thus ou + fveS and s0 S is a subspace of IR3.
Example 2. Show that- A :
T={a b, c,de IR*: 2a-3b+5¢c- d}isasubspaceofIR
Proof : For Oc R, 0=(0,0,0,0€T
Since 2. 0-3.0+5.0-0=0
Hence T is non-empty.
Suppose that-u = (a, b, ¢, d) andv=(a,b,c,d)areinT
then 2a - 3b + 5¢c — d = 0 and28" %' 3b” + 5¢d" = 0.

Now for any scalars“(real riurmbers} ey B
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We haveocu+[5v—a(a b, c, d) + @’ b.c.d)

= (04, ab, OC, od) + (Ba’, Bb” Bc”. pd?)

=(aa+Ba.ocb+Bb oc + B¢, od + pd) o ;
Alsowehave2(oza+Ba‘)— (ab+ﬁb)+5(ac+BC)—(ocd+Bd
~o(2a-3b+5c- d)+B(2a -3b +5c‘—d’)=ouo+Bo=o.’
Thus ou + veT and so T is a subspace of i
" pxample3. W={a b, dlabce IR anda-2b+3c=5

is pot a subspace of 1 ]

For 0 IR, 0=(0.0,0 EW. Since 0-2.0 +30=0%5.
Example 4. Let V be the vector space of all square n x1

.matnces over the real field F = R.

Show that Wis a subspace of V where : . )
(1) W consists of all symmetnc matrices, that is, a

matnces A = lay) for which ay = ajl i _] =1,2,3, ..cccne ,n.

( )

matrix T; that is. W = {AeV AT = TA}L N
| Proof . (i) OeW since: -all entries of O are o and hence

W,
equal. Now suppose that A = layl and B = [by) belong to

=b
that is. a3 = 3 and bij i |
Then for any scalars o, B € F, aA + pB is the matrix whose

b
1Jentrylsaaij+6‘j | |
But oay + 8 bl: oa; + pby. Thus oA + pBisalsoa symmetric
matrix. Therefore, cA + pB eW.
Hence W is a subspace of V.

(i) O e W since OT = O = TO. Now suppose that A B e Ww;
that is, AT = TA and BT =TB.
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For any scalars o,feF
(0A +BB) T = (0A) T+ (BB) T
= a (AT) + B(BT)
= o (TA) + B(TB)
=T (aA) + T(BB)
=T {aA + BB).
Therefore, oA + 8B commutes with T. Thus GA + BB ew.
Hence W is a subspace of V.
Example 5. Let V = IR3 | show that W is not a subspace of V
where : ID.U.P. 1972]
() W = {(a, b, ¢} | a20} i.e W consists of those vectors of
IR? whose first component is non- negative.

(i) W ={(a, b, ¢) la% + b2 + ¢2 < 1} i.e W consists of those
vectors of IR® whose lengths do ndt exceed 1.
ID.U.T.H 1993, 94 ]
(iii) W = {(a, b, ¢} | a, b ce QlieWw COl’lSlStS of those vectors
of IR® whose components are rational numbers '
Proof : (i} Letv=(2, 3,5)eWand .= - 3¢ IR=F.
Then av = -3 (2, 3, 5) = (-6, - 9,-15) ¢W, smce -6 is negative.
Hence W is not a subspace of V.
(i) Letu=(0,1,0)and v = 0,0, 1)
Then u€Wsince 02 +12+02=1<1
andveWsince 02 + 02 + 12 =1< 1.
Now for any two scalars o= = 1€ IR =F,
cu+Pv=1(010)+1(0,0, 1)
=(0,1,0+(0,0,1)
=(0,1,1) ¢W 7
Since 02 + 12+ 12 =2 %],

Hence W is not a subspace of V.
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() Letv=(3,5 7)€ Wand a = V3 R=F.
Then av = V33, 5.7 = (3V3, 5V3, 7v3 ) ew
since its components are not rational.
Hence W is not a subspace of V.
Example 6. Let V be a vector space of all 2 x2 matrices over
the real field IR. Show that W is not a subspace of V where :

.} W consists of all matrices with zero determinant;
(i) W consists of all matrices A for which A2 = A

Proof:(i)LetA=[8 (1)] andB=[(1) 0

Then A, BeW, since det (A) = 0 and det B) =
00

ButA+B 0 [1 0] ]GEW

sincedet (A+B)=-1 0.

Hence W is not a subspace of V.,

(ii) The unit matrix I = [é (1)] belongs W, since

=fo 3115 9116 ¢

But 4l = [g 2 ]does not belong to W

4 0] o 16 0

Hence W is not a subspace of V. ,
6. 10 Linear combihation of vectors .
Let .V be a vector space over the field F and let Vi v,,e V
then a.ny vector v € V.is called a linear combinatlon of
Vi, Vg, ;' ., vy if and only if there exist gealars oy, ay, ..., a, in F

- such thatv Oy Vi + 0 Vo # ... + OV, = D04V,
. - i=1
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Example 7. Consider the vectors v, = 2. 1,4),vo=(1,-1,3)
and v3 = (3, 2, 5)in . Show that v = (5, 9, 5) is a linear
combination of v;, Vg and V3.

Proof : In order to show that v is a linear combination of

" vy, Vo and vz, there must be scalars o, 0 and oz in F such that

v=0;V] +0gVy +03V3
e 908=0214+x(l-1L 3)+03(3,2,5)
‘ (2(x1,a1,4a1)+(04 0z, 3a,) + (303, 203, 503)
= (204 + 0 +3a3 ay— Og + 203, 40+ 302 +5oc3)
Equating corresponding components and forming linear
system we get-
20, + Og + 3(13 = 5
oy ~ Og +203=9 }
40, + 30y + 503 =5
Reduce the system (1) to echelon form by elementary
operations. Interchange first and second equations Then we
have the equivalent system

ay - o +203 =97
| a

(1)

20, + O +303=5
40, + 30y + 503 =5

We multiply first equation by 2 and by 4 and then subtract
from the second and third equations respectively. Then we
have the equivalent system |

ay - Og +203= 9 }

3o, - 03 =-13 <)

70y — 303 =-31
We multiply second equation by 3 and then subtract from
the third equation. Then we have the equivalent system

oy = Oy "’29‘3 = 9
302- O3 =-13 (4)

2 A\gILA LEAT:
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From the third equation, we have &3 = 1, Substituting

a3 = 1 in the second equation we get3op - 1=- 13 or, S0, =- 12
. or, 0g =- 4.

Again substituting oz =- 4,05 = 1 in the first equation, we
getoc1+4+2 =9 ~.oy=3 ‘ _ '

So the solution of the system isa, =3.0p=-4,0=1

Hence v = 3v; — — 4y, +V3. | '

Therefore, v is a linear combination of vy, Vg and vs.

Example 8. Is the vector v = (2, - 5, 3) in [R3 is a linear

~ combination of the vectors

vy =(1,-3, 2}, vz-(2—4—1)andv3—(1 —57)
Solution : Let v=0 vl+a2v2 + 03 vz where al,a2and a3
are unknown scalars.
1e(2—5 3)= a1(1—32)+or2(2—4 1)+a3(1 -5,7
= (0, ~30, 2(11)+(20°2 — 40, — Op) + (03, — 505, 703)
= (o + 20 + 05, — 30y — 40 = - 5ag, 204 - —ap +708)

Equating _corfesponding components and forming the

2
_5}
3

Reduce the system to _echelon form 'by» the elementary.

- linear ‘system we get

o + 200+ O3
~30 —4(12';-5(13
20, — O2 + 703

nonw

opera‘aons We multiply 1st equation by -3 and 2 and then
subtract from 2nd & 3rd equations respectively Then we have

;//’

the eqmvalent system

a1+2oa+ og = 2
20, — 203 = 1
—5&24’50.3:—1

N MM,A.@MWM
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We multiply 2nd equation by g— and then add with the 3rd

equation. Then we have the equivalent system

o +20 + a3 =2) o) +204 + a3.=2 :

20 - 203 =1 - 20 -203 =1
: 3 3

0+ 0 =73 0 =3

This system has an equation of the form 0= g

which is not true. Hence the above system ié inconsistent
i.e it has no solution. Thus the vector v is not a linear
combination of the given vectors vy, v and vg.

‘Example 9. For which value of A will be the vector
v = (1, A,5) in IR313 a linear combination of the vectors

- vy ={1,-3,2)and v, = (2, -1, 1).

Solution : Letv =a,; v, + oz Vo where o; and ay are
unknown scalars. i.e (1, A, 5)= o, (1,-3,2} + 0 (2,-1, 1)
={0y. - 30y, 204) + (205, —0g, 0p)
= (o) + 205, -30,y - 0, 20, +ap)

Equating corresponding components and forming the
linear system, we have '

—3a] - Q9 —}y

o +2aQ-l
b oo
200 + 0 =5

- Reduce the system to echelon form by the elementary

. operations. We rriultiply 1st equation by -3 and 2 and then

. subtract from 2nd and 3rd equations respectlvely Then we

il

‘have the equivalent system

oy + 200 =1
50, =A+3}
—8ap =3

. AVAILABLE AT:
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We multiply 3rd equation: by—l§. Then - we have the
equivalent system - _
a; +20 =1
500 =A+3 }
(07) =1

’I‘his systém.'has solution for A = - 8 and the solution is

i.e the system (%) has solution forA = - 8.

Hence v is a linear combination v, and vy ifA=-8..
3-

Emple 10. Write the matrle- [1 2 1

- linear cornbination of the matrices A, = [0 1 ]

: '_A2=[ 'and A3='[’0 0] [DUH.T 1994]
: ‘Soluttlon Set A as a linear combination of Al, Ay and Ag
- uslngtheunknawnsal aaandozs
A=03A) +0pAy +.0g Ag.

1-1
- thatis, [1 2]—-0&[0 1]“’2[1 0]*0‘3[

3—1] 0 0‘1] [ a3 ‘0«3]
0—0'.1 —CQlg 0 o . d
Joy +op 03 0y +0p — Ola

“l0- 0 +0 -a;+0+ 0

Equating carresponding cornponents and ! 1rming the -
_ llnear system we get ‘ :
. oy +0p + a3 =3
oy + (12 -0z = -1
. g =1
: -0y =-2 : S
Hence the the solution of the system is al’-— 2, (12 —1. O ==2 T
Therefore, A = 2A; ~A, + 2A;; L
that is, Ais a linear combination of A;, Az and As

' 3 1 .
Example “11. Write the matrix A = 1-1] as a linear

combination of the matrices

JI i Bt T |
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Solution : Set A as a linear combination of A;, A and Ag
using the unknown scalars a, , ¢, and 0.

A=0,A) +0p Ag +0!3A3

[3 1 1 1 0
1-1 =0 1 + Oy +a3[0‘_
I F1E, 5B
» Og Qg Q- Og
=[“1 ar+m%]
o) +0g Og — O3

Equating corresponding components and forming the

linear system, we get -

oy =3 . ‘
oy +203 =1 '
) + Oy - 1

ap — o3 =-1

* Hence the solution of the system isoy = 3 o =-203=-
Therefore, A = 3A1 -2A, - A3 , ‘
Thus X is a linear comblnatlon of A, Ay and Ag.

11 Linearspanofasixbsetofavectorspaoe

If S is a non-empty subset of a vector space V, then L (S),
the linear span of S, is the set of all linear combinations of
finite sets of elements of S.. o

Example 12. The vectors e; = (1, o, 0}, e2 = (0, 1, o) and

.eg = (0, o, 1) generate the vector space IR®.. For ‘any vector
' (vy. Vo, V3) € R is a linear combination of e;, e; and ej,
spec1ﬁcally (v] Vo, V3)=Vv; (1,0,0) +V3 (0.1, 0)+v3 (0, 0, 1)
o Co =Vj€) +Vy € + V3 €3.
Theorem 6.9 Let S be a non-empty subset of a vector space
V, then L (S) is a subspace.of V.centaining S. Furthermore, if W
is anyjother subspace of V containing S,f.ther{ fis)raw
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Proof : If ueS, then lu = ue S: hence S is a subset of L (S).
Also L (S) is non-empty, since S is non-empty. '
Now suppose that u, veL (S). then
0= 04Uy + O Ug + ... + Opumand
v=PBvy +Bve + ..o F By, where
u;, vy €S and o, B, are scalars in F. Thus for A. ue F,
A+ pv = Aoy uy +opug + o+ O ' )
+uBrvy + Bova + ... + BuVn) '
= (Ao ) uy + (Rog)ug + .+ Ao up
(MB1)V1 + (B2) V2 + .o + (UPn)Vn

which is a linear combination of the elements of S and so

.is againin L (S). Hence L (S} is a subspace of V.

Now suppose that W is a subspace of V containing . S and
u;, Ug, ..., Up€ SCW. then all multlples oy, OpUs, amumeW
where o, F and hence the sum 0, Uy + OgUg + ... + OpUm€ W that
is; W contains all linear combinations of elements of S,

" Consequently, L (S) C W. Hence the theorem is proved.

Theorem 6.10 : If S and T are subsets of a vector space V
over the field F, then. ‘ - ,
M SCT=LECLMD < ,,]_,‘,_g
(i) LOUD=LE+LO ’
(iii) Sisa subspace of V if and only 1fL (S)
(v LAE©)=LEO)
" Proof : (i) Let u = o u; + OgUg + ... + Onllp eL (S

where {u,, Ug, ..., Uy} is a finite subset of S and
oy, O, ..., Op€F. Since S CT, therefore,
{u;,ug, ..., uylis alsoa finite subset of T.

So u=0,u; +0Ug + ... F opune L (Mg

&
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Thus ueL (§) = ueL (D. -~ L(S} CL-M
Hence S CT=L{8) C L.
(ii) Let uelL (SUT) then

U=0U; + 0l + .. + Olln + P11 +Bzv2 +. -FB,,,v‘m )
.. V} is a finite subset of sSuT

where {u;, g, -.., Up, V1, Va. .
such that {u;, ug, :.., U © S and {v,, Vo3 weer Vi) GT.
Now oy +0p Ug + ... + OULEL(S) -
and Blvl +Bsz + ...+ ﬁmvmeL m.
_ Therefore, ueL (S) +L M. ‘ ‘
' Evidently LISUT) CL (S) + LD (A).
Let w be any element of L (S) + L{T
‘then w = u + v for ueL (S) and v e L{T).
Now since u is a linear combination of a finite number of
elements of S and visa linear combination of a ﬁnite number
" of elements of T. Therefore. u+vwilbea linear combination
of a finite numbers of elements of SUT. Thus u + veL (SUT)
- Hence L(S) + LN CLISUT  (B) -
" Therefore, from (A) and (B), we get
. LSUD=LES)+LM.

’ ‘:(iii') Suppose that S is a subspace of V. Then we have to

prove that L(S) = S. Let ue us). _
: "1henu=a1u1 + OplUg + .. +anunwherea1,oo2. v OEF
. and u;, Uy , ...; U€S. ButSisasubspaceofV _
Therefore, it is closed “with respect to scalar

b rnultiplication,.and vector addition.

Hence u=oyu +0pUy + .- + qnune‘s.

ThusueL(S)::ueS :

Therefore L{S} ; S. z\l;so S C LLS)
Hence L (S) VAILABLE AT:
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Conversely, suppose that L (S ) = S. then we ha,ve‘to prove
that S is a subspace of V; :
Now we know that LS)is a subspace of V ‘
Since S = L(S), Therefore, S is also a subspace of V
w that L (S) is a subspace of V.-
ore, by part (iii), it follows that L (L{S)) = L (S).
ple 12 (a) Show that the vectorsu = (1, 2,3}, v=(0, 1,

2) and w = (0, 0, 1) generate ®. T Iclop. 1978]
Proof : We must determine whether an arbitrary vectorr

v =1{a,b, cin IRcan be expressed as a hnear combmation
v'= xu + yv + zw of the vectors u, v and w. Expressmg this
equation in terms of components gives.
ab.d=x(1,2,3)+y(0.1,2)+2(0.0, 1)
=(6 2% 39 +(0,y,2y) + (0.0, 2)
=(x 2x+y, 3x+2y+2)
Equating corresponding components and forming the
linear system we get ‘ | » -
=a zZ+2y+3x=c¢
2x+ y=b } = y+2x=b }
3x+2y +z=cC ‘x=a

The above system is in echelon form and is consisi:e’nt In
fact the syst

,V and w generate (span) ®,
ple 13. Determine whether vectors vi -(2 -1, 3)
vy =(4,1,2)andvs = (8, 1, 8 span I,

hasthesoluuonx a,y=b-2az=c- 2b+a

Solution : We must determine whether an arbxtrary vector .

