¢OURIER SERIES AND FOURIER INTEGRALS

3.1 Introduction

periodic functions occur frequently in ,engineéring
roblems. The represe_ntatmn of these engineering problems
. terms of simple periodic functions, such as sine and cosine'+:
s a matter” of great practical importance, which leads to
fourier series. These series, named after the French physicist
j0SEPH FOURIER (1768—1830), are a very poiéverful tool in
connection with various problems: involving ordinary and
partial differential equations. Here we shall discuss basic
concepts, facts and techniques in connection with Fourier
' eries. Some illustrative examples and also some irfiportant
engineering applications of these series will be included. ‘

\ Modic functions and Trigonometric series

Deﬁnftibn : The functidn flx) of a real variable x is said to

be period.i'c if there exists a noﬂézero number p, indép_endent of

x, such that th'é equation flx+p) = f{J holds for all values of x.

The least value of b>0 is called the least period or simply_ the
periOd_off(‘x'];:”' e e o i b ) : :

££(x).

AN A
g L S

~ Graph of periodic function.
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162  COLLEGE MATHEMATICAL METHODS ‘
Exampies' of periodit: functions
| Example 1. flix) = sin x; Is a periodic function having Per
2. :
| Proof : ﬂ,\) sin x, flx + Zn) sin (x + 2n) sin x = ﬂx)
fix +4m) = sin [ +4x) = sin x = ﬂx)

ﬂl)‘ﬂx+2n)—ﬂx+47r)— "—ﬂx+2mz)

Thus flx) = sin xis a penodlc functlon havmg pehad 2,
" S1m1lar1y, we can show that f(x) = cos x'is also - periodie
function havmg penod 27t | _' R T |
\/ U Ve

2m o \/ \/Zn o

Cos X . X ﬁ . COS h Cos 3x
& '_ 2 ° , n/\ o °f\ /\n [\ y
\/ \/ VARV v,

sinx ' sm 2x

: ~ . Sin 3r
Graphs of cosine and sine funétlor'ls‘ havirtg p'e_ﬁOd 2m.
‘kxample 2. f(xj = tanxisa peﬁddic ﬁin‘cvtion having period 7.
Proof : flx) = tan x, flx + ) = tan (x + n) tan x,
ﬂx+2n)-tan(x+21t) -tanx R

ﬂx +A'n.][)‘= tan‘(x +\' mr) =tan X. |
o f0d =Joc+m) = =i+ 2n) = .. =+ nm).

Thus i x) = tan xis a periodlc functlon havmg penod n.

« ' AVAILABLEAT
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pefinition By .a Tl'iglonometric'serieswe.shall'meén_ any - i,

Ao < ,
eries of the form' - +Z . (a,cos nx + b smnx)
1

where the coefﬁc1ents a, and bn a;re constants

Mouner series

,/ Deﬁnitlon #The trlgonometnc series ﬂx) = a0 + a, cos X +

1008 2X + .. +ancosnx+ .+ b; sinx+ b, sin2x+ ...+ b, smnx+
o0

=G,y (ancosnx+b smnx) (1)
n=1 '

is a Fourier series if its coefficients a,, a, and.b, are given |
by the following formulas :

'a;'—z,tr Sdx = —,;J:tf(v)dv

o A | 1 :
Op == Jﬂ flx) cos nxdx =— r flv) cos nvdv
T il T

5 ;=123 ..)
1™ | |
bn=l.j flx) sin n,\d.\ ———,r‘ Jl) sin nvdv
L Pim
n=1,23 ...)

A where f[x) is any 31hgle—valued functlon defmed on the

mterval (- =, n). - |
- The Fourier, series can also be written as

2

ﬂx)-& 2 {a,,cosnx+b smnx)

~ wherean r ﬂx)oosnxdx(n © 1, 2,3, sl

-R

“and b, -—Jﬂﬂxjsmnde.(n 12,3, ) '

BBBBB
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(i) Let us first determine 2.

Gwenﬂ,\) a+ 3 (a,,cosnx+b smnx) (1)
s d BRI A S

Integrating both 51des of (1) vmth respect to x from T, ton.
we get ; | | !
.[ fiddx=) | a+y  (aycosnxbysinng|de
- By tertn-—by—term integration of the senes we obtam
I Iﬂx)dx=."n',aodx+): [anr cosnxdx+
-t -T '  n= B ;

by I" smnxdx] 2]

~ T

.NowrK aodx Znaoandr cosnxdx Jﬂ smnxdx-O

- e TRy g ,f—.—n},
5 ﬂx)mzm;,;;r;ao:z—f‘ i
ok N e e

; f .':-;:v;y. BTN St J'" ﬂv)dv

- () To deterrnine a. Clz. .in (1) we mUIthIY bOth sides Of
(1) by cos mx where m is any ﬁxed posihve integer and then‘»'
-‘ integrate with respect to x from — to finding.

T S - A " cos nx cosmxdx + by sinnx cos mxdx ;_

LEA
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Notw J,” cos mdx 0, Iﬂ sin nx cos mxdx 0.
- T -R

o | 1 J‘“ ¥ | ‘
_[ ©0oSnX €oS mxdx = 3 cos(n + mixd x
-t » - :

35 J’" cos (n — m)xdx

, . ‘ :
where 5 2 J'n cos (n +m)xdx O and

l,rt cos(n m)xdx &0y‘m¢n

ifm=n -

. I"

Now wntmg n for m, we get

: A== r ﬂx) cos nxdx == J’ﬂ ﬂv) cosnvdv

flx) cos mxdx At or, a,,{ r ﬂx) cosmxdx
-T

(i) Finally, we determine-bl-, by, .o .o m {1)

If we rnultlply (1) by sin mx, where m is any fixed positive
integer and then mtegrate W1th respect to x from—n tom,
fmdmg

Fﬂx}smmxdx ao,rtnsmmxdx+
-n s

(v]
/A a, j - cos nx smmxdx + b _[ sin nx sinmx dx: ] 4
n=11| - : ) ¢ R

s

smmxdx 0,[" Cos_"xsmmdx O

v

it |

R
J smnxsmmxdx rncos(n m)xdx
~m

-7
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-‘12",[ _cos(n.+rr1}xdxwh'ere—2‘ ;nCOS(ner)xdx:O
._n ' ‘v '

I-Jn, .. [O0if n#m

andﬁ - COS(R7Wde;'{nifn:m"v'

Thﬁs from {4) we have.
) I
) sin mxdx bmn or, b - S -sinmxdyx
L R T IR A (8

Wntmg n for m, we have

,r‘ ﬂx) sm nxdx =y F ﬂv} sin. nvdu |

» syt T ._- - | ‘- : - ‘»_’1 g‘ ,Ltb,i_% _(.I ,‘ . o " e . ”
Therejore, fix) = 5 r SWIdvist;i cosmp

. > [{I - S 'cosnpdl_;."f}' COSnx +

{J f{v) smnvdv } sinnx ]

J. ﬂv)du + Z [Jﬂ ﬂv) [cosnu cosnx +

n-1 -

R Sm no Sin.nx}dv]

1 I" % i
= _f(v)dv+; VXS J) cos n (x - v)dv
-T , n=il =R

§y '5/The Fourier cosine and sine series, |

A function f(x) is called even if fI- ).d- .=ﬂxj, £k
Graphically,-an even function is symmetrical about the

y-axs. g ,
Onebyzelo Edu - Organized Learning, Smo are
CAnNEcith GamSsanner

The Comprehensive Academic Study Platform for University Students in Bangla


Md Rayhanul
Highlight

http://www.onebyzeroedu.com

FOURIER SERIES AND FOURIER INTEGRALS 167

i (v Is an even function, then

0
J ﬂ\c)dx = ﬂx)dx +J f(d.

Joﬂ— )d(—x) +rﬂx)dx

jo ﬂx}dx * ,rt ﬂx)dx

rﬂx)dX+F f(x)dx zrt ﬂx)dx

,Thus if ﬂx) is even we have 3 ,

2 ,rn f(x)dx

J" o= J" ﬂu}dv i :_
Also lfﬂx} is even i, eﬂ— x). ﬂx) ST

i thenan rﬂx)cosnxdx(n 'rarg )

1 .r ﬂ— x) cos n(- x) d(— x)

a l

=‘EI ﬂx) cos n)cdx'-—_rt ﬂ'x) CcoSTX dX
o IR G 3 AT

: Ej; (x)Cosnxdx frﬂu)cosnvdv
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JIx). = sin nx. - dx

—
—_—

[~

—
——

|~

n
o | 0 |

J fix) sinnx dx = - b, ;
~ 2b,=0o0r, b, =0.

Ther.efore,..if f(x) is even, jthen we hai_fe

fig = ao+ Yy  a;cosnx. &

n=1

L 1

| _'-n f(v)du+ E { o ﬂv) ces nvdv} cosnx |

Wthh represents the functlon f(x) in a series of cosines

and therefore it is known as cosine series 1n the mterval (0, 7).

A functlon f(x9 is called odd if ﬂ—- x) = - ﬂx)

™

- Graphically, an odd functlon is symmetncal about the
ongln ‘ ' B Py SRR S

When f{» is odd we have

| ao-—*r ﬂx)dX‘—r ﬂ*.,)_d(ﬂc)

-r ﬂX)dx--““F ﬂx)dx-—%

. 2a, = Oorao O

{ &

| Also if ) is odd Le ﬂ~x) = ﬂx) then |
__"’t ﬂx) cosnxdx K

4
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_’_l r fl- x) cosn(- x) d(- x)
LS .
=l = fix) cosnx. —dx

T

1 _r ﬂx) COSHXdX"-“" r ﬂx) cosnxdx

S \

2aﬂ=0 or, Gn = O
/

-;f-‘ Fmally. ‘ r f(x) smnxdx ‘

- 1 f ﬂ Aein ,(-' X _a_(_-,-x),,

' =—1 _r ﬂx) -—-smnx dx
ol s

1]" x) smnxdx-—r ﬂx) sinnx dx.“~.
_ o J

?-'l |

r ﬂx) sin nxdx
r flv) sin nvdv

" Therefore, if f(x) is Odd then We have g }

n
"ﬂ) oo b sinnx = 2;’ {j flv) smnvdv sinnx
N -

n—l | n=1 .0 1¥ V2R
| which ;epreeents the function f(x) in a series of sines in
R ine series in
the interyal (o,n) and: therefore it is known as sine S €9 In,

the interval (0, 7):"
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¥ |
O O R otr coste snd e seis,
| €n the Fourier series has only the cosine terms or only !

the sine terms in the expansion, we call the series Half range

Fourijer cosine series or Half range Fourier sine serieg
. T€Spectively, When we are interested to find out a half range 1

Series corresponding to a given function the functlon must he

defined in the interval (0, n), which is the half of the interva]

(~ %, m) and then the funtcion is specified as odd or even, so

that it is clearly deﬁned in- the other half of the interval
i narnely, (— 7, O} In such a case we have RN R ey

b, = O, : B
| a, = IO S eos‘nx d)r for half range cosine series

and a,, = 0, bn =i fn f(x) smnxdx for half range sine senes

3 7 Dirichlet's conditxons
Any function f e
1 (x) can be deyeloped as a Fourier series
a,+ ¥ (a, cos nx + b, sin r
L 4 n SN ) where'q,, q and b, are

constants, provided. G st R

(i) f{») is perlodic slngle~valued and ﬁnite
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j X cosmctx, Jﬂwc) sin nx dx. within the limits (0, 21),

-1 n) or( o, o+ 21t) 'lccmding, as f(x is definéd for every value

Ofun(o 2n), (~m, 7 or (@, oz+2n)

Change of intervals gt
¢, ¢) having period 2¢,

¢, ¢) is given by
’

(A) If fln) is deﬁned m the mterval (—

| the Fourier senes of f(x) in the interval (-

E <y

e -‘+-'°<")‘ £ ‘(a c_os—n—izc+b i
¢f{x)’\-.a<»,. % 3 n' .lsm :
wherea'o ZCJC ﬂx}dx(n ol i

jc f(x)cos-———dx(n. 123 )

//" e .
il = 123
| (B) If flx) be deﬁned in the inerval (0, O + 20) having period
2c, the Founer senes of f(x) in the mterval (a o+ 2c) is given
by - e '
fid=a,+3 (ancos_C + | n Sin
' n=1
i1 +2¢ '
Where'cm'=2’cjOL | ﬂx)dx(n O)
RO R L X
aﬁ'=-1-' B (o cos—'}-—-dx(n 12 )
oI €
8 o ) | g 8 ,

AAAAAAAAAAA
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the Founer senes ﬂx) = aq+ Z
n=1j

(a, cos h"x'+'b;n

Aga‘”

Y be integrated term by~term from - to x and th
1\) 4 B .
f Iti ng series will converge Linl‘formly to j f(x)dx'
ey | s ‘ 1
® { .

| ged that ﬂx) is sectionally continuous in - 1 < x <. | . |
OV . . . ‘ M
mf" | .

«musf ﬂx)dx-an(x-*-n)-!- 2 :‘— [ao(smnx - sin nn)
% =1

— by(cos nx-— cos nm)].
-

-ao(xm)-» 3 T lan sinne-b; (cos nx - cos nm].
i e

- i |

Fren; Trigonometry, we have

| s0=3 (8 +e®) and sin® = 7; (° ~e ‘,")f e

\

Now the complex form of the Founer senes is obtamed by

Annx
eXpressmg cos (————) and sm (T) in exponent1a1 form, "

bt i, the Founer series.

G ieet ST g e TR R iy B e
ﬂx)f%*‘z' [an-’co's(—""“c ) b bn sin c ] i

i 4 g _._‘1’.”, L

Vlath Method 12

: "; b doaite 2
2%y s a3 yire SRS
3 7;; : ;- B REEY L .
AR \ )
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178 ' COLLEGE MATHEMA_T]CAL METHODS
can be written in the form

intx - inmx

NLP‘
S
&
+

W= ao+z : [

n1.-

intx  —inax .

by -e. c e,
BF [T .
‘-7 ‘ 1‘ :
o inmx = inmx
Z Ja| e i 2 t
n=1 :
‘ -/ inmx inzx
ib, .C -—"e c
sk -
il R ek
intx :
=Gty ﬁ(aﬂ ib, ) e +2(a,,+ib,,)e
1 n=1 *
,'3' 4
‘ tor d e eyt g el
P, T S innwx '
=S (s o] e ‘TC."" I C 1
s =gy Tl eptt [T Hcipieti @
n=1 |
e !

where c,, a,,. _c,, ‘(_a,,;,-tb;,') and Cn=73 (an + ‘tb"),:y‘ ;

Equation no (2) is known as the complex fo ‘

Fourler series which can also be writtenas ..
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intx '

ﬂ,d.-:Z c, € -c 4x ZLe. .
S is-° .
| &
1 J‘C ~imt'x- '
wherecn 0 ﬂx)e dxandn 0, #1 ,12

; -

- « T .
1
_' :

One of the most unportant propertles of Founer senes is
parseval's Formula or the completeness relation which gives
a relatlon between the average of the square (or absolute

~square) of the functlon f(>) and ‘the co- efﬁc1ents in Founer‘

series of f(x9. i
&‘h ‘Particular case

Let f(x) be a real-valued function of perlod Zn whose.
Founer series 1s » = <

. (.;‘" %

ﬂx) ao + E (a, cbs-n')’c+ b, sin nx)

‘ns 1

‘whereao Jﬂ ﬂx)dxan——."" ﬂx)cosnxdx
_Qndb -—Jﬂ ﬂx)sinnxdx |

~ Now the average of the square of ﬂ"d aver

' (*ﬁﬁ,n)is—l-_r le)lz,éx‘
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Thus we have average of [ 1Y) [

1 o ' 2
= . G+ 3 (a, cos nx+ b, sin nx)| dy
" -m n=1 =N '

I J“ T e J" it
= aozdx-{-'——‘ - ap~ Cos nde+
ST ek E:I A

180 J“
or & 4 ba?sin®nxdx
n=1 "I

o+ othere terms (whlch vanish when average 1s taken)

SHAT
_2_ 2., [xf‘ +_Z 2512"ﬂ (1+c032nx}dx

[

3 b2n,’. (I-cos 2nx) dx + 0

1 SF 2 / et |
=2 to— ~ 8 2904 —
[ S 27!%: zan n2$12b2n21t
=aoz+§§_ (an +bn2)
ence 5~ [ﬂx)]dx-aO2+§z (2,2 + b,
n=

This is one form of Parseval's formula ne can easily
verify that this formula is unchanged if f(x) has period 2c in
place of 2n and its square is averaged over any penod of length
2¢. Then we have .