=(a, b, cin 123 ‘ean be expressed asa hnear combinatmn

V=0,V +0gVy + agvg of the vectors v, v2 and V3.

Expressing this equation iri terms of components, we get
LineariAlgebra-16 -

Wi
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(ab c) = 0 @-1 3)+(12(4 1, 2)+oze(8 -1, 8)
(2a1, — 0. 30) + (40, 0, 205) + (8atg, —as, 8063)
= (204 +4aa +8(xe -y +0p =~ 0, 30:1 +20r,2 +8ore)
Equating corresponding components and formmg the
’ 2a1+4oc2+8a3=a
linear system we have =t + Og = O3 —b}'
A e 3y + 205 + 803 =¢
“This ‘pfoblern thus reduces to determihing whether or not
t;ms@gystgmii;s consistent for all values of a, b and c. Now this
system will be consistent for all a, b and c, if and only if the
matrix of co- efﬁcients

r2a 87 '
PelK a1 -1 f 48 invertible.
32 8 S

Now the determiriarit of Aid

2 4 8 —2(é+2) (—8+3)+8(2 3)
Al=(-1 1 -1
32 8 —20+2o 4o 0.

’HY
Gt

Hence the co- efficient matrlx A is not 1nvert1b1e and.
consequéntly, v;, v; and v3 do not span 1 SO -
ple 14 Deterrmne whether the vectors, A

w = (1, 2, 2) = (-2, -—4 ,—8) and usz = (3,9, 27) generate
(span)IR3 ‘

. Solution : We must determme whether an arbltrary vector

=f{a, b, c) € i'e can be expressed as a linear combination

Tus= xlul + XUy + X3Ug of the vectors u;, uy, and us.

Expressmg this equatlon in. term of components we gei
(a b, c) xl( ' 3 4] +x2(2 —-4 —8)+x3(3 9 27)
(x] 5 x5, ixl) .3 (— 2x;, —4x2 f—8x2) 4 (8x3, 9%, 27x3}

(x1 2x2 + 3)(3.2 xl 4x2 + 9x3, i xl 8x2 + 27x3)

h AVAILABLE AT
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Now form the system of linear equations by equating the
corresporiding components.
X ~-2x% + 3g=a
-4x + 9x3 =b

le 8 +27x3:=c¢

or, equivalently

-2x% + 3xg= a ’
y — 8x + 18x3 —Zb} 1
- 32xy,+ 108x3 =4c
Now we reduce tHe system to echielon form by the -
elementary transformations. We subtract first equation fro
the second and third equations respectively:' Then we have§
the equivalent system '

-6x, +15x3=2b-a

>
X ~-2x% + 3x =a =
} @ =
- 80x, + 10535 =4c-a 9

 We multiply second equation by 5 and then subtract fromla

the third equation. Thus we get the equivalent system
-2x + 34 =a
-6x + 15x3 =2b-a 3
N 30x3 = 4c a- lOb + 5a

whxch is in echelon form
From the third equatlon we get X3 = 1 5 (2a~ 5b + 20)

Putting the value of x; in the second equatlon,

we get-6x, +2a-5b+2c=2b-a

or, 6xp -2a 5b+2c-2b+a= 3a 7b+2c
Xy Fg : (32— 7b + 20).

Again puttmg the values of Xy and x3 in the ﬁrst equatlon
wegctx, (3a 7b+2c)+5(2a 5b+2c) a )
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Vor, 15x1—15a+35b 10c+6a~-15b+6¢=15a

or, 15xl 242~ 20b + de , S sf
=15 @4a- 20b+4c) o
Therefore, (a, b, c)= 15 (24a 20b+4c) w +
1 (3a-7b +20 u, +5 (2a-5b + 20) ug. ‘

Hence u;, uy, ug, span IR3
Verification of the result
) %(24a—20b+4c)~%(3a—7b+,2c)+§(2a—5b+2c)
(24a 20b + 4c — 15a + 35b— 10c + 6a - 15b + 6¢)
. =+=(30a~15a + 35b~ 35b + 10¢ - 10c-15(15a) =a.

{

—15(12a—10b+2c 30a + 70b - 20c + 18a - 45b + 18¢)
115(30a 30a + 70b — 55b + 20c - 20c)
= (15b) = b.
(iti) (6a 5b+ )1 (12a - 28b + 80) + 1 (18a - 45b + 18
"‘ﬁ {(6a ~5b + ¢~ 60a + 140b - 40c + 54a - 135b + 54¢)
=+ (60a - 60a + 140b - 140b + 55¢ - 40c)
__15(150)_

Hence the result is verified.
6.12 Row space and columnspaoeofamatrix

Let A be an arbitrary m xn matrix over the real field IR:

ay; a2 - @
A= az; Az . A2y

am1 8m2 -~ 3mn
The m rows of A are R; = (a;;. 212, -+ am)
Rp = (a1, az2, - 2n)s -oo R = (amh 2.+ Amn)-
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Again, the columns of A are

a)y an &1n

az) ag2 Qgn
Ci= . |G| | G=| 0

Am] am2 ~ Lamn

These n columns of A viewed as vectors in Rm, span a
subspace of R™ called the column space of A.

Definition : For any two subspaces Sand T of a vector
space V, their sum S + T is the set given by fusv Tues and veT).

Theorem 5.11 For any two subspaces S and T of a vector
‘spaceV, S + Tisa subspace of V. o :

Proof : Clearly, 0=0+0eS+T: SoS+T¢z

i,e. S + T is non-empty. :

Letxye S+T o, BeF. Then x=1u; +Vv;,y=Ug +V;

where u;, uz €S and v;, voeT.

Thus ox + By = a (u; +vy) + Plug + va)

' =ony +ovy +fug +Pva

= onyy + Bug + oy + v (1)
Now since S and T‘are subspaces 6fV‘
ou; +PugeS and ovy +Pree T.
Consequently, (1) gives that ax + ByeS iT
HenceS+TisasubspaceofV o e

6.13 Direct sum of subspaces

The vector space V is said to be the direct swin'of its
subspaces S and T, denoted by V = S @ T if every vector veV can
be written in one and only one way as v =u + w, where ue S and
weT. > , :
Theorem 5.12 The vector space V is the direct sum of its
subspaces S and T if and only if (i) V = S + T and (il) SNT = {0}

Proof : Suppose that V= S @T. Then any veV can be

uniquely written in the form v = u + w, where ue$S and weT.
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Thus in particular ; V=S + T.

Now suppose that ve 8 N T, Then

(1) v=v + 0, where ve S and QeT.

{2) v = 0 + v, where OeS and veT.
; Smce such a sum for v must be unique.
Lv=o0; Accordmgly 5nT = {0}

On the other hand, suppose that V=S8 +Tand SNT = {O}

Let ve V since V = S + T, there exist ueS and weT such that
v u + w. Now we have to show that such a sum is unique. If the
sumlsnotumque letv=u+w whereu'e Sandw’s T. ’Ihen
u+w=u+wandsou-u =w-w. Butu—ueSandw—weT
hence by SNT = {0}, u-u"=0and w" - w >=‘ 0.

Therefore, u = u” and w = w". Thus such a sum for ve V is
unique and V=8 @T.

Example 15. Let S and T be subspaces of IR® defined by
' S={a,b,0,0) |a,beFland T = {(0, 0, c, d) k, d €F}. One can

easily verify that both these subsets are subspaces of R

The zero vector of IR is 0,0,0,0.Thenz=(a, b, 0,0

=(0, 0, ¢, d) for some a, b, ¢, deF jmplies that
a=b=c= OHCHCﬁZ O0.sothat SNT={0}.
~ Therefore, S + T = S T, Now every (a;, by, c;. dy) eﬂi‘can
‘be expressed as (a;, b;,0, 0)+(0 0, c, dy) with (a, by, 0 0 eS

apd (0, 0, ¢1. dy) €T. This gives K" = SET.

EXERCISES - 6 (A)
Lietu=(1,2,1,~-2),v={3,0 4, l)and
T Yw=(s, 3, - 3, 0) be the vectors in IR}, Cornputethefoliowmg
'vectors (ﬁ2u+v w (if) 5u - 3v w.
" m 0F1,1,9-3)
SRR 11 5 [ A
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2.{()) Find xe ® such that u +x=v

whereu =(2,-1,0,3, 6) and v =(0.1,2.-1-2) [D.U.P. 1982
(11) Solve the vector equation u + x =V for the followmg

pair of vectors u and v in oo u—(a, 3, 3, - 6, 1)
, v~{2.4,—,3,‘,1),
. Angwers : (i) x= (—222—4—8) :
o @x=0 1,-5-5%0. .
3. Lety, =(-1, 3,2,0), ug—(2 0, 4 -1), u3,(7 1,1, 4)4:;(1
= (6, 3, 1. 2). Find scalars @, Oz, g3 and oy such that
alul + Ogllo +a3u3+a4u4 =10, 5, 6,-3)
Answer:o, =1, 05 = laa ~l.oy = L
4. Let V be a vector space over the fleld F. Let u and v any
movectorsmVandabeanyscglarmF
'~ Show that (i) (1) v=-v
| (i) afu - v) = ou - av. ‘
5.Verify whether the following sets are subspacesi of
Vs (R): ~
@ f(x. 2y, 8) : x, yeIR }
@ {lx, x+y. 32, x y. zelR }.
Answers: (i) The set is not a subspage. -

{ii) The set is a subspace. - S N e
XWSbowthatS:{(x,,xz.x:;)ﬁWalxx Xg + X3 =0} isa
subsps ofIRa ’ mul’m

Show that W= a, b, . & |(a, b, c,d)em and, .
V 2b - 2c - d = 0}, is 2 subspace of R*. gpgs.;gsg
Q/%h wthatw = {(a, b, c) lR3 la+b+c = 0} Is a SPbSPaCf-
of PH&M

how,thsitV={(a,b'c,d):é’R {a+b+c1-d Q)isa
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/ ich of the followmg are subspaces of R37
reae ol Sz lxy.2) eIR? ly 6z =0}
(h)’l; {(x,y 2) elR? lx+y+z 1}
' Answen j(i) Sisa subspace of IR3
hi) Tisnota subspace of R3
Show that W = {a.b, d la b, ce IR and2a b+c=10}is

ubspace of V3 (IR ). [D. U. P. 1984]
Show that each of the following subsets of the vector
is a'subspace of IR3 :

DWW={ab, o la+b=0} =
@ W={@a,b,c |[b+c=0}"
W) W={a,b,d l[c+a=0}.
13 LetW-{(a b, 1) |a, be IR} be a subset of the vector
space IR3 . Then show that W is not a subspace of IR3.

ID. U. H. T. 1990]

. l4LetW={ab,q |a>b} be a subset of the vector space RS .
Then show that W is not a subspace of [R®. [D.U.H T.1988]

- 15. Show that W = {(a, a, a) |a € IR } is a subspace of IR3.

[R. U. H. 1985]
16. show that each of the following subsets of the-veector
space IR® is a subspace of IR3 : |
- W, ={@a.b,0) labeR}

[D. U. P. 1985]

not

b

[D. U. H. T. 1986]

(i) W2 ={0,b,d) |b,ceR}.

real field IR . Show that W is a subspace of V if W consists of
: a‘ﬁ{ﬁ:ew-symmetric matrices (i.e AT = - A). [R. U. H. 1986}
" 18. Show that W is a subspace of IR* where B
m“"‘”ﬁw fa'b. c.0) la, b, celR }

T W=, . 5. %) lax, + 0 +ax + 0%, =0, O&GIR !

mopl

{84417 Let V be a vector space of all n-square matrices.over a

|
|

I T

. - VECTOR SPACES 249

19. Write the vectors (1, 0, 0) and (0, 0, 1) as linear
combinations of the vectors (1, 0, - 1), (0,-1, 0), (1, 0, 1)
Answers : (1,0,0)=3(1.0,-1)+0(0,1,0)+2 (1.0, 1)
(0.0, )=-3(1,0,-)+0(0, 1.0+ (1,0, 1)

@/ Write (5, .6, 0) as a linear combination of (-1, 2, 0),
3. 1.2). 4. -1, 0 and (0, 1, -1) [D. U. Prel. 1983]

Answer (6,6, 00=21,2,01+1(3,1, 2)+1(4 -1,00+ 20, 1, -l)
. Whether or not the vector (1, 2, 6) is a hnear

c ination of the vectors u; =(2, 1,0), uy = (1, -1, 2)
andu3—{03—4) [CUP19’79]
Answer : (1, 2, 6) can not be written as a linear

ination of U, Uy andu3 :
‘,@ Write the vectors (2, 3, -7, 3) and (- 4, 6
ling&f combination of the vectors
v1=2,1,0,3,v, =(3,-1, 5, 2, v3=(1,0,2,1)
Answer -1).(303, -7, 3) = 2v; - v, - V3
(i) (4, 6, -13, 4) =3v, =3vp - vg.
Determine whether or not the vector 3.9, —4 -2} is a
lme r combination of the vector set {(1, -2, 0, 3). (2, 3, 0, -1),
@, 1 2, 1} _ [D. U. P. 1984] ID. U. H. T. 1989]
Answer : (3, 9, -4,-2=1(1,-2,0,3)+3@2,3,0,-1}
-2(2,-1,2, 1),
24. Express the polynomial p = t2 + 4t - 3 over IRas a linear
combination of the polynomials o
Pr = -2t+5,p, =242~ Standp3=t+3.
Answer : p =-3p; +2p; +4p;. ‘
25. In the vector space IR® express the v = (1, - 2 5)asa
linear combination of the vectors vectors v 1 = (1 1, 1),
vy =(1.2, 3 andvg = (2, -1.-1).
Answer : v = —6v; + 3vy + 2v3. :

-13,4) as a
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~ 26. Determine whether (4, 2, 1, 0) is a linear combination
of each of the following sets of vectors. If so ‘find one such
combinatjon. :
: {1 {(1210)(1312)(6101)}
(i) B8.1.0, 1), (1,2,3.1), (0, 3, 6, 6}
(1i) ¥6,-1.2. 1), (1,7,-8.-2), (3, 1,0, 0) (3, 8 -2, -1}
Angwers : (i) 4,2, 1,0)isnota linear combjnation
(i) (4.2, 1,0 isnota linear combinatjon.
(iii) 4.2, 1,0 is a linear combination and
4.2.1,00=2(6,-1,2, N+1(1, 7-3—2)
-3(3, 1,0,0) + 0(3. 3, -2, 1)

27. Expressthematrix A= 2 3] asalinear
1 -1
combination of the matrices A,; = [1 0] Ay = [0 ]

and Ag= [..1 ol
- Ansyer :A=2A *3Aa+4A3
28. Express (if possible) the matrix A= [_1 __Q] asa
linear combination of the matrices
1 11 1 -1
Ay =[9 1] Aa*[_l o] apd Ag ¥ [
P.UHRT mx.a.u s. 1969)
w A can not be ¢xpressed as a linear combmation of

A A aI}d As.
' 28. Which of the following matrices are linear
combinations of the matrices

S g R A o e
K [ﬁ g] ) [_8 _8] |

snwwers : () [(j 3] =2A+B+‘C.