1 oo 7"> '
__' 7 WA S (R .
2 fo)”_ d" i +2§;-1(ari2+ bp?)-

AAAAAAAAAAA

Scanned with CamScanner


http://www.onebyzeroedu.com

~ FOURIER SERIES AND FOURIER INTEGRALS 181

Let f(,d be a-cor_nplex-valued func‘;ion’of period 2&, whose

o0

Founer series is ):, cne fnx

where cp = sz'" f(x)e (_(n?O,_iI,il,ilz, ol
Then the average square of f(x) : _.
-—1— ,r[ [ﬂx)]zdx = Z L

B )General BBSE. 5 ivrrs Coi 6T S s _
rmula states that if f{x) and

al's Fo
A general form of Eareey f period 2n, whose Fourier

§q are two real-valued functions 0 o
eries are a, + Y, (a, cOS X+ b, sinnx) an
0o n=1 .
ay + Z (a’ncos nx+ b sm
=]

3 1 r ) cos nxdx
Uﬂ'uereao=-2%-1_J’K fddx, an =7 —nﬂ\)
‘ _.,n \ . _

nx) respectwel y

and b, == f f(x) sin nxdx

are defmed in terms of g. Then

Sllmlarly a,, an dbn

AAAAAAAAAAA
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| i, ‘
where ¢, = -21;.[ fge ™ dx (n=0,%1,42,..)
R/ “s il

| . - |
and ¢, = %{ f gy e ™dx (n=0, 1,22, ..)
=K . ‘ Rty :
Then we have
7/

1 F N o T, Exarr;plelto 11
2n Jbdg () dx E CnCn- * (minimum 1 set question

&(\/ ', WORKED OUT EXAMPLES =
‘z@aéple 1. Obtain the Fourier series-for f(x) =€ Xin the
al . ol

inte O<x< 211:

.Solutmn : Let f) = e 92—0 3 (ancos nx 4 by sin nx (1)
n=1I '
2T , 1 21 :
Thena, = fddx= = _[ X dx
0 T 0
2r
1 -x 1 -2
——|—-e Y : T
‘_7:.[ I - /2 (1 B )
O L]
21 21 e
and an = = j f(x) cos nxdx - X cos nxdx
- 0. o o
1 £ P 2 T ¥ : : 1i%)
e = cpsnx,g ¥ ] —o 4 €% sinnxdx
o . 0 ¢
1 .27
4 —om N '
7,(1 e 21 47 [smnxe ]
“ 20
' on
- nf ~Xcos nxdY
77 Sas

: »_=—1-(1 —e‘2"j ifo—nzd,;
{n2+ 1)a,,— - (I—e—-"Jf]

1  f
n2+1

or, a, ——( 1- 6—2”)
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1 (> L e 1 (2
anally, bn =7 j J0g sin nxdx = — j ~‘e*sin nxdx
i , |

(0]
] [ —e—Xsin nx ] ,+.—J e *cosnx dx
= - :
n RS e '
: ‘ | 27C ) 2n . '
ot [ereosne [T g
T ' 0 00 e :
n ‘ —2n\ _ 12 .
.—(1-e2) -n’b
i
o, 2+ Vb= (1 -
1 3
n‘ﬁ(l et 27:) n?+1 s
Now substltutmg the values of ao, a,rl and b m(ll we get
oo ¢

ﬂx)——-(l —& 2 iy __[;(1—e-2"), nZ+] 5

o RS o U -]

o e -e®) iy s,

| = 1 Zu nx
7(1_ 2::) 5+ g b -1 €os nx + {I_I—QTI‘ cos

=1 ¥ =

E ooy ' | _ ) ¢ 3
t§\\[5+ écosx+écos2x+-i%c053x+ ...... ) f,(ésm"'*ES"IOH'ES""S‘H ...... )] |

\ ple 2. 'Find the Fourier series for the function g [

- W =ex in the interval —t < x <T.

j Sﬂluﬂon . betﬂx) _..._.__ +E {an. cOS nx +b,, sin nx) (1) |

nel” LA
Thenao__r ﬂx)dx*‘—r e"dx'

_,,-_(en e
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2 (e"-e ™) _2sinhn
or, q, = T ( 2 ﬂ) = J SAYTAR

- 1 . ,_}_.f‘ g
a“dan=; ﬁnﬂx) ‘cos‘nxdx—”- . _nexcos nx dx

_% [e"cos nx.]ﬂ‘” J’n e"smnxdx

_2(e
r

or, (2 + Da,= (- )™

- 2sinhr (- 1)n
=TT 2 T

—%(e’r e ™) cosnr+— [exsmnx] J-ﬂexcosnmx

. (~ )+o —nzan <

2 sin hn

,’Fmally, J‘n ﬂx) sin nxd.x =— Jﬂ e~ sin nxdx.
-7

21 [exsmnx] _;j e,,cosnxdx‘
RS Dy

5 .
[e"cosnx] —l, e‘smnxdx

/4 . -
23mh7t \
T

== =13

2 sin’ hn

or, (n2+1)b_—n (I)n

2sinhn |
b =(-n T ng'll

Now substituting the values ofao a,, and b, in (1) we get
JIx) = Qsmhz '

oo (-1)n l 2sinhr Al L ' ]
- -1)n 2 inhm X
2 n?+1. g -cosnx -n, r£24)-1 Sﬂ . sin

?
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1)

=,.’_. Qsilthﬂ[§ +2 “ ] nZ 4+ (cos nx - nsin nx)]

1 00

1
gsinhmr 2 1 1] b 1
e [ 2 #-{ 3 COSX + & cos 2x = 7¢ CoS3x + ...)

1 , 9 | 3
v (§ SINX - & sin 2x+§65in3x—.,.)]
Note : cos (- nm) =cos nrand

c0S VT = COS T+ COS 21 + cos 37r+cos 47r+cos 5n+
=—1+1-14+1-1+1._. :

Now cos m=-1, cos 2r = 1 =(..1)2 '
cos 3m=—1=(- 1P, cos 4r = 1= (—1)4

. cos it = 1)1

the interval O < x < 2. SN AL |
The graph of f(>3} = xin 0 < .""YA i, SN

x<2 is the line OA. Let us
extend the function f(x) in

the interval -2 < x < . .
Oshown by the line BO) so / M- |

that the new function is 'X'fi‘ : _1 0 '- J: 2 _ _’X

symmfrical about the ;
rigin and . therefore . :

represents - an _ odd - v’
lunction in the interval Bl \
F5 |

Hence the Fourler series for f(x) will have only the 'Sine .

t‘fl’ms given by .. -

g i
ﬂx)"E by, sin Eg“ (a,=0. a2 =0)

n= 1

mrx
whereb == _’c ﬂx) sin—,

AAAAAAAAAAA
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[‘2' nmx12 2 (2

nnx

X. — . COS 2 +— COS 2

nn 0 n‘ﬂ' 0

Lo +0+ =32
= rULc:osmr )

._4_)[1
A gL

nnx
4 sin ——‘2

2
0

Hence the Fourier- sine series for f(x) = x over the half

range (0, 2) is -

9 2 41 nmrx

=% ". . Sin——.;

n=1 N7 ‘ 2 .5

N O VR .