. U. K. T. 1988]

(ii) [—g —; ILABLE‘AT- Q_B-}-f‘

|

S OIR2.
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‘ 30.In [R3, let S={(1,2, 1), (3, 5, 0} and
T={1y 2; 1)' (3; 5. O)v (2v 39 "'1)}
e whether < S>=<T>.

iD. U. P. 1963)

3 a) Show that the vectors u; = (1, 1) and u; = {1,-1) span

Ql/&\tcmme whether or not the following vectors span IR3
ﬁ) ul = (1' 11 2]’ u2 = (11 _1, 2)9 us = (170y 1)

e il = (1 1.0,V = (1,0, D vs=(L, 1L 1)
Answer : (i) u,, u,, ug span IR3

) vy, vz, vy span IR?. “
3 Show that the space generated by the vectors

u,*(l 2,-1,3u; =2, 4, 1,2)andu3 =(3,6, 3, - 7)and the
space generated by the vectors v, = (1, 2, -4, 11) and
vz = (2, 4, -5, 14) are equal. fe. U.P. to78)

33.(i) Show that IRa 1.2, 1),2, 1,0, (1,-1, 2}

1. U. 5. 7. 1909]

(i) Find a conditionona, b, csothatv=(a, b, ¢}

is a linear combingtion of v, =(1, -3, 2) and
va= {2, -1, -1}, that is, sothatvbp}ongstospan vy, va).
Apsmppx: a+b+c=0.
4. anndeetl'lesubspamsoflmdeﬁnpdby
U={a.b,d:a=b=cjand W={{0, b, cj} o
Show that R3 = USW. ’ WVQ 1989

35. Show that each of the followmg subsets S is asubspace
of the indicated space V : :

@ V=IR, 8 is the collection of all triples (x, y, 2} such

thatx =yandz=0.

(ii) V=IR*, S is the collection of all 4—tuples x. y, z, t.) -
~ suchthatx-y=z+t.

/
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S

36. Show that xz plane W = (a, 0, ¢} in R is generated by -
(M (1,0, 1)and (2 0.-1) |
i) (1,0,2),(2,0,3) and (3, 0, ). o
37.() ProvethatS={x,y,z. ) eR |[x+y-z+t =0 and
2x =y} is a subspace of IR*. .
(ii) Prove that T = {{x;, %. ..., XJER? |x; + 35 + ... + X, = O}is
' a subspace of IR".
38. Let W, and W, be the subspaces of IR3 defined by
W, ={@a. b, 0) la. belR} ' ' -
and W, = {(0, 0, ¢) kbeIR}. Show that IR3 =W,®W,. .
39. Let W, 'and W, be the subspaces of IR? defmgd by
Wi ={a. 0,0) lacIR} and W, =0, b. d) [b, ceIRI.
‘Show that [R3 =W, GW,.
40. Let S and T be subspaces of IR* defined by
8={@,0,0,0r laclR}and T={0, b, ¢, d} |b,c., deIR}.

Show that IR? = S@T. ;
41. Let V({IR) ={[§ g :a, b, c.v de IR}. Then show that
V(IR)=W; ®W, where

W1={[g 3 »:a,b.deIR}.

w0 9] ccem}.

42. Let V be the vector space over the field F.
Show that V = W, ® W, where W; and W, are the subspaces
of symmetric and skew-symmetric matrices respectively

over F.

AVAILABLE AT:

VECTOR SPACES 253

<4 Linear dependence and linear independence.

Definition : Let V be a vector space over the field F. The
vectors vy, Vy, ..., Vi, €V are said to be linearly dependent over
F or simply dependent if there exists a non-trivial linear
combination of them equal to the zero vector 0.

That is, 0; vV} +0Vy + ... + OV, =0 where oy 0

forat least one i. . o

On the other hand, the vectors V1, V2, veees Vi I V' are said

to be linearly independent over F or simply independent if
the only linear combination of them equal to O (zero vector) is
the trivial one. that is,

01V) +0pVg + ... + OV, = 0 if and only if

O} =0 =...=0p=0.

A single non-zero vector v is necessarily independent.

nce av =0 ifand only if a = o,
- eorem 8.13 The non-zero vectors vy, vy, ..., Vy, in a vector
a& space V are linearly dependent if and only if one of the vectors
vk Is a linear combination of the preceding vectors
Vi V2 eens Vi
Proof : If vy =oyv; + 0pVy + ... + 04 Vi ).
. then a; v, +0pVy + ... + O Vg + (1) Vi + OVip + ... + OV, = 0.
\l\ and hence the vectors vy, v, , ..., v, are linearly dépendent.
Conversely, suppose that the’ vectors vl s V2, e, V, are
linearly dependent, then o, v, + 0oVy + ... + oUpVy, = 0 where the
scalars o, # 0, then a; v, +0pvy + ... + OVi + OV yp + .. + OV, = 0
Or, 041V} + 0gVy + ...+ 04 Vi = 0.

Now if k = 1, this implies that d1v1 =0,
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| with o, # 0, 80 that v; =0, giving a. contradlctlon, because
the v;.is a non-zero vector. Hence k > 1 and we may o
(o 5] Oy Olk-1
- write vg =~ (dk)vl —(ak) Vg = .. ( iy )vk_l

giving vy as a linear combination of Vi, V3, ey Vic

Thus the theoreth is proved.

Leima 1. Let V be a vector space which is spanned by a
finite set of vectors, say {v;, Vg, ... Vo }. Let U ={uy, ug, ..., uy} be
an tiidependefit set in V. Then k<n.

Prosf : Since fv;, va, .. vn} spans V, each ve‘étb‘i"in‘U is a
linear combination of {, Vs, ..., Vi) Le

up = OqVp + OgiVa + .. + 001 Vp

Ug = O1gV] + OggVg + ... + O Vp ()

th = GuVy + OggVa + oo + OV

Suppose that k>n, then the system

o1 X + 0oXs + ..o+ OgpXk =0 o
a21x1 + azg)oz + ...+ 0¥ =0 9

anlxl +0‘n2X2 +°‘nkxk =0

has at least one non- tr1v1a1 solution, say (b1 , b2 bk)
ap;by + Ogobg + ... + Oybx =0
a21b1 + oc22b2 ...+ dyby =0 3)

.. (x,,lbl + ocnzbz + ...+ ocnkbk =

. | Then b;u; +boup + ... + by ’

| =by (agyvy +0gve + ..o amvn)»+

by (C12Vy + OgaVa + -+ Vi)

+ bk(alkvl +@'a2kv2Av'§Lk‘éLé*A%ﬂ‘YD); e
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= (0 1by + Ayabg + ... + oy by)vy +
(a_‘a’lbl + azzbz +...4 aakbk) Vg +

+ (01 by + by + ... + o by)vy
=0v; +0vy + ... +0v,=0. e

Thus if k>n, we can choose by, b,; ..., by not all zero such
that bju; +... + byu, = 01. e. {uy, uy, ..., Uy} is a dependent set
which is a contradiction to the given condition. So we
conclude that k < n. Hence the lemima is proved.-.

Lemma 2. Let {u,,uy, ..., u;} be an independent set i a
vector space V. Let W be thie subspace spanned by {u;, us, ..., u,}.
Let v be a vector which is in V, but not in W thén

{u;, vy, ..., u, v} is an ihdependerit set. -

Proof : Letoyu; + opuy +.. + 0 Uy +av=0 (1)

We will show that a; =0y =...2c. =tt=0.

If a # o, solve for v. This gives. . -
= ﬁgz_ Ay 0572
Ve Wy W g @

The right hand side of this expressm (2) is a linear
combination of u;, u2, ceus U ¢ and henee in W, but the left hand
side of (2) is not in W; which is & contradiction. So-we eonelude
that a =o: Thlsglvesoclu1+a2u2+ A = 000 AR

Since {u;, W iy, Jis an mdependent sét, wé mdst have
) =0 =...=0 =0, ; ; RN

Herice e haVe:‘sHown'that‘dl aQ S a,oc ""6’ ey et

1TICL

Therefore, {u,, 4y, ', s Ur, v} 1s an mdependent set

¥ T GATLT DT

So the lemma 1s proved

.....

Theorem 6 14 The non Zero I‘QWS of a rnatnx in echelon
lonn .1rc llnearly mdependent
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Koof : Suppose that the set of non-zero rows say
L Rpqs e , Ry} is linearly dependent Then one of the rows
say Ry, is a linear combination of the precedmg rows i. €.

Ra = Oms1 Rmer + Ome2 Rme + 00 % Ry (1)

Now suppose that the kth component of Ry, is its first non-
zero entry. Then since the matrix is in echelon form, the kth
components of Ry +1, --» Rn are all zero "and so the kth
component of (1) is 0.,,,',,1 0 + Opeg O + Omme20 + ... +0n0=0.But
this contradicts the assumption that the kth component of Ry
is not zero. Thus Ry, 'Ry, ...» Ry are linearly independent.

Hence the theorem is proved
Theorem 6.13 Let vy, Vi,
vectors and a vector u is a linear combination of v, V2, ---» Vm
... + OV Where oy are scalars. Then the

Vg bem linearly independent

je u=0yV) +0zve +
above representation of u is unique.
Proof : Given u=0,V) + V2 +.
Suppose that the representation of u is not unique.
'Ihen letu=pvy +Bv2 .- ¥ BV 2)
: where B, are scalars.
‘Now by subtracting (2) from (1), we get

c+ OV (1)

0=u-u = {oy-p)+02- Bz)vw . + (O~ Br) Vim
‘But the vectors vy, Va, - 'm are linearly independent.
So that this implies 0 —B\ =0, soes O~ Bu=o0

iLeo= =By, o Om = Bee

This proves that u = 1V1 + OgVg + .
‘representation of u as a linear combinatlon of vy. Vs - Ve 1

Theorem 6.16 Supose that the set {v;. va. - ., Vm} is linearly
mdependent but the set {vi, V2, <0 Vmo w} is hnearly

dependent Then w is a hnear cornbmatlon of the vectors

AVAILABLE AT:
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Proof : Sinee the set {vy, v, ...
there exist scalars a,, 0z, ...
oV +0p Vo +

» Vm- W} is linearly dependent‘
, 04y, B not all o {zero), such that

+ OV + Pw = 0.

If = o then one of the ¢, is not zero and

0 V) + QgVy + ... + OpVy = 0. But this contradicts the
hypothesis that {vy.vs, ...,

Accordingly ﬂr‘ 40 and so

w”( ﬁ)"l ( B)V2+s +( )Vm

That is, w is lihear combination of the vectors V1.V, i Vi
eorem 6.17 Let u;, u,, ..., u, be any n linearly-

independent vectdrs in a vector space V. Then any n + 1)
vectors vy, Vg, ..., Vn.1. €ach of which is a linear combination
of u;. Up, ..., U, are linearly dependent. 2 -

Proof : We prove the result by induction on n. If any of the
v,' s is zero, then trivially given (n + 1) vectors are linearly
dependent, So we suppose that none of the v;, s is zero. Now as
v, and'v, are both linear combinations of u;, ug, ..., ..., Up With
n=1, wegetv, =aquy, Vs = oy with a; # 0.0 # 0. '

Vi v
This gives u, = a = a2
2

Vm } I8 linearly independent.

v
or, _“-z=u1—u1=0.
o Oy

o (1—21 v, =0
Hence v, and v, are linearly dependent.
To apply induction suppose that the result holds for any k
linearly independent vectors where k < n. We can now write
Vi =0l + Opollg + ... ’
Vi = 0piU) + Ogollp + ...

- or, Vl

+alnun )
+ OognUp ’

Vn+1 =0Upe1 Wy ¥ (X,n+l’2u2 + .
- for sbme sealars oy in F.
Linear Algebra_l'?

+ 0(nlrlnun
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| Ifam;o for everyi=1, 2, ..., n + 1 then each of v; is a linear

- combination of (n - 1) vectors u;, ug, ..., u,; and the induction

hypothesis will yield that v;, vy, ..., V5-are also linearly
dependent and consequently vy, va ... , Vg, are also linearly
dependent. : o

" So we suppose that at least one of o, # o.
Letoc,naeo,thenforeachi:z. 3,..n+1
— Oy OV = (o — oynOy Q1™ Wy +
(042 — QUnOigGin ™) Ug + .o + (O4n g ~ Oup®1m1 1Y) Une
~So by induction hypothesis the vectors
Wy = V; - O4n0uy~ vy (2<i <n + 1) are linearly dependent.
Consequently, there exist B, B, .... Bn+1 in Fs not all zero, such
that fowy +B3ws3 + ... + BpsiWnsy =01 €.
By (Vo —0lon®1571Vy )+ B3 (V3 — Ggn@yn~ Vi) + '
N\ R Cnern®in-1V1) =0
i. e - (B202001n7! ‘*‘_Baasndlvn'l + .o+ Bon Onern@int) V1
+Byvy +PB3va + ... + Boe1 V= 0. ‘

This gives that v, Va, .... Vp+1 are linearly dependent.

. Hence the theorem is proved.

Theorem 6.18 Every set of vectors containing a dependent

subset is dependent and every subset of an independent set is

.independent.

Proof : First portion ‘
Suppose that the set S = {vy, Va, ..., Vi)
constains a dependent subset, say {v;, va, ..., Vi}

Since {vy, V. ..., V;} is linearly dependent, there exist

' scalars ¢, g, ..., 0y not all o, such that

0 V] +0gVy + ... + 0V, =0

AVAILABLE AT:
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Hence there exist scalars a;, &, ..., ¢, 0, .., O not all o

(zero), such that o;v; + OgVy + ... + OpVy + O Vpyy + .0 + ovm = 0.
Accordingly, S is dependent.

Second portion : Let T = {v;, Vs, ..., Vp} be an independent
set then B,v; + Byvy + ... + BV = O implies that

Bi =Bz = ... =Pn=0 |
Now let {v;, Vg, ..., vi} k < m be a subset of T, then there exist
scalars By, B3 . .... Bpx whereeach §;=0,i=1, 2, ..., k such that

Bivi +Bova + ... + Bvy = 0 Therefore, the subset {v;, vy, ..., %} is
independent.

D OUT EXAMPLES
. Prove that the set of vectors -

{2, 1,2),(0,1, -—1) 4, 3, 3)}is hnearly dependent.
Proof : First Process

Set a linear combination of the given vectors equal to zero

by using unknown scalars x, y, z : .
x(2,1,2)+y(0,1,-1)+2z4, 3,3 =(0,0,0)
or, 2x,x 2x+(0,y.-y)+ 4z, 3z 32 =(0,0,0)
or, 2x+0+4z, x+y+3z 2x-y+32=(0,0,0 ~~ ==

Equating corresponding components and forming the:

linear system, we get
5#

2x+0+4z=0 : wg
x+y+32=0} (1 , W
2x-y+32=0 ‘

Reduce the system to echelon form by the elementary
transformations. Interchange first and second equations.
Then we get the equivalent system

X+y+3z=0
2x+0+4z=0} (2)
2x-y+32=0
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We multiply first equation by 2 and then subtract from the

second and third equations respectively. Then we get the

equivalent system
x+ y+32=0
-2y-2z=0 }
-3y-3z2=0

3

Divide second and third 'equaﬁons by-2 and-3 respectively.

" Then we get the equivalent system

x+y+32z=0 :
y+ Z=0} 4
y+ z=0

Since second and third equations are identical, we can

disergard one of them. Then we have the equivalent system

x+y+3z=0
y+ z= 0] ' 5)
elon form and has only two non-zero

This system is in ech
Z€ero

e unknowns, hence the system has non-

iequations in thre
ependent.

Thus the original vectors are linearly d

solution.

Second process : Form the matrix whose rows are the
lon form by

rs and reduce the matrix to row eche

giveﬁ vecto
using the elementary row operations.

21 2
[O 1 —1]
4 3 3

& we multiply first row by

; - 2 1 2, nee ar:
£ . ~{0 1 -1 |

e

9 and then subtract from the third

ot W

R
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we subtract second row from the third row.

2 1 2
~‘:O 1 —l]
o 0 O

This matrix is in row echelon form

hence the given vectors are linearly dependent.

Example 17. Show that the set of vectors
{3.0,1,-1),2.-1L 0, 1),(1,1,1,-2)}is linearly dependent.
D. U. S. 1984]

and has a zero row;

Proof : First process

Set a linear combination of the giv
zero vector using unknown scalars X, y, g

x(3, 0,1, - 1) +Y'(2, -1,0,1)+2 (1, 1,1,-2=00.,0,0, 0

or, 3% 0, x -1 +(2y,-Y. 0 y) +(z22-22=0.0 0,0)

or, (3x+2y +2, 0—y+z,x+0+z,—x+y—22) =(0,0,0,0)

Forimt the homogeneous linear equations by equating the

en vectors equal to the

corresponding components.
3x+2y+2=0
-y+z=0
x+0+z=0 (1)
x+y-2z=0
Reduce the system to echelon form by elementary

transformations. interchange first and third equations.

Then we have the equivalent system

x+0+z=0

-y+z=0
3x+2y+z=0 @
-x+y-2z=0

we multiply second equation by -1.
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We multiply first equation by 3 and then subtract from the
third equation. We also add first equation with the fourth
equation. Then we get the equivalent system.

x+0+z=0

y-2=0
2y 2z=0 3)
y- z=0

Again, divide third equation by 2. Then we get the

equivalent system

¥ x+0;z=o

"‘Z=0
- ;-—Z:O (4)
y- z=0

*  Since second, third and fourth equations are identical, we
can disregard any two of them. Thus the system (4) reduces to

x+0+z=0
y-z=0

(5)

This system is in echelon form and has only two non-zero
equations in three unknowns ; hence the system has a non-
zero solution. Thus the original vectors are linearly
dependent.

Second Process : Form the matrix whose rows are the
given vectors and reduce the matrix to row echelon form by

using élementary row operations :

3 01 -1
2 -1 0 1
L1 1 1 -2

Interchange first and third rows,

r1 11 -2 | )
~[2 -1 0 1
3 O 1 AYLAjLEAT: )

4
4
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We multiply first row by 2 and 3 and
the second and third rows respectively.

1 1 1 2
~l0 -3 -2 5
o -3 2 5

263

then subtract from

We subtract second row from third row.

1 1 1 -2
~lo0 -3 -2 5
o 0 o O

This ma

hence

Proof : First Process
Set a linear combinatio

zero vector us

x@2,-1,9+y@3.6 2)+z(2, 10,-4) = {0,

or, (2x, - x, 43 + (3y, 6Y. 2y)+
or, (2x+ 3y + 2z,

Form a homogeneous syste

< in row echelon form and h
£n vectors are linearly
e 18. Show that the vectors 2,
(2, 10, - 4) are linearly independent.

as a Zero row;

dependent.
-1,4)(3,6,2and

n of the given vectors equal to the

ing unknown scalars X, ¥, 2 ¢

0.0
2z, 10z, ~42) = (0. 0, 0)

- x+ 6y + 10z, 4ax+2y-42=0.0, 0)
m of linear equations equating’

the corresponding components :

ox+3y+ 22=0
_ x+6y+10z=0
4x+2y- 4z=0

Réduce the system to echelon form b

transfromations. Interchange

} w

y the elementary

first and second equations.

Then we have the equivalent system

—x+6y+10z=0
2x+3y+ 22=0
ax+2y- 4z=0

|
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~ We multiply first equation by -1 and we divide third
equation by 2. Then we have the equivalent system
x-6y—-10z=0
2x+ 3y + 2z=0} 3)
2x+y - 2z=0
We multiply first equation by 2 and then subtract from the
second and third equations. Then the system reduces to
x- 6y~ 10z=0
} (4)

15y +22z2=0
13y + 182=0

Pt

We multiply second equation by ll% and then subtract

from the third equation. Then we have the equivalent system

x-6y-10z=0
15y + 22z =0
y + 2 } (5)

-152 =0

3
i o Al B § i mocae vt §

which is.in echelon form.

In echelon form there are exactly three equations in three

o i

- unknowns; hence the system has only the zero solution x = 0,
y =0, z = 0. Accordingly, the vectors are linearly independent.
Second Process
'Form the matrix whose rows are the given vectors and
reduce the matrix to row echelon form by elementary row
operations.

2 -1 4
3 6 2 J
2 10 -4

We divide third row by 2 and then interchange with the

first row.
1 5 -2
~[3 6 2:’
2 -1 4
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We multiply first row by 3 and 2 and then subtract from .
the second and third rows respectively.

TLT 5 -2
~{0 -9 8
0 -11 8

We multiply second row by 191 and then subtract from the

third row.

i6
0 o -1

.1 5 2
~':0 -9 8 thich is in row echelon form.
Since the echelon matrix has no zero-row, the veetors are
linearly independent. )
Example 19. Let u, v and w are independent vectors, Show
that u + v, u-v, u- 2v + w are also independent.

_ : [D. U. S, 1980, 1983}
Proof : Set a linear combination of the given vectors equal
to the zero vector using three unknown scalars x, y, z :

S xu+vi+tyu-v)+zu-2v+w) =0
O, MW+ XV+yu-yv+zu-2zZv+zw=0
or, x+y+zju+x-y-2zv+zw=0 (1)

Since u, v and w are linearly independent, the co-efficients
in the above relation (1) are each O (zero), that is,

xX+y+ z=0
x—‘-,y—22=0}
z=0

The only solution to the above system is x = 0, y=0,z=0.
Hence the given vectors u + v, u - v and u - 2v + w are
independent.

Example 20. Test the dependency of the following sets :

W{(1.2,-3),2,0,-1).(76.-11)

(i) {(2; 0, -1), (1, 1, 0}, (O, - 1, 1)} [D. U. P. 1984}
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Solution : (i) Set a linear combination of the given vectors -

equal to zero vector using three unknown scalars x, y, z
X1,2,-3)+y(2,0,-1)+2z(7,6,-11) = {0, 0, 0)
or, (x, 2x, - 34 + (2y, 0, -y) + (72, 6z, - 112) = (0, 0, 0)
or, (x+2y + 7z,2x+ 0+ 62, - 3x~y-112) = (0, 0, 0)

Equating the corresponding components and forming the
linear system, we get
X+2y+7z=0
2x+ 0+ Gz=0} (83]
~-3x-y-11z=0
Reduce the system to echelon form by the elementary
operations. We multiply first equation by 2 and then subract
from the second equation. We also multiply the first equation
by 3 and then add with the third equation. Then we have the
equivalent system '
X+2y+72z=0 }

-4y- 82=0 2

5y +10z=0

We divide second equation by ~ 4 and the third equation by
5. then we have the equivalent system
' X+2y+7z=0
y+2z=0 }
y+2z=0

3

v Since second and third equations are identical, we can
disregard one of them, Then the system (3) reduces to

o}l w

The system, in echelon form, has only two non-zero
equations in the three unknowns; hence the system has a
non-zero solution. Thus the original vectors are linearly
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(ii) Set a linear combination of the given vectors equal to
the zero vector using unknown scalars x, y, z

X¥2,0,-1)+y(1,1,0 +20-1,1)=(0, 0. 0)

or, (2,0, - +(y.y. 00+ (0, -2 2 =(0,0,0)

or, 2x+y+0,0+y-2z-x+0+2}=(0.0, 0}

Equating corresponding components, and forming the

linear system we get

2x+y+0=0
O+y-2z=0 (1)
-x+0+z=0

Reduce the system to echelon form by the elementary
operations. We multiply third equation by — 1 and then
interchange with the first equation. Then we get the
equivalent system

x+0-z=0
O+y=-z= O} 2)
x+y+0 0

We multiply first equatlon by 2 and then subtract from the
third equation. Then we get the equivalent system

x+0-2=0
y- z=0} &)
y+22=0

We subtract second equation from the third equation.

Then the system (3) reduces to

y-z=0 4)

3z2=0
From. the third equation we get z = 0. ‘
Putting z = 0 is the second and first equations we get y = 0.
x = O respectively. Thus x =0, y = 0, z = 0, Hence the given

vectors are linearly independent.

x+0—z=0}
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Example 21. Let V be the vector space of all 2 x 3 matrices
over the real field IR. Show that A, B,CeV :

a-li 2 3]st 1 3]

andC = [2 10 -1 ] are linearly dependent.

[D.U.H.T. 1986]

| Proof'LetxA+yB+zC-O'wherex,y,ze IR.

1-1 47 3-8 71 [ooo0
Then’C[z 4 1]+Y[4 5 -2 ]*ZT[2 10 -1 ]=[ooo

x—2x3x] [y—y4y ]

2x 4x x]7tlay 5y -2y
3z -8 7z] [
2z 10z - z

X+ y+3z -2x- y- 82 3x +4y+7z] [O 0
2x+4y +2z 4x+5y+10z x-2y-2z J=loo o0

=¥=)
o ©O0
OO
ol

.Equating corresponding components and forming the
linear system, we get
X+ y+ 3z=0
2x+4y + 2z=0
-2x-y-82=0
4x+ 5y +10z=0
3x+4y+ 7z=0
v x-2y~- z=0
Reduce the system to echelon form by the elementary
.. operations. We multiply 1st equation by 2, - 2, 4, 3 and; 1 and
- then subtract from 2nd, 3rd, 4th 5th and 6th €quations
respectively. Then we have the equlvalent system.
X+ y+3z=0
2y - 4z=0
y=2z=0
y-2z=0
y-22=0
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We multiply 2nd equation by 3 anid 6th equation by -1.
Then we have the equivalent system -

x+y+3z=0
y-2z=0
y-2z=0
y-2z=0
y-2z=0
y-22=0

Now 2nd, 3rd, 4th, 5th & 6th equations are identical, we
can disregard any four of them.

Thus we have the equivalent systefn
X+y+3z=0 |
y-22=0} _

,This. system is in echelor'pflorrn'-‘ héying twa equations in
three unknowns. So the sySterﬁ has 3 -2 = 1 free variable
which is z. Thus the system has nén;Zérd'fsoiﬁﬁons.

Letz=1,theny=2andx=-5. =

~~B5A+2B+C=0

Hence the givenmatrices A, B and: C are linearly dependent.

Example 22. Let P(t) be the vector space of all polynomials
of degree < 3 over the real field IR. Determine whether the
following polynomials in’ P(t) are linearly dependent or
independent :

u=t3 +41:2 2t+3 v=t3 +6t2 - t+~4and' -

w=3t3 +82 -8t + 7.

Solution : Set a linear combination of the given

polynomials u, v and w equal to the zero polynomiai using the

unknown scalars x, y and z; that is, xu + yv + zw = 0.
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Thus x [{t3+ 4t2-2t + 3} +y (t3 + 6t2-t + 4) + z (3t3+ 8t2-8t+7) =0
or, xt3 + 4xt2 — 2xt + 3x + yt° + 6yt2 -yt + 4y + 3zt3 + 8zt?
-8zt +72=0
or, (x+y+32) t3+ (4x+6y+82) t2 + (-2x-y-82) t + 3x+ 4y +72=0

Setting the coefficients of the powers of t each equal to O
(zero), we get the following homogeneous linear system :

x+ y+3z=0
4x+6y+82=0
2x- y-82=0
3x+4y+7z=0

Reduce this system to echelon form by the elementary
operations. We multiply lst equation by 4 -2 and 3 and then
subtract from 2nd,’ 3rd and 4th equations respectively. Then

we have the equivalent system

x+ y+32=0
" 2y-4z=0
y-2z=0
y-2z=0

Interchange 2nd and 4th equations. Then we have the

equivalent system
x+ y+3z=0
y-2z=0
y-2z=0
2y-4z=0

| We multiply 2nd equation by 1 and 2 and then subtract
from the 3rd & 4th equations respectively. Then we have the

equivalent system '

x+y+3z=0
y- 2zv#ABE Al x+y+3Z O}
0+ 0= 0 [OF? Y1229
Daco0r=0

VECTOR SPACES 971

This system is in echelon form having two equations in
three unknowns. So the system has 3 - 2 = 1 frree variable |
which is z.

‘Hence the syétem has non -zero solutions. that is,

xu +yv+zw=0doesnotimplythatx=y=z=0.

Thus the given polynomials u, v and w arelinearly

dependent.
EXERCISES-6(B)
1. Show that the vectors (1, 0, 0), (0, 1, 0) and (1, 1, O)in
V; (IR) are Jipearly dependent [D.U.P. 1980}

_¥hich of the following sets of vectors in R 3 are linearly
indépendent? '
@{(1,0,1),3.2,6), 45, —2)}

@) {(1, 4. 2), (3.-5, 1), (2. 7, 8), -1, 1, 1)}

Answérs : (i) Independent (ii) Dependent.

3/ Prove that-the following sets of vectors in R?3 are
linearly independent; )
@ {(1, 0, 2), 1, 1, 0}, (0, 2, 3}}
(i) {(1, 1, 1), (0, 1, 1,) (0, O, 1)}

4. (i) Prove that the set of vectors (2, 1, 1), (3, - 4, 6)
and (4, -9, 11) is linearly dependent in IR3. [D. U. S. 1983
(i) Test the set {1, O, 1) 1, 2, 2), (3 7, 1)} for linear
(lependence on IR3. T '

&

Answer : {ii) the set 1s 1ineaﬂy independent. '
5. Show that tile set of vectors
S = {(1.0.0). 0. 1,0}, (0,0, 1). (1. 1, N} in IR is linearly
dependent but that any set of three of them‘ is linearly

tndependent,
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6.Fést whether the following sets are linearly independent :

© ®{©, 0. 1, (1 1.2 (3, 4, 1}} , |
@) {1, -1, 3 (1, 4, 5), 2-3. 7 _ | | |
@8 {1, 1, -1, (1. 2. 3% @, 5, -3}} D.US 1983, P.U. P. 1981]

: (1) Independent (i) mdependent (iii) dependent.
. 7/ Examine the linear dependence of the followigg two

. subsetsof B3:

'S = {(L 0, -1), £3, 2. 6}, (4, 5. -2}
@ T = (1, 1,1), @ 0. O). (1, 1, 0} |
Answers : (i) S is linearly independent.
| (i) T is linearly dependent. '
8. () Decide whether S = {, -4, 2, (3,-5. 1), 1.1, 1)1»);;
lineaﬂy independent subset of IR® D. U.1 ;’ f -
(i} Constder the subset {(1. 3, 2), (1, -7.-8) 2, 1‘—J l’01979;
Test the dependence of the subset. [D J. P. 197
Answers : (8 S is linearly independent.
(i) The subset is linearly dependent.
o, Show that the véctors w= (6,2, 3, 4. v=(0.5."3. 1
and w = (0, 0, 7, -2) are linearly independent.
10. If the vector get vy, vz, valis independent. provg thatd e
(a) the set vy +V2 ~ Vs, V1 — V2 + v3} is indepen

K

[D. U. P. 1983]

-Vs3, Vi

is de t.
- 3v, — V3, Vg +Va} i dependent.
and B &5 {Vl‘-+V2 e + ’ ,-3 [D. U. P. 1984]
: .
Determine whether or not the following vgctors in IR®.

" are linearly dependent or independent :
v, =1.-2 D, vp=(2 1L-1vs= (7,4 1)

P =2,1,o,-3)andw=(3,-6.1,4)
m)u‘u’ 2.4 Dv=t : [C.U.P. 1978]

[C.U.P. 1973]

(i) vectors are linearly dependent.

Answers : AVAILABLE ”l'inearly independent.