Rt L iy
«_(4 cx 1 2ax 1 3mx 1 . 4nx
‘> Lt 2—25‘”"2 +3sm 2 4sm E +. ]

e interval 04xZ2.

ple 4. Express f{x)= x as.a half range cosine series in

- Solution : The graph of the function f(x) = x in the interval

04£x£2 is. the line, OA Let us extend the functlon f(x) in the

interval -2 /x/ 0

’

B

PO

_<‘

ﬂx) — +Z an cosnTm (b,=0)

-
AAAAAAAAAAA

,(S'hown_ by the line
OB’) so.that the new
function is symmetrical
about the y-axis and
therefore, represents an
even function in the

- interval -2/4x/2.

Hence the Fouriel
series for f(x) over the

~ full period (- 2, 2) will
- have only cosine
© given by |

terms

Scanned with CamScanner


http://www.onebyzeroedu.com

p()UR]ER SERID% AND FOURIER IN FEGRALS 187

Zf = JQ el -[ ]

C
2j B,’f_‘f _ 2 nx |
and @i = ¢ Oﬂ\) cos—, dx = 2 Xxcos— dx.

1’1 ’“’, o =

92X nnx \ 2 J" IRAX

nnx
CcCOoS —"'"'—

-

- nn

._0+

4
‘nznz (cos nn'—l) zﬂz {(—1)" 1 }

LT R LS R
us i =3+% _ l[ﬁz—,pf(:—m-u COSfQ‘] |
n-= ‘ ‘ '
8
=] +[ IZTUQCOSE+O—38;£2 COSQE+O—527L2COS—5—7'IE+...1
&2 i s §£:_c'1  Bmx ]
r)@:]-'r—[?‘ [’IECOS""Z—‘F 32 COS +52COS. ) + %

ind the. FOUI‘ICI‘ ‘series expansmn of the:

functlon f(x] ' x2:1n the 1nterva1 nTE<x<m and hence’ evaluate

T '12 : . [R.UP1980DU51987]
n=1:" ' .

Solution By deﬁmtion we have

ﬂx) =ay+ Z - (ay cOSTX + b sin n)

whe_’e{a,oz"é!?zr ﬂX) dx, aﬂ""iJ _nﬂx) cos nxdx:
a”db ‘—r ﬂx) sin nxdx

AVAIEABLE AT
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il I
Nowa0=2—n_[ ﬂx)dx:‘zﬁ o x%dx
-

[ 3 ] {713 - )= .
Agam, since ﬂx) = x2 and ﬂ—x) % (-VX)2 = X2 =flx)

- f=x) = f(). Thus f(x) X2 is an even functlon and so sip,
' terms will vamshl e. b,=0. Tl

Finally, q_n S Jﬂ fI9 cos nxdx = :lr Jﬂ X2 cosnxdx
| | - ' * -7 |

(n#o}"
1 [ 2 1 |
= smnx] . F 2x = smnxdx
=0 Jﬂ X smnxdx
n c
_:’2_ x?{cosnx 20 LI
nm 17 T2 cosnxdx
- H o .- _n
=m[zrcosmr ~(-7) cos n{,—n)]'—.*g;[s“. %
" 5t cos andlsinnx ]
=72 [mcos nn _+‘7rc03rur}:— 0
; |
=2 COSNm=—5, (-])n. Smce Icosmr G

Now putting the values of o, aﬂ and b, in (1) we get

nz OO.' -' SRS Ny
M =x2=F+% ‘{4( 4

n2 . cosnx + Q |

n=1] ‘ '
2 sy —cosx‘I“A . ' s -
or, IX)= 5+4 I — 4 = ~pu A0 AR PR
: Uk , { 2 +2'-’0052x":3‘C083Y+ 4% cos 4x = .- }
n? 1 '

AAAAAAAAAAA

;:‘ - 1 1 . - - - .
l ‘ = 3 4 1 QCOSX 22 cos2x + 32C083x - ;11— ‘cos 4x + ]
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Whenx = 0, we have |

-.’52-5»2-» ';1—2(—1)"_'

ﬂx)"= O, = <X<O - Sc Final 1991
11,0 xsn '

(b) Verify the result found in G(a) by assuming the complex
orm of the Fourier series. ‘ ‘
S0lution of (a) : By deﬁnition we have

ﬂx) = dy +Z (a, cosnx + b, smnx) (1)
1 b i

whereao.._Z_Ar ﬂx)dxan r ﬂx)cosnxdx

-andb, ——r ﬂx) smnxd.xv‘
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Nowao——-—J'n ﬂx}dx—zﬂ[J f(x)dx+ -r( f(x)dx}

I JO e i
= 0 dx + I.dx:l
1 . 1 ot . .

' Agaiﬁan%‘,rt ﬂ}c_)cos nxdx_(ri%O)-- S
: - LT ‘

l
N~

JO f(x)_cos nx dx + on flx) cosnxdx:l
—TT . : : i {d

|
|~
]

JO O cos nxdx+_[O I:Cos nxdx:l

| 1
-0+— [smnx]” O+O_0

Finally, Bieal Jm g sin nxdx
-

T I: j fodsin ”-":dx +! j ﬂx) sin nxdx]

A JO rt
0.sin mdx + 1 Smmd;\]

=— [0——cos nx]

nn [COS N = cos 0]

= [(—1)" -1 1

Owh ”nlseven
JrnwhennlSOdd

[1 ~( - l)ﬁ] {

AAAAAAAAAAA

Scanned with CamScanner

J


http://www.onebyzeroedu.com

FOURIER SERIES AND FOURIER INTEGRALS 191

Now putting the values of %o, @y and by, in (1) we get

ﬂ\J’1+O+Z . b, sin nx.

or, ﬂ)d ;+b1 smx+bzsm2x+ b35m3x+ by sm4x

1.2 2 2
__=_2. = m.x-+0+.3ﬂsm3x+5nsm5x+

I 2 1 1 ‘
=5+ +— (sinx + 3 3 su1 3x + 5su15x + .. )

Solution of (b) : Here we have to expand the functlon f(x) '
in the complex Founer senes .
By deﬁmtlon we have -

| inzx
ﬂx) ): e o€
700 —c £x£c
—inmx
.wherecn-— jc f(x)e odx

C‘,

_Here in our given problem ¢ = T.
v fid =X 0 cpet™, -mLxLm
J1 = — o0

._'wherec,;—wr ﬂx) ginx dxn o+1,¢2 +3,.

4 Nowc0 ———-—r ﬂx)dx
—

[jo f(x)dx+ ro f(x)Cix} 4 |
UO 0dx +V 1dX] 1?\
¢ =T 0

AAAAAAAAAAA

Scanned with CamScanner


http://www.onebyzeroedu.com

and ¢, = r Sixje "X dx (n;-‘ 0)

4 (| SN In .
1] . _ —i
L encdx+ | i) e T dx]
2 —th( g - 0 : :

| [ oermrans [ e

T

—inx - | i l
=,o+2iie_i ] |
HR a4 05

] .

= — [e~int__o .
-27ni '€

=onni [cos nr - lSUl nn-1]

. 1
{n_mwhenn— +1 +3 e 5 J
0] whenn—i2,14,j_f-6,...

— 1 1 fex ' eidx “irigiel
T'huSﬂx} =2t (eT +0 +.e—3- +0 +e—5f+f.'..;-..)