{ii) vectors are &

i

{D.U. S. 1980] ]
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12. Determinc whether each of the following sets are
ilncarly dependent or linearly independent :
Wio. 1.0 1)(1,2 3, -1)(8.4.3,2), (0, 3, 2, 0}
w (1. 3, 2), (1, -7, -8), (2, 1, -1} ID. U. Prel. 1983]
Answers : (i) vectors are linearly independent.
’ (ii) vectors are linearly dependent
13. (i) Show that the set {(4, 4, 0, 0), (0, 0, 6, 6) (-5, 0, 5, 5)} is
linearly independent in IR%. . o
(i) Prove that the set {(1, 0, 2, 4), (0, 1. 9, 2), (-5, 2, 8, =16}
is linearly dependent in IR4. ,
14. Determine whether the following sets of vectors in IR*
are linearly independent : . S
1{3.0,4,1),6.2,-1,2),(-1,3,5,1),(-3,7, 8, 3)}
(i) {4.-4.8,0),(2,2,4,0),(6,0,0,2), (6, 3,-3,0)

Answers : (i) The set is linearly independent.
- -{ii) The set is linearly independent.
15. Show that the following sets of vectors in IR3 are
early dependent : SRR Co
f Wi 1,-1), (1,23, 3.5 -3) : { ID.U.S.1981]
D@42 1,1).3,-4.6) (4 -9 11} [D.U.S. 1983]
16. Show that the following sets of vectors in [R3 are
linearly independent : ' : - Co
@ {1, -1, 3), (1, 4, 5), (2, - 3.7)} . U. H. 1974]
L -2 1,2 1,-1), (7. -4, 1} [C. U. P, 1973]
~ 17. Determine whether the following sets of vectors in IR3.
are linearly dependent or indepencdlent : |
@ -2. 1,2 1.-1), (7, -4, 1)}
@i {-1, 1, 1), (1, -4, 2} (3, -H, 1)}
Answers : (i} Linearly dependent

C. U. P. 1973]
[D. U. P. 1982]

(it} Linearly independent.

Linear Algebra-18
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"18. Prove:that the followmg set of vectors in IR3 is linearly -

dependent :
3.0, —3) (-l ‘1,2, 4. 2 =2), 2, 1, ).
- k1.9 Which' of ihe followmg sets of vectors in R3 IS lmearly
" dependent:
M {2, -1, 4] (3, 6, 2) (2 lO —4)} .
@) {(1, 3, 3). (0, 1, 4), (5 6, 3) 7.2, -1)}
Answers : (i) Linearly independ’ent (i) Linearly dependent
20. Determine whether the following sets of vectors in IR4
“are linearly dependent or mdependent ;
@11, 2, 1,-2), (0. -2, -2, 0). (0, 2, 3 1), (3 o, 3 6)}
(i) {(3,0,4, 1), 6,2,-1,2), (-1, 3,5, 1), (-3, 7. 8, 3)}

(i) Linearly independent (if) Linearly independent.
21. For which real values of A do the following vectors

' form a Imearly dependent set in [R3?
’ ; 1 1 1
"(—’é,?&,—"ﬁ andv3=(—§.—§,)»).

A

V., V4 W, W+ u

' (11' AV, U-V, U-2v+w

are also linearly independent.
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24. Show that the vectors ' ‘
(1.1,2,4),2.-1,5,2),(1,-1,44, Q) and 2, 1, 1,6)
arc linearly dependent in IR4,
25. Let V be the vector space of all 2 x 2 matrices over the
real ficld IR. Show that the matrices A, B, Ce V are linearly
independent where :

11 10
A= [1 1] B"[O 1]andC [O 0] [R.UM. Sc. P, 1988]
26. In vector space V (IR) of all 2 x 2 matrices detérmine
whether the following matrices are Iinearly dependenti; "

]B ]a“d[—4 0

Answer Linearly dependent RS N
27. Let V(IR) be the vector space of all 2 x3 matrices over .
the real field IR. Show that the followmg matrices in V(IR) are .

A=| ],B [_21 3’g]andc [4 > 2
V, (IR) be the vector space of all polynomials of
< 2. Show that the set-

12 +t4+ 2,262 + ¢, 362 + 2t 4 2} of polynomials is Hnearly
depende ~ [D.U.P. 1987].
29 Let V(IR) be the vector space of all polynomzals of
legrée <3. Determine whether the following polynomials are
Inearly dependent or independent : S

(1) t3+21244t-1,213-2- 3t+5,13-412 +2(+3
(1) t3-3¢2 - ~2t+3, 23-5t2-5t+ 7, 13 - -2t2-3t+3
Answers : (i) Linearly independent
(i} Linearly independent.

6.15 Basis aud dimension of a vector space
Deflnition : Let V be a vector space and {vy, vy , .., v

Imlt‘ net of vectors in V.
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We call {v,, va, ..., vy} a basis for V if and only if
(i) {vy, vq, ..
~(ii) Vi, va, ..., G e . _
. Definition : Lete; =(1,0,0,...,0), e =(0, 1,0, .., 0}, ..., -
.= (0, 0, ..., 0, 1). Then {e,, ey, ..., €,} is ‘a linearly
independent set in IR". Since any vector v =(vy, Vg, o Vil in

B#:can be written as v = v; € +Vgey k... + ynen, {e1. ez, ..., €4}
e} is a basis. It is called the

.+ Vp} is linearly independent.

vy} spans v.

spans IR" . Therefqre, fe;, ez, .4
standardbasis of usual basis for [R".

Definition : A non- zero vector space V is called finite
dimensional if it contams finite set of vectors {v,, Vg eees Vil
which forms a basis:for V. If no such set exxsts, V ls called
infinite dimensional. T ‘

Dgﬁnition H The dimnsion of a finite dlmensmnal vector
space‘xs the number of vectors in any basis of it.

v Or, equwalently, the dimension of a vector space is equal
to the. maximum number of linearly independent vectors
contained M it; o

“‘Definition : Ifvy. vy,
V such that every vector v eV can be wntten in the form |

vy are vectors of a vector space

V=0V iH0aVy +.... + 0.V, where o are scalars, then vl , Vo,

., Vp is called a generating system of the vector space V

rE R

Theorem 6.19 fVisa vector space of dlmenaxon n, every

generating systemof.V..contains.n,: but hotrmore than n,

linearly independent vectors. . . EERAE S N
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Proof: Letv,. vy, ..
be the greatest number of linearly independent vectors that

.. Viy be any generating system of V. Let r

can be chosen from vy, vy, ...,
V). Vg ... v, are linearly independent but that v,, vy, ..., v;, Vrag

Vm. Then we may assume that
are lincarly dependent for j = 1, 2, 3, ..., m - r, Hence we have a
non-irivial relation o;v; + 0pVg + .. + 0pVp + OpyyVryy = 0 ... (1) in
which o, # 0, since otherwise the above equation (1) would be
a non-trival relation between v,, va, ..., v, contrary to the
linear independence of these vectors. Hence the above
equation (1) defines v,,; as a linear combination of v}, v,, ..., V;
for j = 1, 2, ..., m - r. Therefore, it follows that v;, Vg, wir Vi, IS
also a generating system of V. ey

Now any set of more than r vectors of V is linearly-dépen-
dent. Since the dimension of Vis n, V «certainly contains n
Inearly independent vectors. We must have n <r. But since V
contains r linearly independent vectors u,, ug, ..., 4, we also
have r <n. Hence r = n and the theorem is proved.

Theorem 6.20 If V is a vector space of dimension n, évery
basis of V contains exactly n linearly independent vectors,
conversely, any n linearly independent vectors of V constitute
a basis of V., . , ‘

Proof : Since every basis is a generating system, it
contains n but.not more than n linearly independent vectors.
Since the vectors of a basis are linearly independent,
therefore, it contains exactly n vectors in all. :

Conversely, let v; v,, ..., v, be any n hnearly independent
vectors of V and let v be any other vector of V. Since n is the
dimension of V, the (n + 1) veclors v, v, ..., v,,; v are linearly

flependent and there exist a non-trival relation of the form
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0 Vy + QgVy + ... + QpVy + 0V = 0. Moreover o # 0. Since

otherwise ‘'we would have a non-trival relation among

V1, Vg, ..., V. Hence we have
' o0 oy Oy
VE=—V] -2V — ..~V
a 'Ta 2 a ®

It follows that every vector veV is a linear combination of
Vi, V2, ..., V4 and hence these n vectors form a generating
system. Sinceé they-are linearly independent; they also form a
basis of V. Hence the theorem is proved.

Theorem 6.21 Let V be a vector space of dimension n and
-V, (r <n) be any r linearly independent vectors of

v, of V which

let vy, vo, ..
V. Then there exist n - r vectors v,,;, Vp.g. ...,
together with v, vy, ..., v, constitute a basis of V.

Proof : Since r < n, the vectors vy, vs, ..., v,, do not generate
the whole space V. Hence there exists a vector v,,;, of V that is
not in the space generated by v,,v;,.,v,.The vectors v,,v,, .., v,
Vi, are therefore linearly independent, for if

U1V +0pVy + ... + 04V, + Oy Ve, =0.

We must have o,;; = 0. Since otherwise Ve would belong
to the space generated by vy, v, ......, v,. Then it follows that
=0z =... 0 = 0 since v, vy, ..., v, are linearly independent.

Now if r + 1 <n, we can repeat this argument to obtain a
Vr+1. Vr+g are linearly

vector v, such that v,, vy, ..., v,

independent and so on until we have n linearly independent
Vs Vr+i’ Vre2s wees

vectors vi, vs, ..., v,. These n vectors constitute

a basis of V. Hence the theorem is proved.

Theorem 6.22 If {v,, v, ..
V, then every vector veV can be expressed umquely in the
- + OV,

©  AVAILABLE AT:
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Up, Vi, ool
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Proof : Since {v;, vy, ..., v,} is a basis of V, any vector

v €V can be written as a linear combination of the vectors

Vi, Vg, o Vpl. €, v=0yv) +05vy + ...

Therefore. we have only to show that the co-efficients a, . oy,
., 0, are uniquely determined by v. Suppose that

+ o,v,, where ; are scalars.

V=0V F 0Vt + 0V, = iV + B2V2+ o ﬁnvn v

Then (0 - B1) Vi + (@~ Ba) Vo + .. + @~ Bo) v =0

Since vy, Va2, , Vo are linearly mdependent, it follows
that a; ~B; =0, 0p—By =0, & — By = 0, that is, o, =P, o = By, ...,

o, = By. Hence the theorem is proved,
Theorem 6.23 Let W be a subspace of an n-dimensional
vector space V. Then dim W < n, In particular, if dim W = n

"then W=V.

Proof : Since V is of dimension n, any n + 1 or more
vectors are linearly dependent. 1 ‘

Furthermore, since a basis of W consists of linearly
independent vectors, it can not contain more than n elements.
Accordingly dim W < n. In particular; if {w;, ws, ..., w,} is a
basis of W, then sinee it is an independent set with n elements,
it is also a basis of V. Thus W =V, when dim W = n. Hence the
theorem is proved.

Theorem 6.24 If S and T are subspaces of a fxmte
dimensional vector space V over the field F then

dim (S + T) = dim S + dim T - dim (SNT)

Proof : Let dim S =s, dim T = t and dim (SNT) = .

Let {u;, ug, ..., u;f be a basis of SNT. Since SNT is a subspace
of S, We can extend the above basis to a basis of S, say {u,. u,, ,
vs. ¢ }. This basis has s elements since dim S = s
Similarly, we can extend the basis {u,, 1, ..., u;} to a basis of T;
U, Wy, Wa, ..., Wy o}
Vars Wi ey

say {u;, ug, ...,

Let A ={u,,us, ..., u,, vy, ..., Wi}
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Clearly, A has exactly s + t - r elements. Thus the theorem
is proved if we can show that A is a basis of S + T. Since {u,, v}}
generates S and {u;, wy} generates T, the union A = {u;, v;, wy}
generates S + T. Now we have only to show that A is linearly
mdependent
Suppose that a,u, + (xguz + v o + By 4+ BeyVe s
+ y,w, 4o + Yoy Wiy =0, (1)
\where o, Bj, Yy are scalars inF.
Letv=oyu; +..+0.u +BVy + ... + Py Vvss, (2)
- Then form (1) we get
V=-YiW - Y2 Wo < e = Yer Wi 3
Since {u;, vj} €S, ve S by (2) and
Since {wy} CT, veT, by (3)
Accordingly ve SNT. |
Now since {u} is a basis of SNT, there exist scalars §,, ..., &
such that v = §;u; + 3u, + ... + §.u,. Thus by (3), we have
Siuy + Uy + . +EU YW+ o+ Yy Wi =0

But {u;, wi} is a basis of T and so is mdependent Hence the

above equation forces y; =0. ..., %, = 0. Substitutmg this into

(1), wegetouy +...+ o,u,“+ ﬁlv, +.. 4 Bey ver =0.
~ But {u;, vj} is a basis of S and so is independent. Hence the

above equation forces o; =0,...,0, =0,B; =0, ..., B, =0.
So the equation (1) implies that o;, ; and v are all O (zero),
So A = {u;. v;, wy} is linearly independent and form a basis of

S +T.
Thusdim(S+T)=s+t-r=dim S +dim T - dim (SNT).
Hence the theorem is proved, ., . ‘
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Corollary : If S and T are two subspaces of a finite
dimensional vector space V such that SNT = {0} then
dim(S+T=dimS+dimT,

Proof : Since SNT = {0}, dim (SNT) =0

Thus dim (S + T) = dim S + dim T -dim (SNT) implies that
dim (S + T) = dim S + dim T, Hence the corollary is proved.

6.16 Quotient space

Definition : Let W be any subspace of a vector space V over
the field F. Let v be any element of V. Then the set W + v = {w + v
: e W} is called a right coset of W in V generated by v.

Obviously’,’ W + v and v + W are both subsets of V. Since
addition in V is commutative, therefore, we have W + v =v + W.
Hence we shall call W + v as simply a coset of W in V generated
by v.

Properties: (i) o0oeV=W+0=W

(i) WeEW=W4+0=W
(iit) W + v, and W + v, are two cosets of
W inV.thenW+v; =W+vy v, —-voeW

Theorenr8.25 If W is any subspace of a vector space V over
the field F, then the set V/W of all cosets W + v; where v, is any
arbitrary element of V, is a vector space over F for the vector
addition and scalar multiphcation compositions deﬂned as
follows -

W +v)}+ W +vy)) =W+ vy +vy) for every vy, vo V.

and o (W +v;) = W + av; where oc F and v, eV.

Proof : Let vy, vy €V then v +vpeV and also

a€F, v;eV = av,eV, Therefore, W + (v, +v,) € V/W and also
W +av,eV/W. ~

Thus V/W is closed with respect to addition of cosets and
scalar multiplication as defined above,
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fet W + v,
and W + vy = W + v, where vy, vo'€V. .

o
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=W +v, wherev;, v;'eV.

=W+v,=v; -vieW
—VQ)EW.

Now we have W + v,
and W+ vy =W +vy = v,

"Since W is a subspace of V, we have

—V, €W, vy — Vo €W =V -V, + Vg — vgeW
= (v} +Vg) - (v +v2')eW
=:»W+(v1 +vy) = W+(v, +vo ]

=>(W+V1)+(W+V2) (W+V1)+(W+V2)
’I‘herefore addition of cosets in V/W is well—deﬁned
Again, BeF, v; - v, 'eW = f{v, - v, )eW
= pv; - vy W ‘
=SW+pv, =W+pv,".

Therefore, 'scalar multiplication in V/W.is also well

defined.

"I‘hen(W+v1)+(W+v2) W+(v,+v2) W+(v2+v1)

(i) Addition is commutative
Let W +v;, W+ v, be any two efements of V/W

=W+vp ) +(W+v))
(iii) Addition is associative

e S
Let W +v;, W + v, and W + v3 be any three elements of V/W. -

Then (W +v;) + {(W + v,) + (W + v3}]
= (W +vy) + W + vy + v3)]
=W + [v] + [vy +vg)]
=W + [{v| + Vo) + V3]
=W+ (v; +v3)] +.(\V_+W3)
= [(W + ) W+ Vo)) + (W + v3)

b,
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(1) Existence of additiveidentity Fi e e
If O is the zero vector of V, then y o
W+0O=WeV/W.IfW +v, is any element of V/W,
then (W + Q) +W+v)=W+O+v))=W+v,
- W+ O = W is the additive identity;
(iv) Existence of additive inverse.
IfW + v, is any element of V/W, then
W+ (~v;) =W - v, eV /w. Also we have
W+v))+(W-v) =W+ V,-v;)=W+0=W.
- W~v; is the additive inverse of W + Vi.
Thus V/W is an abelian group with respect to addition
composition.
Further for scalar multiplication, we observe that if
o, Be Fand W +v,, W+ v,eV/W, then
V) W +v1) + (W + Vo)l = o [W + (v + v
=W +a (v, +v,) Since aW =W
=W+ v, + o)
=W+ ov)) + (W + ovy)
=W +v;) + 0 (W + v,).
V) (a+B)(W+v))=W+{o +Pv,
=W+ (ovy +fvy)
=W +av))+ (W + fv;)
=aW+v))+BW+v)).
vii) 0B (W + v} =W + [@fi)v, =W + alfvy)
=0 (W + fvy) = ofB(W + v, )]
(viii) 1 (W+v)=W+1v; =W +v, where | eF, ;
Thus V/W is a vector space over the field F for the addition

ol cosets and scalar multiplication. The vector space V/W is.
called the Quotient space of V relative to W.