.—13)( e—i5x = )
—+0+——+0+ 5.+,.-)f_

2 m(e -e"‘) +_(913x;e'f13x)+ (el5x_e—t5x) ]

. e ] ‘
2 +m [ZISmx +3 3 2tsm3x + 5 21sm5x + ]

_ JO "< x<o0 |
funCtIOl’l. ﬂx)"" x' O(xsn.' ‘

Hence evaluate the sum 2 ELW
n

IC.U. P- 1977, D. U. p, 1995, D. U. § 1986
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Solution 3 By definition of Fourier'sqriés w_e; have
ﬂ,d ao"'z lfancosnx+b,. cos nx) (1),
where a, = 27r r f dx an r ﬂx) cos nxdx

‘Nowqo 1 r f(x)dxf,:w“:

: 1 ">' O - rz . . ] et l‘ .'
=5l ﬂx) dx + f(x) dx]
=5l odx+ J x dx i EHE SotH  Bate
, L - o . ‘
: 2 1% 1) o TR R Y
"'°+2n-' 2 =_'"(7F"’.—0) =g Pl B »
7 _I ."(1.,‘,-‘)‘ PRy LTI E T S

: 'Agamaﬂ-— r ﬂx)cos nxd,\(n:to)

Tt } -,H\-.‘j :
: f
o f(x) cos nx dx +' f( ¥) cos nx dx| .
| _TC . .
b & 0. cos nx dx + I X cos nx dx
. N i 0. 5

1 \ 1 J" RCITR.
=0+ [x sin nx ] " ;t—ﬁ Csinnxdx
; 0 i

'"0+ [COSIUCIO T R

‘ I v/
n.ng [cos mr—cos o]=

[(__ )n ”

ﬂ'n“

- since Icos nr = -(- )”1
Math. Metheor - 113
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NIRIS N

1 (" ; |
Finally, bp = }?'[ . JIx) sin nx dx y

*O

. fix) sin nx d)'c + .r‘ f(x) sin "de:l
' S SR B ¢ & el

|~

-

A

O

' h ". Ead .‘.t_
0. sin nxdx + ,‘m X sm'nxdx] !

-t ' SR ¢ J

1 w1 [“ A A !
=0o-—= [ nxj, +-——= cos'nxdx
0= 7p [x cos lo*an

Il
S~

]
{

.. ‘ , 1 g l i ‘
== —l—(ncos nn- o) +7|: [sm nx] R

—cosrm+osmcesmmt osmO 0. .

¢  f—1)n+l ‘ ¢ R
1 )n—” i Lt

- Now putting thevalues of a,,, Ean and b‘ in (1)"'we gét

| S = +Z [ 2 {(—1)” 1} cosnx + ! )n”sin nx]

n

(14 ' 2

71+[( Izcosx+o— 32c033x+o-. ‘22 cosS'c*-Fo--]
sinx_sm2x sin3x sin4x )]
WL 2 it 13 Toored vty o

2 fcosx cos3x cos5x'

4T U T T e )

4

sinx slnzx sin3x sin4 ', s
(%5 Hg e ) ©
Puttjng x = 0 in the above equatldn (2), We get

\
0=.TE___2_ cos0  cosO cosO
A L1, (TR ) '
" ' \
+ (S”‘O sin0 sin0  sin0
R el o = WG ’

Vi 2 el 3T TR
AVAILABLE AT ' ; K gy i
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2¢1 1 1 s G
ﬂ. e ' 9 == 1 )
ono=4 x (12+32+52+,,, ) o tu ‘

ong |12 3 5 (2n—1)2+ } 71“ Al
1 I 1+ .__.‘L___ n2 ST S

ot R TR ‘g i !
o0 1 ‘ nz 2 MACLCARGE A Y b

oY (@n- 1)2 )
n=1 SR

grample 8. Find the Fourier senes of the functlon of penod 27t

gven below in the interval —m.< x < n as follows g
0 when - 1t <x <0 i ; e s.
ﬂX}—‘ smxwhen0<x<n i T [DU81985]

;’\» “,"1‘ .
kv ik \‘

Solutxon\ By deﬁmtmn of the Fourier series

00 Oa APEN
3 g .

wehaveﬂx) ao+2 (a,,cosnx+b smnx) (1)
n—l L Vit at ] .m‘»g.«:f(

wherea(,:——_[ ﬂx}dx a,{——',"”"’f(x) cos nxdx

nd bn=; ﬂx) smaxdx PR Gh ol BENIRE RN pate S O

0 R ) TR A e )
4 SRS S S SR W

NOWQ_O:%J-’[ f(x)dx g o DAty 8 '\' ok
- pO; : s ’

,,f(x)dx+J'0ﬂ_x)d’x‘\ LIERRGL NG
—n ' LTI BT X RS 8

2n

1lfo - il
TR iy Odx 4)  strxdx| e R THEAT e i
% ; . O . B L T Dl U R TE T\ : o

spad ¥ R |
0#‘-‘“[— cosx]no | i ATl
(cosn 1)_._——(- —1)—-, ok S

AVAILABLE AT
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Again Q, = e J n_ n flx) cos nxdx ,

. n '
J JIx) cos nxdx + J’ (fIx) cos nxdxj
-t , Rt

A |
[ —

-

-—

j 0. cos nxdx + .F‘ sin x cos nxdx
L -n 0 ]

1
|~

- _O"‘**J‘n 2cosnxsmxdx -

irr il |
iy [sm(n+ I)x -'sin (n'- 1)x]dx

=-2i[
= 1 [

I
n+ 1 [cos{n+1)x] O

[cos(n - 1),\]0]

n+ A {cos(n + l)n cosO}

, +~n~- {cos(n l)n coso} ] ;
[1 — cos(nm + Jt] cos(mt 1:) - 1)]

n+1
< 1+_<£S_'11r 1+cosmt

- t—

n+1 |
[L- 1 - n- 1)(1+C0gnn)
L ]
2(1+cosnn)
2n n?-71

__(L_f_Cg_S_nltl (1+ (- 1)::}
nn?-1) " m) (n;e})

I+1) 2 .

n(22—1)“““

' 21 ¥ { SR TR Pt
VVhen‘.nz,B,as.::O ' hy 2

' (14) i 57 H‘
Whenn=4,a4=-——5—~.__2
SRR BT )

Whenn=2, ay= -

AAAAAAAAAAA
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AR B RO}
when =0, 06 == 7257 )=~ 55, and so on:

| A |
putwhenn=1ay=—J__ flix) cos xclx

197

: 2
b 1 Jno sm\cosxd,\ smx)

T =

0
7
pnally. bn =7 J g ﬂx) sm nxdx

1;{
Whenn=1, b,——- ﬂx) Smxdx A .
=E[J”"n O:sin de+_[:) sinx sin xdx:l B

i e AUEIR Wittio Y Hd 4‘ S g
=0+2_Iu2sin2xdx. e DILBTAN ;
—21[ O(—Coszx)dx

o x_gs,l.nnglo 2 (Tt O)=§ L L e
Also b, = I ﬂx) sin nxdx(n#l n=234.)

J 09 sin nxd)é‘+fz f(x) Lo m;dx']

o

:41._.

.mhlpjo R o %
s "i&‘O.*S‘in' rvcdx+_r[ sinx sinnxdx|
) ST fiviis 0 ‘

i
B

"""O“'"“J‘ ZSin msmxdx
' 0

] . L5 R I
-3 MARY | e SO i

F [cos{n— 1) x - cos(n + 1)x}dx : \

AVAILABLE AT
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i 2 3.4 [ -4 ' B ¢ - n
A 1 N
[——{7 sm(n - Dx -7 sin(n 4 Ux]o

211:

=— . 0= =2, 3,.4). i
2n'0 Ofor(nz1,n=2 3_ ).

I 2 2 g '
Thusﬂx)=;+( 37 COS 2x 15“cos4x 357 Cos6x- )

1
+§sinx+0

" /2 cos2x cos4x c0SBX: - f " |
\k +2 Stnx ( + 5. 35 %
N

Sl

ple 9. Find the Fourier series expansmn of the functlon

= | in the mterval [- =, n] Hence evaluate |

cO
thesum):o(znu)z o b B ULS., 1084
T n= ) e NI NS ol

Solution : By deﬁnitjon- of the Fourier serie'é: we have
o v ;i W ! J
ﬂx) {ancosnx + b, sin. nx) ( 1 )
n 2L s B

whereao——j ﬂx)dxa-n-—,lﬂ ﬂx)cosnxdx(n#())

~and b, = - ,[ f(x) smn,\dx
-

Now by-definition |x|-= {fxx; 8 O ;

Hence the given functlon f(x) |x1 is an even functlon and
for the even function b = O (n= 1 2 3,.:...) in the Founer series
expansion (1) of ﬂx] and ST

*_ ao-l S0 dx = f Ndx Ak

< ,%J".mrf‘ dx-—[“e]

AAAAAAAAAAA
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pon® J{._[“ Qn ﬂx) cos nxdx (n » 0)
SO M

‘ I‘d coS m»dx - .r[ |X1 cosnxclx

]

W

:\V——
-

g

.2 xcos nxdx

A ‘
2 i

_}_ [xsin nx]g ,F[ sin nxdx |

e 0 *

2 |
,0+ [cos nx] O
2
=3 (cosmt . _coso), .

| .-2— (- 1r-1)

2 Mt )
{—-v-z-when'n=1 3,5, . X 4
nn > by
0 whenn=2, 4, 6, . '_ et g A ke
Now substltutmg the values of ao, an, and b in (1) we get
N 4 4 A%
ﬂx)-2'+.[( ar 12+ 0- o 32Acos 3x +O— 52,008 5x +) +O]

4 cosx cosSx cos5x

ol 1 v
DRl Y Eiae sl e ‘_
Puttingx 0ri (23 we Biave i {0 b0 4 TR
'O_n_ib cos0 cosO cosO ol i BrE 08 Slig o L
25 [T g B ot it

'10

[ N°te The values of 2 and a, can also be found in the

Vi
AVAILABLE AT
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: 1[0 | AT
. ddx== -ﬂx)dx+I fl
a, = 1%'[ ﬂx)d)«—-‘ —n'“‘dd)_(" n[j —n T Ty X)dx

p—

, » T
2110 (xdx +I xdx|
n L _n N Q .
5 R i ‘ -
=l N de +FXdX:|
TC

J’Ix-—[]

a, —_[ f(x) cos nxdx

N

=% J- ﬂx) cos nxdx + J. f(A) cos TUCdX]

—_'-El fo (- x) cos nxdx+JOxcos nxdx] '

[ =
=g xcosxdxf_".chs nxdx| .
o "0 : S
ﬁ Xcosnxdx=<nn2'n_1 3, 5.5 }
0 o0 'n=2 4,6, .

ample 10. Find a series of sines and cosines of multip
x which will reperesent X+ x2 in the mterval mLX LT

Hence deduce that 2 —-17 ‘ Eg f

. n=1 ‘
D.UP. 1982, C.U.p. 1982, RUP I
lSolution By deflnitlo of the. Fourler series we have

S = ao+): (a, cosnx + b, sin nxj (1)

'whereao—--—-} ﬂx}dxaﬁ——f ﬂx)cosnxdx(n¢0)
1
and b, = _,tﬂx) sm nxdx

AVAILABLEAT: *
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Now given in question flx) = x + x2,

1 Jn - »‘...'__‘_l.h n P Y ) | '.
G= mn ..'..nj,(’\) dx = 27"[—“ ()L+X )dX.

=1J (x+x2) cos nxdx
m

-—1— [(x + x2) sin nx]’t J 1 + 2x) sin nxdx

,. ; 2 Sl _?__jn %
_.0+ - [cosnx] 7in [xcosnx] n: sz n;osrad}x

’
¢

"2
=—L2' {cos nn- cosmr)+ £ 5 (T cos i + T cos: mt)
o | i [sinn)c]’t
TR R |

"X

' ﬁg oS Nm =-4§(- 1)" cos nTt = (- I)HI. |

=

Flnally b, = lJ. f(x) sin nxdx

Al

' =%j (x + x2) sin nxdx

._’_-nl. [(x + x2)cosrlX] . +1m ‘ (1 + 2A) cos

AVAILABLE AT
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1
=—— [t cosnn + n? cos nn + T cosnn: nz cosnn]

nn

[sm nx] fﬂ +-—— [xsmnx ] —n sinnxdx

=- —1— 2ncosnn +O+O+—-— [cosnx]
Tn nn -1

Grais
' %cosmt+o-~z( 1)"--—(—1)"*1 [cosmc (—l)"]

Now puttmg the values of a,, a, and b 1n (1) we get

2 :
ﬂx) - +Z % {fl)” cos_nx.f = (-1)+1 ,sin nx] .

_n? i iy 1 ) R o
= +4[ lzcosx+22c052x 32c033x+42cos4x—- ]

£ I sl
> +2[Ismx 23m2x+3sm3x-zsm4x+ }

COSX cost ‘COS3X cos4x ]

-_3—' 4 1Z 7 22 pd 32 T4z
smx sin2x sin 3x sin 4x R
+2 T3 8 T L +] @

Now at extremum nand - &, the sum of the series

=fln) =5 U(-TC +0) +_fin - O] .—_:12 {.—n,+.n2»-f-n-+n2} =7,

| Putting x =1 in the above series ('2]; we get

,_m2 cost cos2rn cos3m cos 4m
ﬂn) n _E - 12 - 22 + 32 —' 42 Jilds
o sint  sin 2r sin 3 sin 4x.+ ‘ ]

T ) _*- B Y T

or, n'~’-—-+4(12+22+;2+412+ )+0‘

2 |
ol
- n=1 _
: N | 2
Or, 2 —§=—" o
_ n=1: n 6 .
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ﬁaWI Expand in F0u1 ier serieq the function

N ﬂrlsmxinthemterval n<x<m,

1 ,
Hence deduce thatiE o2 sk, PHEF0

452%713" 35" 57 hosdiodkltsgch

| [c U.P. 19731 |
Solution : By the deﬁnmon of Founer series, we have

ﬂx) =2 +Z et (an CoS N + b sm nx] (1)

whereao £ Jﬂ ﬂx)dx a,; r f(x) cosnxdx (n¢0)

| 'n M | s .‘ Ty
and bﬁ=EJ n f(x) sin nxdx AAE A G

e i | 107 Ay oo Y i T 3
S 0 R 3 , i :

The given function lnquestlon isf(x) “xsinx
v flex) =-x sm (—x) =-X. —sinx xsmx ﬂx)

So fix) = x sin x 1s an even'functlon and 1n thxs case b =0

andao“r ﬂx)dx-- .[nﬂx)dx

"'lr
v ¢

Or, a,= J‘nxsmxdx

2"7 T 2jn
== [- +2] . cosxdx '
- [-xcosx] o+ 4 cos s
' ¥ 2 . 2 \ It '
=-;”.(ncosn-0),‘+1—t-{sinx_]lo Tt
L =-2f1)= 2 |
A'f’oﬂn"",[“ ﬂx)cos nxdx-"rﬂX)COS nxd\
Of-ian=f-j, x sinx cosnx dx. . fo i A
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whenn =1, we have

2
Q=7J) Xxsinxcos xdx

Ij“ B " & TR
=pd Xsin2xdx
0 : A |
1 [-xcos2x]" J-Jn--. SR
=E[T] +5) cos2xdx,
o “T o G Y
-27 (7.':00327‘_ -0) + 97 [sin2x] ;
—;'_‘!.‘ R A T R IO Y
_- 2+o__._§ CHTEH S

Alsoan -—_[Oxsmxcosnxdx(rl¢1) n=2, 3 4
b ‘
i .r(: x{sm [n + 1)x - sm (n 1) x} dx

-"n Oxsm(n+1)xdx— J. xs[n{n l)xdx ,

___l[ Xcos (n+1)x] 1

o (m |
T n+1 0 (n+'1)_1r'l. COS(H+1)‘fxdx-

1 | P |
RENTL SR £ 1 )
+(n . [.\cos (n - l)x]u = J.n cos (n‘—,‘ 1) xdx

| 0 (n-l)n 0
1 & ‘
Sy ncos{n+1)n+0+m[9m (n+1),\]

I :
AT,
(n = 1™ ™ cos(n - 1)7t+0_-?—1—t7)2n [sin (n-l),\]
0

| pteie Co st iR ‘ 1
= (n+1)cos {nv+1ht+t:~1)cos(n 1)1r+0

1

cos T COSmt AL R e AR

“n+l
1 1 e
( ¥1 n-1) cosnn |

Ty OSTUI—“

) b ¥ E OV PN ety
i Sl 4 e
...1( 1-)"=;IT:7 (_ 1}n+1_
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" P tting the valms of aﬂ,a,, an and b, in |
N a, 17100 | o0 X
ﬂ)’"*‘aICOS\*'Z anC05n«\+L bp sin nx -
. n=2 - hned ™
2 1 2 A &
wegetﬂ\)-"é g CosY Tl o nd_] - SR
{ry n '