The coset W + O = W is the zero vector of this vector space.
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6.17 Dimension of Quotient Space.

Theorem 6.26 H W is a subspace of a finite dimensional
vector space V over the field F, then dim V/W = dimV - dim W.

Proof : Let m be the dimension of the subspace W of the
vector space V. Let S = {w;, Wa, ..., Wy} be a basis of W. Since S is
linearly independent subset of V, therefore, it can be extended
to a basis of V.

Let S = {w;, Wa, ..., Wp, , V1, Vg, -y

ThendimV=m +r.

s dmV-dmW=(m+1-m=r.

So we have to prove that dim V/W =r.

Now we claim that the set of r cosets

S;={W+v;, W+Vy, ..., W+V,] is a basis of V/W.

First we have to show that S,is linearly independent.

The zero vector of V/Wis W. -. .

Let oy (W+Vy) +0p (W4ve) 4. 40, WHv)=W

= (W+0vy) +W+0pva)+ ..+ WH+ov)=W

v,} be a basis of V.

=W+ {0V, + Ve + ... + 0,V )=W

= (V) +0pVy +... + OpV, €W

= 0;Vy +0pVy +... +0pVe =Bwy + BoWo + ... + BrWin
Since {w;, Wa, ..., Wy is a basis of W.

= 0 V; +0pVy + ... + 0V, — Wy~ BoWs — ... = BmWm=0
=0 =0,0=0 ..,0,=0 "

., W, are linearly
W +v,} is

Since the vectors vy, Va, ... Vr, Wy Wa, .
independent. Thus the set S; = {W + v, W+ vy, ...,
linearly independent.
Now we have to show that L (S;) =V /w. ie $ spansV/w
Let W + v be any clement of V w. ThenveV can be expressed as
L+ v,

<+ YW + 8lvl + 62"2 +
+A&|VABLE AT:

vV =YW + Y2 Wo + .
=W+ 5]\7] + 62\72 + ...
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where w =y, w) + 3wy + ... +y,W,eW.
SOW+vaW+(W+8 v, +8,vy +... +8,.v,}
=W+w +8;v, +8vy +..., +8,v,
=W+38v) +8,vy +... +8,v, 7
SinceweW . W+w=W
=W+8,vi)+(W+8va) +... + (W +8v,)
=5, (\V+vl)+82(\hl-§\}2)¥..‘.+8,(\v+v,) 7

Thus any element W + v of V /v can be expressed as linear
combination of S; ={W+v;, W+v,, ..., W+v,]}
~V/iw=L(S)
So S, is a basis of V /w
Thus dim V /w =r = dim V - dim W.
Hence the theorem is proved.

6.18 Coordinates of a vector relative to a basis

Let {v,, va, ..., v,} be a basis of an n dimensional vector

space V over the field F Then any vector ve V can be expressed

uniquely in the form V=XV, +XV) + ... + XV,

where x; e F (1<i <n) ‘and (x1, x3, ...,x,) are called the

co-o;dinates of v relative to the given basis. There is clearly

one-one correspendence between Lhe vect;pr veV and ordered

n-tuples (x;, x, ... x,,) with elements in P

One can easily verify that if v, w have co-ordinates

(¥, x. .. xu) (yl . Y2. ... Yo} respectively and oe F, thenv +w
has co- ordmates (vc, + Y1 Xy + Voo oo Xp + Yn) and ‘ av has

Co- oxdu‘dtes (ax, UXa, ..y OG,).
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6.19 Solution space of a homogeneous system of linear

equations

a; X, +ajeXg + ...+ &k =A0
ag1 X1 + Qg9Xg + ... + QopnXn =

{1)
amX; + amaXg + .t AmnXn =0

is a homogeneous system of m linear equations mn n

unknowns over the ‘real field IR . The solution set W of (1) -

constitutes a subspace of IR® and this subspace is called the
solution space of the system of linear equations.

As for examples / ,
(i) The solution set W = {(2a, a) : ac IR} of x- 22y =0
is a solution space and W is a subspace of R”.

(ii) The solution set W = (-2a, -a, a) a€ IR} of the linear

system of equations X ~¥ +z=0

} is a solution space and W is
y+z=0

& subspace of IR®. |
Remark : The solution set W of the non-homogeneous

> : @2
linear system X la,j x=bli=12 .. m A

over the real field IRdoes not constitute a subspace of IR" .’
Theorem 6.27 (Without proof ) |
The following three statements are eguivalent :

- i) The system of linear equations AX = B has a solution

7o) B’ié a linear combination of the columns of A

(iii) “The “coefficient matFixsAsand t}{e augmented matrix |

{A, B) have the same rank.
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is and dimension for the general solution of a
Mnear system.

Let W denote the general solution of a homogeneous linear
system. The non zero solution vectors uy, uy, ..., ug are said to
form u basis of W {f every solution vector we W can be
expressed uniquely as a linear combination of u,, ug) ..., Us.
‘Mhe number s of such basis vectors is called the dimension of
W. writtcn as dim W = s. [If W = {0}, we define dim W = 0} .»

6.21 Procedure of finding the basis and dimension of the
solution space of a homogeneous linear system. L

Let W be the genefal solution of a homogeneous linear
nystem and suppose an echelon form of the system has s free
vartables. Let u;, us, ..., ug be the solutions obtained by setting
one of the free variables equal to one (or any non-zero
ronstant) and the remaining free variables equal to zero.

‘Then dim W = s and uy; Ug, ..., U, form a basis of W.

Theorem 6.28 The dimension of the solution space W.of
the homogeneous sysiem of linear equations AX = 0 ds n-r
where n is the number of unknowns and r is the rank of the
voellicient matrix A: ] »

Proof : Suppose uj, ug, ..., u; form a basis for the colwmn
mpnce of A (There are r such vectors since rank of A is r). By
theorem 6.27, each system AX = u, has a s'o]uijon say v;. Hence |

Av, =1y, Avy =Wy, ..., AV, =u; (1) '

Huppose dim W = s and wy, wy. ..., W, form a basis of W.

Lot B3 = vy, Vg, ., Ve, W, Wo, ..., Wl

We claim that B is a basis of 1R .

Ihus we need to 'prove' that B spans IP” and that B is

k Wnenrly independent. -
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(1) Proof of "Bspans IR* "
Suppose ve[R" and Av = u. Then u = Av bekongs to the
column space of A and hence Av is a linear combination of the

u, sayAv = Uy + Uy + ... +0eU, ()

Let v = v -0V —0OgVy —... — &V,. Then using (1) and (2) .
we have A(V) = A (v -, V; —0pVa — ... ~ Urly)
= AV - 0,AV; - 0y AV ~ ... — O AV,
= Av - (ot + Oug + ... +a,u,),
=Av-Av=0 ‘

Thus v’ belongs to the solution space W and hence v'.is a.:
linear combination of w,, say

s
V= Bw; +Bawy + ... + BsWs =jzi1 Bw;.

r r s
Then v=v +X o = 204Vi+ 2 Biw
o i=1 =1 j=1-

Thus v is a linear combination of the elements in B ‘aund :

hence B spans [R” .
(ii) Proof of "B is linearly independent’
Suppose Y\Vy +YaVe + ... + %V, + 3w+ 8wyt ... +8W; =0

“Since w; W, each Aw; = 0. Using this fact and
(1) and (3), we get
0=A0)=A|Y yv,+ 2 Sjwj =2 Y Av + I §Aw,
i=1 j=1 i=1 _j=1’ o
s |

=X yu+2 §0=viuy +Yalp + o FYelre
i=1 =1 \
ance U, Ug, oo Ur are lmearly mdependem each Y = O
Substltutmg this in (3), we get 8;wy + ... + dW; = O o

AVAILABLE AT:" .

@
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However. w,. wy, ..., w, are linearly independent. Thus
cach §; = 0. Therefore, B s lincarly independent. Accordingly,
Bisabasis of IR". Since B hasr + s elements, we haver + s=n.
Conloquently diin W = 8 = n ~ r. Hence the theorem is proved.
lxlmple 23. Prove that the vectors {1, 2, 0), (0, 5, 7) and
(-1, 1, 3) form a basis for |g3
Proof : The given vectors will be a basis of IR3if and only
if they are linearly independent and every vector in [R3 can be _
written as a linear combination of (1, 2, 0) (0. 5, 7) and (-1, 1 .3).
First we shall prove that the vectors are lineaxly independcnt
For arbitrary scalars x, y, z, let
A1,2,0)+y (0.5, 7 +2{1,1,3)=(0, 0, 0)
or, {x, 2x, 0) + (0, 8y, 7y) + (-z z, 32) = (0, O, 0)
or, (x-2z,2x+ 5y +2 7y + 32 = (0, O, 0).

Equating corresponding components and forming linear
system, we have

X -z=0

2x+5y+z=0} ' 03]
7y+3z=0

Reduce the system to echelon form by the eble‘mentaxy

transformations. We multlply first equation by 2 and then

subtract from the second equation.
Thus we get the equivalent system

xX-2=0 .
- 5y+32=0} . . (2)
7y+3Z=O
OF, we can write
X- Z =0 .
3z+5y=o} (3)
z+7y= ,

LincarAlgebra-19
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We subtract second equatlon from the third equation.
"Then we get the equlvalent system ' ¢ 7 '
v S ITROE 2 =0 : .
SRS 3z+5y=0. } 4
2y=0
‘\ Thls system is in echelon form and has exactly three
equatlons in the three unknowns hence the system has only
the zero solutlon ie.x=0, y 0 z 0. So the given veotors are
1inear1y 1ndependent
[By the apphcatxon of matnces we can also show that the
”glven vectors are linearly mdependent]
To show that the given vectors span R, we must show that
an arbxtrary vector v-=(a, b, ¢} can expressed as a linear
combma’uonv (a b, c}=x(1, 2, O)+y(0 5, 7)+z(—1 1, 3)

Then forming linear system, we get

x -z=a
2x+ 5y + z=b} . (5)
7y +3z=¢
Reduce this system to echelon form by this elementary
operations.
o We multiply first equation by 2 and then subtract from the
- second equation. Thus we have the equivalent system
x - z=a
5y+3z=b—23} (6)
7y +3z=c¢ S S

We subtract second equation f"fom the ‘third equation.

Then we get the equivalent system '

x - z=a N
5y+34mbm52aa } o
2y  =c-b+2ab]
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From the third equation, we have y = ; {c~-b+2a) |
Substituting the value of y in the second equation
wegetz:é(7b~5c-—14a) :
Again substituting z= 36— {7b - 5c — 14a) in the first equation,
we gel x—‘ (7b - 5¢c —~ 8a)
Therefore, v=-1{a, b, ¢} = é (7b - 5c - 8a) (1, 2, 0)
+3(c-b+2a)(0,5,7) +3(7b-5c- 14a) (-1, 1, 3)
Thus every vector in IR? can be expressed as a linear
combination of the vectors (1, 2, 0), (0, 5, 7) and (-1, 1, 3). Hence .
the vectors (1, 2, 0), (0, 5, 7) and (-1, 1, 3) form a basis of IR® .

’Wn Extenid {(2 0, 1), (1 1, 1)} to abasisof [R®. -
M 2 [D. U. P. 1984]

(ii) Extend the set {(3, 2, 1), (0, 1, 1)} to a basis of IR .
o [D. U. S. 1982}

Solution : (i) First we have to show that the given set of two
vectors is linearly independent. Set a linear combmatlon of
the two given vectors equal to zero by using unknown scalars'
xand y: ‘

| x{201)+y(1 1,1)=(0,0,0

or, 2x0,0+(y.y. Y) =(0,0.0)

or, 2x+y,y,x+y)={0, O O)

R
D quatmg correspondmg components and formmg the L

lincar system, we get

2x+y=0 o RS I pre
y O } Thus we haVe x= O,J ;/‘0,-;,'.:,

Henee the given two vectors m IRﬂ are linearly
independent. So {(2, 0, 1) (1, 1, I)Llsapart of the basis of

1
e nd henee we can extend them to a basis of IR® . Now we
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seek three :ihdependent vectors in [R?® which include the ‘given‘

two vectors. Thus we can easily verify that (2, 0, 1), (1,1, 1),
{0, 1. 0) are linearly independent. So they form a basis of

/]/15{3 which is an extension of the given set of vectors to a basis

R,

(i) First we have to show that the given set of the vectors is
linearly independent. Set a linear combination of the two
given vectors equal to zero by using unknown scalars xand y?

o x3,2,1)+y©0. 1, 1)=(0,0,0)
or, (Bx,2xxX+(0,y.y)=(0.0.0)
or, (8x2x+y, x+y=(0,0,0) ’
u+Equating corresponding components and forming the
linear system, we get : '

©oon 3x =0
,2x‘,+y,=_0,} Thus we have x=0,y = 0.
x+y=0 '

; ~ Hence the given two ‘vectors in IR? are linearly
independent. So the given set of vectors is a part of the basis of
:1R® and hence we can extend them to a basis of R3. Now we

seek three independent vectors in iR which include the given

. vectors. Thus we can easily verify that (3, 2, 1) (0, 1, 1), (1, 0, 0)
~ are linearly independent. So they form a basis of iR which is

ple 25. Determine a basis and the dimension for the

~ " blution space of the following homogeneous system:

!

l

i

extension of the given set of vectors to a basis of R3.

x-3y+ z=0 e
,2x—ey_+2z-.-o} @
38"9)"*3Z=Qv LABLE AT:
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Solution : The given linear system is

x—-3y+ z=0}

2x-6y +2z2=0 1)

3x-9+3z=0
Reduce the system to echelon form by the elementary
transformations. We multiply first equation by 2 and by 3 and
then subtract from the second and the third equations
respectively. Then we have the equivalent system .
x-3y+z=0
0=0 } =x-3y+z=0
0=0
This system is in echelon form and has only one non-zero
equation in three unknowns. So the system has 3 -1 =2 free -
variables which are y and z, Hence the dimension of the
solution space is 2 (two). SRS IPE AU P
Set (Jy=1, z=0l)y=0,z=11o obtain the respective
solutions vy =(3, 1,0Lvo =¢1,0, 1). ‘ ‘
Hence the set {(3. 1, 0}, (-1, 0, 1)} is a basis of the' Solution

spa e
M\& xample 26. Find the solution space W of the following

homogeneous system of linear equations :
x+2y~ z+4t=0 } e

2x- y+3z+3t=0 | D.U.HT1
4x+ y+3z+9t=0 ¢ '[i.:.UQH.lgsagjssl

y- z+ t=0 e _

2x+3y- z+7t=0 :

Solution : Reduce the given system to echelon fm'm'by the
clementary operations. We multiply 1st equation by 2, 4 and 2
and then subtract from 2nd, 3nd and 5tk equations
renpeciively. Then we have the equivalent systena '

x+2y- z+4t=0

-5y+5z-5t=0
-7y +72-7t=0
y- z+ t=0

- y+ z- t=0
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'We multiply 2nd, 3rd and 5th equations by — 5, -—17and -1)

respectively. Then we have the equivalent system

x+2y-z+4t=0

y-z+ t=0 '
y-z+ t=0 .
' y-z+ t=0
[ETETIE S y z+ t=0

Smce 2nd 3rd 4th & 5th equations are. 1dentlcal we can
disregard any three of them. Then we have the equivalent
_system ‘

X+2y-z+4t=0
y-z+ t=0

This system is in echelon form having two equations in 4

TR .

aré z and t and hence it has non-zero solutions. Letz=a and

t = b where a and b are arbitrary real numbers. Putting z = a

and t = b in the 2nd equation we get y = a = b. Again putting the

values of y, z and t in the lst equation, we get x =~ a - 2b.