P g grtal
_]-5 008X 792 2 I 0(23 _xr+.- 37 ..CQSA 3x - z227 cos4x.
+372~— c0S 5X — 62 ] eosBx+ e

2 : 2 . :
=]~ 4cosx 3 cos 2x+80053x— '15 cos: 4x i

1 gk 1 A
=i 2[4cosx+3c052x 8cos?wc+15cos4x -“.vg.,,;‘ 3

10035x+315c036x— ] (2)

"4 pReey
Now putting x = /2 in (2). we ge§ | ghiss v
ﬂn/2)=‘sm-2—=1—2[4 cosz 5cosn—:§ ?033—2

| ier scueq of the function: f(x) of
Fmd the Four e A 1986]

,Where fod = x cosx for =T <X 3 <.
30111(10& By defmitxon of th( I‘ourlel scrles we have

(o0
ﬂx) = %" +) (an cos nx.+ by
- n=l :

sin nx) (1)
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whereao--—_{ ﬂx)dx an——_[ ﬂx)cos nxdx M # 0

and b, -—I _f(x)smnxdx Sr1 "
The glven functlon is ﬂx) xcos x O v ,‘l, o

: ﬂ-x) ==X cos{— x) =-x cos x &= —ﬂx) and so the functlon

| ﬂx) =X cosx is an odd functwn and in tth case Q) =0 for
n=o,1,23,...

“:-
4 v \ ! S & > TR
L] -

S

Iln
andb -—I ﬂ,\)smnxdx-— ‘Jﬁﬂx)smnxdx

‘Thus equatlon no (1) becomes O 200 e LA
OO ! OO'I ) - ':u

_ﬁx) =Y bsmnx b,smx+z bsmnx(2)
b Tl n-2

‘. y ‘_‘L,- 1“ r MYy
where b1 —-—J-nﬂx) smxdx 3P e 6 e e
‘2 "Tr B o) 5 X \-‘. 7_'.i-.' i‘. & ,‘:‘.‘.4.-
=‘Ed X cos x sin x dx R &
.0 Nt 14 TRANY, (g
1" ‘ ‘ ; o e S
==J xsin2xdx + e RTRTMEN Ay
n O i L ¢ X l}- ( .. . % l.l
=-—[x cos2x — | & i
on (X cos2xfg+5-) cos2edx 0
_ 0 _,
. 1 n. ¢t ‘ ‘.'.
="2n (Tt cos 2 - 0) yore [sin2x]
e » 0 '\ 5 '
fal l rdoriig TS,
"".' 2 J E 2. Vo [ .‘ »
: SEH AT S OIS
Also b, =— ﬂx)smnxdx(n:fl n= 2 3 ‘4 ) ik
2:3‘.“ t:,-': ;l“.‘.-‘_‘ » ‘,;‘l p -

J _Q.Iﬂ xcosxsinnx.dx‘ |
1[' A\QABLEAT -
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AT

Ea

% xlsin (n + 1)x+sm{n 1)x]dx

. ' : i
\ i ¢ Vv g
\ 1 7. RV .

xsm(”«”"d“é'[z5‘:3‘“(“-~1)xdk,.

, fr":{n +,'1) [{CQOS (n+1)x]7r win +1)Iu cos (n+1)xdx

| ( 1)[xcos{n l)x]n0+ 1 U,[ncos(n 1)xdx "

& » 1 et
='m .ncos(n+ 1)11: ( - 1) ncos('n.\ II)n
m [sm(n + 1)x]n0 2 [sm(n | l)xlo

] g : \

{n+1) cos(mt+1t) (n11] cos(rut n)+o

_ cosnn cosmr
n+ 1 n 1

(] R 2' ' ‘
-=(n,+,1 n ,1) cosn’nd n2 (—1) (n:-‘l]

- [cos nm = (— ]
Now puttjng the values of b, y and b (n#. Din (2) we get '

ﬂx)——ésmx+}:
, n=2
1

6 8 '
= 2smx+;sm2x 85in3x+ 55m4x

5 Sipidinne -

1 3 4
'~-§slnx+2[135in2x 24sin3x+355m4x— ]

Example 13, Find the series of sines’and cosines of multlples

of x which represents f(J in the interval - n< vc<n where .

r o where -t <x<0 i AT A
f(x) —{ AL R

X
7 whereO<x<1t

. : o1 el e " L
anddedUCethat—S- =] +'3‘2‘+_5§ Syl B, [DlU-P-" 1969]

AAAAAAAAAAA
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Solutmn By deﬂmtion of the Fourier series,

we have f{x) =-9—° +y  (a,cosnx+ bn sinnx) (1)
| n=1 _ " o L e 60)

. whereaﬁ-l ﬂwc)dx an——," ﬂx} cas nxdx (n ¢0)
andb ?—J ﬂx) sm nxdx

' Nowao——J ﬂx}dx—— {jo fiddx + I A f(x}dx]
%[J 0 dx+ d ] E
iff,mw["’z] o5

andan__q,[ ﬂwc) cos nxdx

ﬂx) cos nxdx +- j ﬂx) cos nxdx

I
A~

A~

: . 2 ,
O cos nx dx + - J’n ~ COS n.\dx ;

X ] I8 '
=O+Zj Xcos nxdx
0 A" |
AVITASSI e (18 el
= ' - ,=——] sinnxdx

-O+ 2[cos nxlo
1‘ | : 1 . n
.?W.ICOSM-COSPI?W (-1)"-1).

AVAILABL EAT

Scanned with CamScanner

U .

PP I S-SV P U—


http://www.onebyzeroedu.com

FOURIER SERIES AND FOURIER INTEGRALS 909

n :
Finally, b= i— I JI) sin nxdx
-1 : Co

IJvO e IJ'n i :
== . JIsin nxdx +; flx)sin nxdx

J—O OSmnxdx+Ij nxsmhxdx

‘»=O+Z O‘xsinnxdx P A e
S R Y,
¥ 4n[XCOSRX]'.t|--4—n-. cos nxdx

g G

0 Ry Bt o
= “an [ros nn-0] + 575 [sin ny

. ! (—'1)n+o.4,-el.'(41}n [ cos nn-(—-l)"]

: Thus substitutlng the values of: ao, a, and b, m (1 ) We get

n=1

f(x) 16 +z [Z;l—{(~ ”""”COS_ Qx+ {—~— (-1)‘} sin nx]

22 2 2

16 4.1 2COSX+ O ~4.32€0S 3x+Q 1 52cos5x + . ]
[ smx 1 1 1

"4 | zsian—3 sm3x+ 2 sin4v = ] |

RN YO

_n2 & cosx cos3x cosSx  " |
1672 12 * 32 5 +]

[ sinx st.w:+ sm3x sm4x g

*a

Now ﬂn)‘* -n)+ ﬂn)]— ( 0+—Z) 2, -
| Math Method - JA

AAAAAA

Scanned with CamScanner


http://www.onebyzeroedu.com

T

- 210 COLLEGE

'.O'E"T(s'é L

E MATHEMATICAL ME’l‘l-lops

= nin (2) we get

Therefore, putting .
cosST N ]
52 sees

2 n2 1[cosn cos3n

S =g=15"2| 12 +—gr *
n [§_1_r}ir sm27r+sm31r * ]
al71T T2 3 ')

or. 16 16 2[“32”52 ]

| n? 1.1

or, 8"1+32+52

Example 14. If f(x) is given by ‘ i
1. wheno<x<n e o TR

1 when mx /_’O
expand {( in the Fourier senes Hence deduce
1° 1 1 1 - R 2
2—1 3t5-7tg " Y ¥ [CUP1975 1979
Solution By dehmtlon of the Founer senes we have
o . NN
S ;_—2- - ay, cos nx+b sm nx} (])
= 1

whereao-” jﬂ ﬂ{c)dx a,,-.. r

ﬂx) cos: nx d.\ (n#0
-1

-

i

 and b, = r fx) sin nx da
S ¢

P
J

Nowr,o=;1[_;[n f{x)dx-“*jo ﬂx)dx+ rﬂ\)dx

=;1t-j (—1)dx+-—F-L Idx '

~ g
1, .?. ] %
—nlxl‘ltﬂkrf,[wx,,]:o

s l : | ) ] 'i :. { ’_ . ey
o=—lotm A (m=o) ==1+1=0.
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IJ '
and @ =) JI) cosnxdx
P i s dx .