Hence the required solution space is
W={a-2b,a-b,ab:abeR}.

@ample 27. Let S and T be the following subspaces of {R"‘

o S={xy.z ) ly-22+t=0 |

T={xy. 2zt |x-t=0,y-2z=0}

Find a basis and the dimension of (i) S (ii) T (iii) SNT.

Selution : (i) We seek a basis of the set of respective

sptuﬁpn {x, v,z t) of the equation y -2z + t = 0.

T e R T T T

o A E——— o S8

unknowns, So the system has 4 — 2 - 2 free variables which
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; The {ree variables are x, zand t. Set. | . ., Leoen sy ot

R TR V4 7 LT SRLAY AN

‘i'vz 1 35.8 mamada) x= 1,z=0,t=0 coagit 0N DRl g
Oy x=0.z= 1.t=0.

(© x=0,z=0,t=1.1o0 obtain the respective solutions

u, =(1,0,0,0), up = (0,2, 1,0 uz=(0,1,0.1)

The set {u; . Uy, uz} is a basis of Sand dim S = 3.

(ii) We seck a basis of the set of solutions (x. Yy, Z, t) of the

‘equations
x~- t=0
y-2z=0

The free varlables are z and t. Set(a)z=1,t=0,(b)z=0

= 1 to obtain the respectlve solutions u; = (0, 2, 1, 0) and
u, =(1,0,0, 1. The set {uy. uz}lsabams of Tanddim T = 2.

(iii) SNT consists of those vectors (x, Y. Z. t) which satlsfy

all condltlons given in S and in T. i e.

y-2z+t=0
x-t=0
y-2z =0
x - - .t=0 ) guptract second equation
or1, y- 2z =0 ¢ from the third equation.
y- 2z+ t=0 , o
- x-t=0
Then we have y-2z = 0} Which is in echelon form.
. 20
The free variable is z. Set z = 1 to obtain the solution
u=00,2.10). " '

Thus {u} is a ba51s of SNT and dim (SNT) = 1.
Example 28. (i) Let U be the subspace of R® spann@d
(generated) by the vectors. (1,.2. 1), (0, - 1, 0) and (2, O, 2). Find a

basis and the dimension of U.
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o (ii) Let W be the subspace of R spanned by~ the vectors“f '
(l -2, 0,0.3).(2.-5,-3.-2,6), (0,5, 15, 10, 0} and (2, 6, 18, 8,6).

Find a basis and the dimension of W.
Solution : (i) Forin the matrix whose rows are given
vectors and reduce the matrix to row-echelon form by the
elementary row operations.

F(l) 21 (l) 1 we multiply first row by 2 and then
B subtract from the third row.
|2 0 2] :
(12 17 Itipl d row by 4 and
o -1 o | wemu ply second row by 4 an
subtract from the third row.
|10 4 O] -
12 17 Itipl d row by 2 and
“lo -1 o |vemu iply second row by 2 an
then add with the first row.
0 0 0] »
1 0 17
~|0 -1 O |[we multiply second row by - 1
0 0 O]
1 0 1
o o]
0 00

This matrix is bin-fowv—echelon form and the non-zero
~ rows in the matrix are (1, 0, 1)’and (0, 1, 0). These non-zero

rows form a basis of the row space and consequently a basis -

- of U; that is, Basis of U={1,0,1),(0 1,0}anddimU=2.

(ii) Form the matrix whose rows are the given vectors and
.- reduce the matrix to rdw—e_chelon form by the elementary row

operations :

2 0. 0 3
-5 -3 -2 6
5 15 AVAl\QBLEQ ‘
6 18 8 6

NO N

:
§
i
{
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Reduce this matrix to row echelon form by the elementary

row operations.

we multiply first row by 2 and then subtract from the
second and fourth rows respectively.

1 -2 0 0 3
o -1 -3 -2 O
“10 5 15 10 O
0O 10 18 8 O

We multiply second row by 5 and then add with the third
row. .

1 2 0 0 3
0 -1 -3 -2 0
“lo o o0 o0 0
'Y 010 18 8 0

Interchange third and fourth rows

1 2 6 0 3
0 -1 -3 -2 0
~lo 10 18 8 0
0 0 0 0 0

We muiltiply second row by 10 and then add with the third

row.

1 -2 0 0 3
o -1 -3 -2 0
“fo 0 -12 -12 ©
0 O 0 0 0

L

We multiply second row by -1 and divide third row by -12, »

M. -2 0 0 3
6 1 3 2 0
{0 0 1 1 O
‘ 0 0

10 00
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. The above matrix is in row echelon form.
ixf()WS:-lﬁcd'@i‘s)fill the above maltrixavet
and {0.0. 1. 1. 0). These non-zero rows form a basis for the row
space and consequently a basis of W. Thus basis of W

={(1.-2.0.0.3). 0. 1. 3.2.0).(0.0. 1. 1.O} and din_iW':. 3.
Example 29. Lt W be the subspace generated by the
polynomials pi)= -2t + L
po =3+ 32 -t+4andp; 0= o3 + 2 -7 -7.
Find a basis and the dimeision of W.
W is a subspace of the vector space V (F).

< 3. Thus the set S, = {1.1. 2.} is

Solution : Clearly.
of polynomials in tof dcgrcc
a basis of V (F).

Now the coordinates of the given vectors Py (). po () and

ps () relative to the basis s, are (1. 2. -2.1). (1. 3. -1. 4) and
2.1.-7. =7) respeclivcly.

Forming the matrix whose rows are the above coordinate

1 2 -2 1°
1 3 -1-4
2 1 -7 -7

Reduce this matrix to row echelon fo

vectors. we get

rm by the elementary

row operatioiis. We multiply 1st row by 1 and 2 and thien

* subtract from 2nd & 3rd rows respectively. '
1 2 2 1 '
~lo 1.1 3
o -3 -3 -9
We mitliiply 2nd row by

12 2 1
~ (o 1 1@,}
loo 0 0

3 and then add with the 3rd row.

13620:000i3) @ ¥:3:2¢0) -

l

The NOEARYO:Ls: 101
W
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This matrix is in row echelon form having two -non-zero-
rows (coordinate vectors) (1, 2, -2, 1) it <[40 18) whieH will
form a basis of the vector space generated by the coordinafe
vectors and so the set of corresponding polynomials is
(3 + 22— 2t + 1, 2 + t + 3} which will form the basis of W.
Thus dim W = 2.

Example 30. Let U and W be the subspaces of IR* generated
by the set of vectors :

{1, 1,0,-1).,(1,2,3,0), 2,3, 3,-1J}and '

(1, 2. 2, -2, 2,3, 2,-3), (1, 3, 4, -3)} respectively.

Find (i) dim (U +W) and (i) dim (UNW). {D. U. H. 1998]

Solution : (i) U + W is subspace spanned (or generated) by
all given six vectors. Hence form the matrix whose rows are
the given six vectors and then reduce this matrix to row

echelon form by the elementary row operations :

11 0 -1
1 2 3 0
2 3 3 -1
1 2 2 -2
2 3 2 -3
1 3 4 -3

Reduce this matrix to row-echelon forit: by the élementary
row operations. ’

We subtract Ist row from 2nd, 4th and 6th rows. Also we
multiply 1st row by 2 and then subtract from 3rd and 5th

TOwWs.

K o i g s e

1
0
10
10
0
0

T poNWwWLO
Yout


http://www.onebyzeroedu.com

300 COLLEGE LINEAR ALGEBRA

We subtract 2nd row from 3rd, 4th & 5th rows. Also we
multiply 2nd row by 2 and then subtract from 6th row.

1 1 0 -1
o1 3 1
o0 0 O
~10 0 -1 -2
o 0 -1 -2
0 0 -2 -4

I

We multiply 4th row by 1 and 2 and then subtract from 5th

- and 6th rows respectively.

-1 1 0 -1
01 3 1

o 0 0 O
~{0 o -1 -2
o0 0 O

Lo 0 0 O
We interchange 3rd and 4th rows.

-1 1 o -1
o1 3 1
o0 -1 -2

“fo0 0 © 0
0 0 O 0
Lo 0 O o

This matrix is in row-echelon form having three non-zero

(1, 1,0,-1), (0,1, 3, 1) and (0. O, -1, -2) which will form a basis
of U + W. Thus dim (U + W) = 3.

(i) Let us first find the dim U and the dim W. Form the

matrix whose rows are the generators of U and then reduee the

matrix to row-echelon form by the elementary row

110 -1
l 2 3 QV{}ABLEAT:
2 33 -1

operations.
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We multiply I'st row by 1 and 2 and then subtract from 2nd
and 3rd rows respectively. ‘

1 1 0 -17
~l01 3 1
|0 1 3 1]
We subtract 2nd row from third row. -
r1 1 0 -17
~l0 1 3 1
(0 0 0 O]

This matrix is in row-echelon form having two non-zero
rows (1, 1, 0, -1) and (0, 1, 3, 1) which will form a basis of U.

Thus dim U = 2.

Again form the matrix whose rows are the generators of W
and then reduce the matrix to row-echelon form by the
elementary row operations.

122 -2
2 32 -3
1 3 4 -3

We multiply 1st row by 2 and 1 and then subtract from 2nd
and 3rd rows respectively.

12 2 -2
~{0 -1 -2 1]

o 1 2 -1

We add 2nd row with 3rd row.
. 1 2 2 -2

~{0 -1 -2

0 0 0 O

This matrix is in row-echelon form having two non-rero
rows which will form a basis of W. Thus dim W = 2.
Now by theorem we have
dim (U + W) = dim U + dim W - dim (UNW)
or, dim (UNW) =dim U + dimW-dim U+W)=2+2-3= 1
- dim (UNW) = 1 (one).
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Example 31. Let V be the vector space of 2 x 2 matrices over
the real field IR . Find a basis and the dimension of the
subspace W of V spanned by

1 2 "2 5 5 12 - 3
A=1 3]'B=[1 —1]’C=[1 1]‘a“dD=L2

Solution : The coordinate vectors of the given matrices
relative to the usual basis of V are as follows :

Al=(1,2.-1,8), Bl =(2,5 1,-1).[Cl= (5, 12, 1, 1} and

[D]=(8.4,-2,5).

Form a matrix whose rows are the coordinate vectors and
then reduce this matrix to row-echelon form by the
elementary row operations and join successive matrices by
the equivalence sign ~:

2 -1 37 )

1

2 5 1 -1
5 12 1 1
3 4 2 5

~ We multiply 1st row by 2, 5 & 3 and then subtract from

2nd, 3rd and 4th rows respectively.

1 2 -1 3 .

o 1 3 -7
‘ ~lo 2 & -14
' o 2 1 -4

We multiplsr 2nd row by 2 and -2 and then subtract from

" 8rd and 4th rows respectively.

-1 3 - :
3 -7 &
0 «”
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Interchange 3rd and 4th rows.

1 2 -1- 3'|
10 1 3 -7

60 0 7 -18

0 0 O 0

This matrix is in row-echelon form having three non-zero
rows (1, 2, -1, 8). (0, 1, 3, -7) and (0, 0. 7, -18) which are

linearly independent.

Hence the corresponding matrices [_11 g ] [g __-; } and
0 0.
7 -18 | form a basis of W and dim W = 3,

Example 32. Let V be the vector space of 2 x2 matrices over
the real field IR. Find a ba51s and the dlmel‘lsmn of .the

subspace W of V spanned by the matrices

a=[d 3] w4 de-[2 F - [ 7]

Solution : The coordinate vectors of the glven ‘matrices

relative to the usual basis of V are as follows

[A1=(1,-5.4.2). [B] = (1. 1.-1.5). [C] = @, ;4f"1§,*f'7')'5' e
and [Dj (1. - _5 1) ' '

Form a matrix=whose rows are the coordinate vectors and .
then reduce this. matrix to. row-echelon .form: by the
clementary row operations and join successive matrices by
the equivalence sign ~ | .

o
|

<)

i

— T
— NS

SRV

| -

o
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We multiply 1st row byr 2 and 1 and then subtract from
- 2nd. 3rd and 4th rows respectively.

1 -5 -4 2
0o 6 3 3
~lo 6 3 3
o 2 -1 -1

We multiply 2nd row by 1 and - !-, and then subtract from
3rd & 4th rows respectively.

1 5 4 2
0o 6 3 3
~lo o 0 ©
o 0 00

This matrix is in row-echelon form having two non-zero
rows (1, -5, - 4. 2) and (0, 6. 3. 3) which are linearly
independent. Hence the corresponding matrices

{_‘i -5 ] and [g g]fonnabasisofwlanddimw=2.

Exmmple 33. Prove that the vectors u, = (1,0, 2),
Ug = -1,1,0)and ug = (0. 2, 3) form a basis of IR’ and find
., the co-ordinates of the vectors v = (1 -1. 1) and w = (-1, 8, 11)
relative to this basis.

Proof : First Portion

The given vectors will be a basis. of R’if and only if they

are linearly independent and every vector in IR’can be
written as a linear combination of u;. uy and uz. First we shall
prove that the vectors u,;. Uz and u, a:~ linearly independent.
For arbitrary scal as Xx;. %, and x3
let xu; +%ug + X3t =0 .
" or, x4 (1.0.2) +p 1. 1.0)+%0.2.3 =(0.0.0
or, g —x.x%+ 2xyRoepnBx3) =0,0.0
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Equating corresponding components and forming the
linear system, we get

x - X =0 ‘
Xy +2x3 =0 . 1)
2x; +3x3 =0 ’

Reduce the system to echelon form by elementary transfor
mations. We multiply first equation by 2 and then subtract
from the tmrd equation. Thus the above system reduces to .

Xp =Xy =0 o
Xp +2x3=0 2
2, +3x3'=0} , @

Again we multiply second eQuation by 2 and then subtract
from the third equation. Then we get the equivalent system.

X X =0 . )
' Xy +2x3 =0 _ (3).
’ - Xg = 0

This system is in echelon form and has exactly three
equations in thrée unknowns, hence the system has only the
zero solution i. e. x = 0, y = 0, z = 0. Accordingly, the vectors are
linearly independent.

To show that u,, ugy and uz span R’ , we must show that an

arbitrary vector v = (a, b, ¢) can‘,be expressed as a linear

combination v = X1U; +XpUg + XUy
or,v=(a,b,d =% (1.0,2) + % (-1, 1,00+ x5 0,2, 3)

Forming the linear system. we get

Xy~ Xo = a
Xy + 2’(3 = ft
2x, + 3x3 =c¢ J 4
AY

bifeardlgebra-20
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Reduc
transformations.
We multiply first equ

" {hird equation, Thus we have the equivalent system

X1 - X =a
X +2x3 =D } : (5)
2xy + 3X3 = c-2a

e this system to echelon form by the elementary

ation by 2 and then subtract from the

‘We multiply second equation by 2 and then subtract from

the third eQuation. Then we get the equivalent system

X, — X2 =a ;
X +2x3 =D } 6)
-2a-2b :

From the third equation, we have x3 =2a+ 2b‘— c.

Substituting the value of x3
Xo =-4a-3b+2c.

Again, substituting the valu
getx; =—3a- 3b + 2c. Therefore,

v={3a-3b+2du + 4a-3b+2cug + (2a +2b-c)u3

or, (a, b, =3a -3b +2c} (1,0, 2) + (42 -3b+2¢-1,1,0

Thus every vector i
vectors (1, 0, 2), -1, 1, 0) and (0, 2, 3).

+ combination of the
u, and yg form a basis of R.

Hence the vectors Uy,
Second Portion : Let v = (1,-1, D =xu +xpuz * XzUg

or,(1,-1, D =x (L 0.2) +% (1, 1,0 + X3 ©, 2. 3).
Forming linear system, we have

Xy — X2 = 1
Xy + 2X3 =~ 1 ' N
2x, + 3X3 'EVAlLAIBL AT:

in the second equation, we get

e of xp in the first equation, we

+(2a+ 2b-c) (0,2, 3)

3 .
n IR'can be expressed as a linear
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Solving the system, we get x| = 2; )(2 =1,5=~-1. |
Thus v=(1,-1, 1) = 2u; + luy + (1) us.
So the vector v has co-ordinates (2, 1, -1).
Similarly, let w = (-1, 8, 11} =y, u; +youy +y3us
or,(~1,8,11)=y; (1,0.2) +y5 (1, 1,0} +y3 (0, 2, 3).

Forming linear system, we have

Y1 -Y2 =-1
yo +2y3 = 8}

2y, +3y; =11 @

Solving the system, we gety; = 1,y =2,y3=3

Thus w= (-1, 8, 11} = 1u; +2uy +3us

So the vector w has co-ordinates (1, 2, 3).
| Example 34. Given the vectors (2, 1, 1), (1, 3, 2), (1, 3, -1)
and (1, -2, 3). Test whether they are linearly indei)endent by
Sweep out method. '

ASolution sleta, (2,1, 1) +ay (1,8, 2) +a3 (1, 3, ~1)
+04(1,-2.3=0=(0.0,0},

where o, 0y, 03 and oy are scalars. then

(20 +0p + 05 + 0y, O +3a2 + 305 - 204 , 0 + 209 — O3 + 3Xxy)

= (0, 0, 0). Equating corresponding components from both

sides and forming linear system, we get

o + 30y + 303 - 204 =0

20, + G+ O3+ 04 =0
0‘1+20@~‘a3+3a4=o}
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1 O O3 Oy
2 1 1 1 |O—R,
1 3 3 -2 |0—>R,
o % % ';' O—-R,= }-;—‘-'lst pivotal row
03  § 3 |0-ReRsR,
5 |'O—=R
°f3 4 3 6= Rs™R,
Q| 1 -1 O—-R,= 135-5’-2nd pivotal row
2
O] -3 ) 4 O“')Rg = Rs_% R7
@ -4 Rg :
3 0—>R9=:§-3rd pivotal row

From the pivotal rows, we have
o) +%a2+%a3+§a4=0 (1)
Oy +03- 04=0 (ii)
 a3-304=0 (iif)

This system is in echelon form and has threg equations in
4 unknowns and hence 4 - 3 = 1 free variable which is a4.

Thus the system has an infinite number of non-zero
solutions. '

Let o, = t, where tis a scalar.

Then a3 =§t, o =—§t, ando; =-t

Since all a's are not zero, so the given vectors are linearly
dependent.

'Example 35. Are these vectors (2, 1, 1), (2. 4, 7). @4, —9 11)

dependent ?. Test by Sweep out method.

Solution : Let a; (2, 1, 1) + 0y (2 4,7N+034,-9,11)=(0,0,0)

Or, (20 + 205 + 403, 0 + 409 -~ 903, 01+ 705 + 1103) = (0, 0, 0)

VAILRBLE AT:
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Equating corresponding components from both sides and
forming the linear system, we get
20, + 205 + 403 =0
ao; +405 — 903 = 0}
o) + 705 + 1103 =0

hr O O3
2 2 4 . O=—-R,
1 4 -9 O—-R,
1 7 11 O-Rj
‘o—eR = —==1st pivotal row

@ |1 2 l; Ist pivotal
o3 -11 O>Rs= 2R,
Ootle 9 O—Re= R3 R,

. @ ‘13_1 o—>R7-_-R§5-2nd pivotal row

o 31 O—Rg =R -6R,

6 O—aRg— 31 =2 3rd pivotal row

From the pivotal rows, we have

o) +0y + 20:3 0 ‘ ' (i)
Oz ~3 0'3 =0 (i)
03 =0 } (ifi)

Therefore, the system has zero solution i. ¢ o; =0, = oz =0.
Hence the given vectors are linearly independent.

Example 36. Find the rank and the basis of a given set of
vectors {(2, -1, 5,4), (0. 1,2, 3), 4. 0, 6, 1), (0, - 2, 4, 7)

by using Sweep out method. o

Solution : Rank of a given set of vectors is the number of

linearly independent vectors of that set and these linear
independent vectors form a basis of that set.’
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2 -1 5 4 . ‘—)Rl .
0] 1 2 3 { PR,
4 0 .6 1 —Rg4
0 -2 4 7 -—-)R4
-5 2 2 -Rj5 = };—’ Lst pivotal row

—-Rg =R, ORy
2 -4 -7 2R; =R;- 4R,
=2 4 7 ‘—)R8=R4'—OR5

coo | ©
—_
0
o

Of 2 3 R4 EI-‘E. 2nd pivotal row

o8 -13 —=R, = R, -2Rg
0| 8 13 | ?R;;= Rg*2Rg

®| 7 | PRpe= %1-9 3rd pivotal row

010 — Ri3=R;8Ryy

Now the rank of the given set of vectors is' equal to the
. number of pivotal rows = 3. A basis of the given set of vectors

is{(1,-3,22,(01,23), 0,0, 1,3}

Since 0, (1,-3.5 2)+ %(0.1,2,3) + 03 0,0, 1,23 =(0,0,0,0)

implies o, =0y = 05 = 0. (Zero solution).

| 'EXERCISES - 6 (C)

1. Prove that the vectors (1, 1) and (1, 0) form a basis of IRZ_

2. (i} Prove that {(2, - 3. 1), (3, 2, 1), (0, 1, 1)} is a basis of IR’.

(ii) Prove that {(1, 1, 1, 1), (O, 1, I, 1).(0.0,1, 1)-(0.‘0, 0, 1)}is
a basis of IR*. ’

. PR
3. (i) Extend {(2, 0, 0, -1), (1, 3, -1, 0)} to a basis for IR".
( ) AVAILABLE AT: B [D. U. S. lm]
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(i) Extend {(1, 2, 0, 3), (2, -1, 0, 0) to a basis of IR".

Answers : (i) {(1, 3,~1, 0), (2, 0, 0, 1), 0,0, 1,0} (0.0,0, 1)}

{(1,2,03).2-1,0 0, (00,1, 0), (0, 0,0, 1)}

4. Decide whether S = {(2, 1,1).(1.0,0), (5, 1, 1)} is a linearly
dependent subset of IR>. What is the dimension of the
subspace spanned by S$? ; ; [D.U.S. 1982]

Answer : S is linearly dependent and ‘dimension of the
subspace is 2. , ' »

5. The subspace U of IR*is spanned by the vectors (1, 0, 2, 3)
and (0, 1, -1, 2) and the subspace V of IR%is spanned by

(1,2,3,4),(1,-1,5,0)and (0, 0, 0, 1),

Find the dimension of U, V, UnVand U + V.

Answers : dmU=2,dimV =3,

dim (UNV) = 1, dim (U + V) =4. _

6. Find a basis for the subspace of IRfspanned by the given
vectors : R

@ (1 1,-4,-3). 2,0, 2, -2), 2.-1,3,2
) (1,1,0,0),(0.0, 1, 1), (-2, 0,2,2(0,-30,3),
Answers : (i) {(1. 1,4, -3), (0, 1.-5, -2), (0, 0, 1, -}
@{(1.1,0,0, (0,11, 1), (0, 0, 1,1),(0,0,0,1)}.
7. Find the dimension of the subspace generated by the set
{1.2,1), 31,2 {1, -3, 4)} of V3 (IR) : [D.U.P. 1979}
Answer : The dimension of the sut")‘s‘pacebis 3.
8. Let W be the subspace generated by. the polynomials-
VISP -20 4484+ Lvy =20 -3¢ 49t 1, | |
Va=t046t-5v, =29 -6 4 7t45. .
Find the basis and dimension of W. :
; [C.U.P. 1973,'86;J. U. H. 1986 ]
Answer : Basis : {t3 - 2t2 4 4t + Lt2+t-3landdimW=2,
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9. Find a basis and the dimension of the subspace W of P(t)
spanned by the polynomials 7 k
HP,)=t3+22-3t+2,p, =13 +2t2 2t+3 and
P3 (t) = 2t3 + 3t -5t - 5.
i) P, @)= B3+ -3t+2, Py () =2t +t2 +t 4 and
Pg (t) = 4t3 + 3t - 5t + 2. ~
Answers : (i) Basis of W= {t3+2t2 -3t +2; 2 ~t+9,t + 1}
. dmW=3
(i) Basis of W= {t3 +12-3t+2, 2-7t+8,2}
dimW=3 : -
10 Determine whether the given set of vectors is a basis
for R*over R:(®M(1.1,0),(1,0, 1), (0, 1, ny ,
@) {1, 1, 2), 2, -3, 1), (10, -14, o)
Answers : (i) Set of vectors is a basis for IR®.
(ii) Set of vectors is not a basis for IR®

11. Let {v,, va , 3} be basis for a vector space V. Show that -3

fu;. ug, Uy} is also a basis, whcre u; =y U =v1 +v2 and
Ug =V; + Vg +Vg.
12. Let W be the subspace of R generated by the vectors
(1, -2. 5. -3), (2. 3, 1, -4) and (3, 8, -3, -5), Find a basis and the
dimension of W. _ [D. U. S: 1883}
Answer : Basis {(1, -2, 5, -3) 0.7, -9, 2)} dim W= 2.
13. Consider the following subspaces of IR5:
U=spanf(l, 3,-2,2,9).1,4.-3,4,2), 2,3.-1,-2, 9}
W= span{(13021)(15—663)(25321)}
Find a basis and the dimension of [D.U.H 1987

HU+W (i) UNW.
Answers : (i) Basis of U+ W ‘
={{1,3,-2.2,3).(0,1,-1,2,-1).10, 0, 2,0, -2)}.

AVAILABLE AT:

dim (U + W) = 3.
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- (i) Basis of UNW ={(1, 4, -3. 4, 2)}.
dim (UNnW) ='1.

14. LetSand T be the following subspaces of R*
S={xy zt)ly+z+t=0} '
T={xy zt lx+y=02z=24

Find the basis and the dimension of -

ms T ) sn'r '
Answers (i) Basis
{(1000)(0 =1,1,0). (O. lOl)}dimS 3
(ii) Basis : {1, 1,0,0). (0, 0.2, 1} dimT 2
(m) Basis : {(3, -3, 2, 1)}, dim {srm = 1.

15. Let W = {{a, b, ¢) la,b,ceRand 2a +b + 2c =0}

Find a basis and dimension of W. [D.U. Pmel. 1983]

Answer : {(1, 1, -1). 1, 2, 0)}1sab351sofWandd1mW -2

16. Prove that in m’ the vectors (1, -1, 0), (0. 1, —1) form a
basisforthe subspaceU .y, 2 em’ lx+y+z 0} i

17 F‘ind a basis of each of the following subspaces of IR

(1)U {(xy.2) |x-2z=0} '
@ V={xyzlx=0, andy+z 0}
Answers : (i) {2, 1.2), (1, 0, 1)} is a basis of U
@) {(0, -1, 1), (0, 1, ~D)} is a basis of V.

18. Let V be the vector space of all 2 x2 matrices over the’
real field F. Prove that V has dimension 4 by exhibltmg a
basis for V which has four elements. :

19. Let V be the vector space of 2 x 2 matrices over the real
field IR. Find a basis and the dimension of the subspace WofV:

spannedbythematricesA=[}§].B#[ ]andC- 32]

Answers:Basisofw={[i§]5 [_? (1)]} ‘

dimW=2.


http://www.onebyzeroedu.com

314 COLLEGE LINEAR ALGEBRA
20. Let V be the vector space of 2 x 2 matrices over the real
field IR. Find .a basis and the dimension of the subspace Wof V
spanned by the matrices

Af[—%% ]'B=[%_?]andC=[;g 4
Answers:BasisofW:{[_}%] [ 7] [7 18]}

dim W = 3.
21. Let V be the vector space of 2 x 2 matrices over the real
field IR. Determine whether » :
a3 0-[2 31 [ 9 Janen-[3 9]
form a basis for V. ' « -
Answer : They form a basis for V.

\é\ 22. Find the dimension and a basis of the solution space W
of the following system
x+2y+2z-s+3t=0 . .
57‘7/ X+2y+3z+s+ t= O} [D.U.S. 1980]
3x+6y+82+s+5t=0 %
Answer ; dim W = 3. ,
Basis : {-2. 1. 0,0, 0), (5,0,-2, 1,0}, 7, 0,2, 0, 1)}
.Determine a basis eind the dimension for the solution
space of the following homogeneous system '

2x; +2x - X3 +x5 =0
—X, =Xy +2x3 -3x4 + %5 =0
X+ X —-2x3 ~-x5 =0

X3 + X +x5=0

m\

[D.U.P. 1984 ]

Answer : Basis : {(-1,1,0,0.0), (-1,0.-1,0, 1)}
dimension = 2.
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4. Find a basis and the dimension of the solution space
for the following homogeneous linear equations :

X +2x% - x3 +4x, =0
2x1 -xy +3x3 +3x4, =0
4x; + X3 +3x3 +9x4 =0

X — X3+ X4 =0
21+ 3% - X3 +7x, =0

Answer : Basis : {1, 1, 1, 0), (-2, -1, 0, 1)}

[D.U.P.1984]

A

)} dimension = 2
7"\45 Find a basis and the dimension of the solution space
for the following homogeneous linear system :

xX+2y—- z+3s-4t=0
2x+4y~-2z- s+5t=0
2x+4y-22+4s-2t=0

; Basis : {(2,-1,0,0,0), (1,0, 1, 0, 0)}
A 0\ dimension = 2.

[R._U.H. 1985]

26. Find a basis and the dimension of the following
system of linear equations :

X; +2x% —2x3 +2x4 - x5 =0 D.U 198
X +2x% = X3 +3x4-2x5 =0 {R.U!§{1998%8]]
2x) +4x - Txs ¥ X4 + X5 =0 o

Answers : Basis : {-2, 1,0, 0, 0), (4, 0,-1, 1,0), (3,0, 1, 0, 1}}
dimension = 3. v B

27. Prove that the vectors u, =(1, 2, 1 -2),

Uz = (0,-2,-2,0), ug =0, 2, 3, ) and u, = (3, 0,-3, 6)

form a basis of [R“ and find the coordinates of the vectors

v=(5,0, -8 -1) and w = (-9, 20, 34, - 25) relative to this
hasis. .

Answer : v and w have coordinates [2 -1, - 3 1] and

13,22, 5, -4] respectlvely
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28. Using Sweep out method prove that the following set of
vectors is linearly independent :
{1, 3, 2. (1,-7. -8), £3, -1, 4},
 29. Find the rank and the basis of a given set of vectors
(3, 1,5, 2,2 1).4 1.9 by using Sweep out method.
Answer : Rankis3
Basis = {(1, }.5. 0, 1.-,(0. 0, 1}
~ 30. Show that the set S=1{(1.0,0). (1, 1,0} (1, 1, 1)} is a basis
of TR® and hence find the coordinates of the vector (a, b, ) with
respect to the above basis.
Answer : (a-b,b-c, c. : ‘
31. Show that if {u, v, w} is a basis of 1IR3, then
fu+v,v+w,w+u)isabasis of R®.
392. If W, is a subspace of IR* geherated by a set of vectors
'8, =41,1,0,-1.(1,2.3 0). (2, 3. 3, -1)} and W, is a subspace
of IR* generated by the set of vectors '
S, =((1,2,2.-2),(2.3.2, -3),(1,3.4,-3).
find (i) dim (W, +W,) (if) dim (W, NW,).
Answers : (i) dim (W, +Wy) = 3. (ii) dim W, N"Wy) = L.
"~ 33. Prove that the vectors v; = (1.2,0), vy = (0, 5, 7}, and
vs =(-1,1, 3) form a basis of IR?and find the coordinates of
‘the vector v = (2, 3, 1). . U. H. 1990, 91}

Answer : [v] = [0, 1,-2). :

34. Let S be the following basis of the vector sl\)yz W of
2 x 2 real symmetric matrices :

{[1—1 41][3—2]}
-1 2110012 11
Find the coordinate vector of the matrix Ae W relative to
~! 1 2

the above basis where (a) A = [_51) g ] and D) A= [2 4 ] .

Answer : (a) [2, -1, 1pufb)d8; 1, -2}
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