IJO JIx) cos nxdx + - J ﬂx)cosnxdx
- T i

Ir 1 (" , gt i
== (*1)Cosnxdx+—-_[ ARk
: : = OI.Cosnxd)g
g ¢ 1.,
_-——[sm nx] +-——[sm nx]O
A 1818 RULA AR E RV TAR 4 TY.

§ i
——(sm 0+ sin mt) e (sm nm - sin o) —0?_ o

‘. .
\ A
RIS

smce sm 0 O sm mt 0

i EENTRT IO {1 11 A0 Y W DR TP R k4 4% £ 1)
F ﬂx) sin nxdx
[ : A R RN o T ) ESURCEUNS 2 Wi
) SRR o AT 2 T
1
T ﬂx)smnxdx+— .rlﬂx)smnxdx
-7
‘ i
1[° 1 i
1 ﬁ i :
=T J (— 1) sm nxdx 1 sm nxdx
_-n e
—"[COS "X] -—[ cos nx. | N IRE
nn |
Lol -'.'5 1 ' N ]
(COS Q, F._-C.OS ’.W 3 r:(cos nm - cos,O) iy
A (COSO cos nm) === {1 -(- }") 0 O

merﬁf‘)l‘e puttjng the values of ao, a,l and b,, in (1] we get
ﬂ)d O+O ,?“ 1) Bl \".“r;\’&j
| +): el { bt 1) }3171 LR

21 2 sin x : v} g e )
oY nx 2sin3x, . 2sinbx | -
e S 4 0+~ P + D # +_:..‘],

=‘~‘-4-' Sinx sin3x sin 5x | N, X
e 4 "T*+3 +—5 +] Q).
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Now since 0 <x <n
if x = /2, flx) = 1. Hence putting X = n/2in (2) we get

Example 15. Find the Founer senes expansmn of the

function below, having penod 2

- x'if -n<x<0 R Ut e %
ﬂx)- { x1f0<wc<n: . P [D'U'Plgaﬂ
Solution : By the deﬁmtlon of the Fourler series we have
=75 +y (ancosnx+bnsinnx) {1)

=k o ,

whereao j‘" ﬂx)dx. aﬂ -fr ﬂl) ‘cos nxdx

. 1"
and b, = *I ﬂx) sin nx dx
-1 ¥

Nowa,, J’n ﬂx}dX"*JO ﬂx)dx+ J’nﬂa\)d«\

AAAAAAAAAAA
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1 J ‘ ' '
and @, = - flx) cos nx cx
‘- p

1 - " ) i ., '
=;JO fix) cos ercdx+-1-Jnﬂx) COS nx dx ‘

=“JO (-—x}cos'nxdx'-kiv,[’-[xcosnxdx 5
—n\ -~ T 79

=—— [xsmnx] +-J0 Smnxdx .
+“—-[xsmnx]“ —~1— si i ‘dx :

oL | 0008y S e
0= c_osnx] +O+n——[cosnx]

= nn2[COSO cosnn]+ [cosmt cosO]
nnz[cosrm cosO —‘—-[1)'1 1]

Fmally b, = J. ﬂx) sm nx dx
-n

Nl

ﬁ N

-1

Sfx) sin nxdx+'1'['_r! * fix) sin nxdx
0 3
0 .

N

= -

(- x) sin-nxdx + — J X sin nxdx
-7 RASE )
0. -0 :
1 1 el
. - [x coq nx] g T cos nxdx
Y L n ‘

“-“l"[xéos ] e jn cos nxdx
np 1X €0s nx E nn._ocosrwx

. 1 ‘ 0
.‘“ [O+noosrm]~*-—— sinm]

AVAILABLE AT
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___[nmb,m+()]+nn2[smnX] 5

. nn

| s nn |
_cosnn_cosnm ., .
n n

Now,puttingthe values hdf aﬂ "'an- and b, in (1) we get

fW=5+y —q((—z.)n—,I};c‘:os'znx ‘

22 0 e B 2.2
‘:%f[—mcos)uo— 32c053x+0— 52°°S5X+ ]
-t 4 cosx c053x cos5x 4. \ ]
=§*E 32 % 3z 52

’."Jf-

, Example 16 Find the Founer serles for the functlon flq

('v §
X 91,

the interval (-, n) where, | i, U
n + x when - néxéo T :
ﬂx)—{ nT xwhen 04 xén '_ it [C-U-P-19

!
s

~ Solution : By deﬁmtlon of the Founer series, we have
' flx) = ao+2 {ancosnx+b smnx) (1)
..oon=1__

! P L)
v Y

whereao‘_ I ﬂx)dx an = -—_[ ﬂx) cos m\cL\
"n PO 2o n_, 5 3 TR

1(T A K ‘{
a"dbn"‘ fix) sin nxdx
LI S Hi it
1 (" - 3§ I
Now 6o S o
I ke RN |

; 3
£ o
TSN

3
o B

AR o e

SR

= ‘ TC+X)'dX17‘.**:7- : - %) “
g N AN PR ¢ty

AVAILABLE AT
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\ X2 0
| nxt “2‘ [ nx - ]
) ¢ . 2“ 2

- ‘ 2'
. T 2 .
’l ()+It2-*‘2 +O+n?~,—'n-‘7 =~-—-1 ’)(‘]tz.'.-..—'rE o

n
1 . :
ad G = I_nﬂxl cos nxdx

J 5\ pe

=-TIE_[O fx) cos nxdx+E j ﬂx) cosnxdx |
E (n +x)cosnxdx+ (r-x) cos nxdx

[ JO cos nxdx+JQ X cOS nxdx + 1tJ71 ’cosjri}'cdx
-'-J"-'-'xco’s nxdx]
0 b

. ——IO sin nxd.\ i [sm nx ]
i ‘ i) o)

| w——~[xsin nx] +-J-n ‘sin! n.\d,\] P N‘

| =£:[b+'rll;,[ cos nx] [cos n.\] ]

—
i

' =1

= J
s

nnzlcosO - cos nn - cosnIH-COSOI

nnzll cosmt]' 11 (—1)"1
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| - | e
1 o
Finally, b, = EI flx) sin nxdx
| ¢

-1 . 4 1
=;J0 fix) sin nxdx + T;I:) S St nxdx
-7 e : o ' ,

=lj(-) {n+x)'sinnxdx+"-r (i — X) sin nxdx
SR N To

=l[n'J-{_) ,sinnxdk+',[0" )Esinnxdx"'
\ B .-"“

+nr smnxdx FXSIn nxdx]
0

il
A~

- é i - T n_-ﬂ

o 1 ]

- =A

]

=

—_

. o 0
T T
[ ancosnn +O-——cosmt+ [smnx]

1 Tt
—HCOQTUI"I- + COSl'm“ 1lg[SU‘l TL\] ]

=E- X O:O L b”.=-0. . |
Hence putting the values of-a,, a, and by in ( 1), we get
=3 +yi . =5 {1 (-1)"}cosnx+0

n= 1 |
2 2
e 2cosa+0+— ozoosax+0

n. 12" <05 L3228

+“ga' 2cos§x Fsaases!

t\')] A

+i} cosx+cos3x cos5x | ¥
. 12 32’ bl 52 e f
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1 - | cos nx| +E-[xcosnx‘]‘_. o © cosmxdx

-~ | cos nx| +H[XCOSHX] "%JT‘ COSfL’Cd.’C]
b <0 R 0 0 .
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